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PREFACE 


I feel great pleasure in bringing out the present book “Problems & 
Solutions in Probability & Statistics”, which meets the requirements of the 
students. Probability has applications in engineering as well as other 
disciplines. This book is designed, for graduate, post graduate, MCA, MBA 
& Engineering courses of various Indian Universities. The matter presented 
in it is easy to understand. This book consists of Eight chapters. The topics 
covered are : Probability, Random variables, Binomial, Poisson and Normal 
Distribution, Sampling, Test of Hypothesis, Correlation and Regression, 
Queuing Theory and Stochastic Process. Each chapter begins with clear 
statements of definitions, principles and theorems with proofs and other 
descriptive and objective material. Each chapter contains large number of 
solved examples, hence it can easily be used for self study. Model questions 
from past university examinations (JNTU) have been included in examples 


to make the students familiar with that type of questions. 


I wish to thank Scitech Publications, for their keen interest and Co- 


operation in bringing out this book. 


I shall be grateful for any suggestions for improvement of the book. 


Smrati Rai 
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A set of all p 
denoted by S. 
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1. In an experim 
Sample space 

2.  Inanexperime 
Sample space 


1.2 EVENT 
Any subset of a sar 
Example 


1. In an experime 
an event. 


E, = {H} or E, 


PROBABILITY 


“T hear, and I forget. I see and I remember. I do, and I understand.” - chinese proverb 


1.1 SAMPLE SPACE 


A set of all possible out comes of an experiment is called a sample space and 
denoted by S. 


Example 

1. In an experiment of tossing of a coin, possible out comes are Head or Tail. 
Sample space S = {H, T} 

2. [nan experiment of throwing a die, possible out comes are 1, 2, 3, 4, 5, or 6. 
Sample space S = {1, 2, 3, 4, 5, 6} 


1.2 EVENT 
Any subset of a sample space is called an event and denoted by E 
Example 


1. In an experiment of tossing of a coin, getting Head is an event or getting Tail is 
an event. 


E, = {H} or Ey = {T} 


4.2 Problems and Solutions in Probability & Statistics 


2. Inan experiment of throwing a die, getting 1, 2, 3, 4, 5, or 6 are events. 
E, = {1}, Ey = {2}, Es = {3}, Ex = {4}, Es = {5}, Eo = {6} getting 1 or 2 is also 
an event E= {1 or 2} 


1.33 MUTUALLY EXCLUSIVE EVENTS 
Two events A and B are mutually exclusive if ANB = $ i.e. A and B are 
disjoint or A and B can not happen simultaneously. 
Example 
1. In throwing of a die all 6 possible cases are mutually exclusive. 


1.4 EQUALLY LIKELY EVENTS 
In the experiment of tossing of a coin the chance are half and half of getting 
Head or Tail. Both the events are equally likely to happen. 


1.45 COLLECTIVELY EXHAUSTIVE EVENTS 
If the events are Aj, Az .......... A, are said to be collectively exhaustive if 


(42s 
i=l 


1.6 PERMUTATION 
A permutation of a number of objects or collection is the arrangement of 
objects in some definite order. 
Example 
A = {a, b, c} 
Then the possible arrangements are abc, bac, acb, bca, cab, and cba. 


We see that any of the 3 letters can come on the first place, by 3 ways. After 
filling the first place, the second place can be filled in 2 ways. (by any. of the 
remaining 2 letters) remaining one letter will come on third place by one way. 

Hence the total number of arrangements of 3 objects are 3 x 2 x 1=6 


In general, n distinct objects can be arranged in 
n(n —1Xn —2).eescooee- 3,2,1 Ways 
or 
Zn=n(n-\Xi - 2). 521 
The number of permutations of n distinct objects (or collection) by taken r at a 


mn ni 


timeis / Gniy (n—r)! 


n 


1.7 COMBINAT]I 
The number c 


collection taken r 


Example 


Three cards ai 
that they are all ca 


Solution 


3 cards can be drav 


3 cards can be drav 


Hence the required 


1.8 PROBABILI 

In a random e> 
equally likely case 
then the probabilit 
defined by 


The number of out: 


e events. 
ting 1 or 2 is also 


.c. A and B are 


d half of getting 


ly exhaustive if 


arrangement of 


cba. 


y 3 ways. After 
(by any of the 
one way. 


1=6 


by taken r at a 


Probability 1.3 


1.7 COMBINATION 


The number of combination is an unordered selection of n distinct objects are 
ict in. n! 
collection taken r at a time is C(n,r) ="C, = ———— 
a \(n _r)! 
Example 


Three cards are drawn at random from a pack of 52 cards. Find the probability 
that they are all cards of hearts. 


Solution 
3 cards can be drawn from a pack of 52 cards in > C3 ways 
52! 52! 
~ 31(52—3)! 3! 49! 
52x 51x 50x49! 
3! 49! 
_ 52x51x50 
3x2x1 
3 cards can be drawn from the 13 cards of hearts in °C, ways 
13! 13x12x11x10! 
~ 313-3) x2x1)xl0! 
nC, 13x12x11 
°C, 52x51x50 


eee = 0.0129 
132600 


Hence the required probability = 


1.8 PROBABILITY — THE AXIOMS OF PROBABILITY 


In a random experiment, n is the number of exhaustive, mutually exclusive and 
equally likely cases and m of them are favorable to the happening of an event E 
then the probability of occurrence of E or probability of E denoted by P(E) is 
defined by 

P(E)=" 
n 


The number of out comes which are not favorable to this event is n—m, 


1.4 Problems and Solutions in Probability & Statistics 


The probability of not happening the event E, denoted by 
P(E}= P(E )="—™ 
n 


P(E*)=1-— 
P(E‘ )=1- P(E) 
P(E)+ P(ES )=1 


Notation 

1. P(A) denotes for the probability of happening of the event A. 

2. P(A) or P(A) or P(A not) denotes, the probability of not happening of the 
event A. 


3. P (A+B) or P (AUB) denotes, the probability of happening of the at least one of 
the events A and B (either A or B). 


4. P (A.B) or P (AFB) denotes, the probability of happening of both the events A 
and B. 


1.9 AXIOMS OF PROBABILITY 
1. For any event E of S 

0<P(E)<1 ie. probability is a numerical value lying between 0 and 1. 
2. P(S)=1 
3. IfE, and E, are two mutually exclusive events in S, then 

P (E,VE)) = P (Ei) + P (Ez) 

When the events E; and E, are not mutually exclusive then some favorable cases are 
there which favors both E; and E>. Suppose this number is m3. The number which 


favors to the event E, is m; and the number which favors to the event E, is m2 
“Hence the total number of outcomes which favors either event E,or E2 or both is 


m,; + m2 — m3. 
Then the probability of happening the events E, and E, or both 
m,+m,—m, 
h 


m m m 
eit gs ED aa, 


P(E, + E,)=P(E, £,)= 


= P(E, U,)=P(E,)+ P(E) PAE, AE) 


P(E, +£,) O 
happening ; 
P(E, + 


P(E, 


P(E,.E,) or 1 
happening together. 


For any sequen 
P(E, +E, 


P(E, VE, VE 


1.10 SOME USEFT 
Additive Theorem | 


1.10.1 Theorem: If 
P(AU 


1.10.2 Theorem 

For any three events 

is given by 

P(A UBUC) = P(A 
P( 


Proof: See Example 
1.10.3 Theorem: 


1.10.4 Theorem: If 


appening of the 
e at least one of 


th the events A 


0 and 1. 


rable cases are 
number which 
2vent E, is m, 
2 or both is 
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P(E, + E,) Or P(E, U E,) denotes the probability of either A or B or both 
happening 
P(E, + E,)= R(E,)+ P(E,)- P(E,.E,) 
OR 
P(E, VE, )=P(E,)+ P(E, )- P(E, NE) 
P(E, .E,) or P(E, OE;) denotes the probability of both E, and E, 
happening together. 


For any sequence of mutually exclusive events 


P(E, + By + cssscsees +E,,) = P(E, )+ P(E, )+ cesscsssssees + P(E, ) 
OR 
P(E, UE, UO By + cssssosssees +E, )=P(E,)+P(E,)+ P(E) + sess. P(E,) 


1.10 SOME USEFUL THEOREMS 
Additive Theorem or Rule or General Addition Rule of Probabilities 


1.10.1 Theorem: If A and B are any two arbitrary events of S then 
P(AU B)= P(A)+ P(B)- P(ATB) 


1.10.2 Theorem 

For any three events A, B and C, the probability that at least one of them will occur 
is given by 

P(A UBUC) = P (A) + P (B) + P(C) — P (AmB) — P (BNC) — P (CHA) + 


P (ANBNC) 
(Nov.2009 set 4) 
(Supple Feb.2010 set 1) 
Proof: See Example 1.49.0n Page No.1.54 
1.10.3 Theorem: If B<A then P(B) < P(A) ( Nov.2009 set 1 
1.10.4 Theorem: If Aj, A; .......... A, are n events then prove that 


{AA J S74) 


i=l 


(Supple. Nov. /Dec. 2005) 


1.6 Problems and Solutions in Probability & Statistics 


Proof: 
We know that for any two events A and B 


P (A UB) = P(A) + P(B)—P (AnB) 
If the events are A; and A, then 
P (Ayu A2) = P (A;) + P(A2) — P(A1 NA2) 
According to the first axiom of probability, the probability of any event is 


greater than or equal to zero and less than or equal to 1. i.e. 
P(A, U Az) <1 
P (A,) + P (Ay) —P (Ar NA2) < 1 
P (A,) + P (Aa) $1 + P (AN A2) 
Or 
1+P(AinA2) 2 P (Ai) + P(A2) 
P(AIMA2) 2 P(A) + P(A2) <1 .eeeeeceeeeeeeeeeee (A) 
For Aj, A», A3... A; events 
P(AINA2NASG.... ee A,) 2 P(Ai) + P(A2) + ...... P(A,) - (r-1) 
r+l r 
Af) A, p 7 4 + P(A,,, )-1 From the equation....... (A) 
iat i=l 


>Y PU) 1+ PA) =I 


=1(F\4 Jed Pl4)-r 


The hypothesis is true forn=r-+ 1. By the induction method * 


AAA, 2 FP) (n-1 


1.11 CONDITION 
Conditional prc 


defined as 


The probability P(A 
General multiplicati 


Similarly 
Conditional pre 
defined as 


Where P(B/A) is the 
General multip! 


1.12 INDEPENDE! 


Two events are 
happening of the ot 
Otherwise the events 


Two events A and B 


1.13 THEOREM O] 


If By, Bo .....By 
for any event A of S 


P(A)= 


1.14 STATE AND P 


2) 


‘bility of any event is 


A) 


(Ax) - (t-1) 


quation....... (A) 


od ¢ 
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1.11 CONDITIONAL PROBABILITY 


A 
Conditional probability of an event A if B has happened, denoted by (4) is 


defined as 

P(AMB) 
P(B) 

The probability P(A/B) is known as conditional probability 

General multiplication rule P(A A B)= P(B)P(A/ B) P(B) #0 

Similarly 


Conditional probability of an event B if A has happened, denoted by P (B/A) is 
defined as 


P(4/B)= If P(B) #0 


P(AMB) 
P(A) 
Where P(B/A) is the conditional probability. 
General multiplication rule P(A B)= P(4).P(B/A) P(A) #0 


P(B/ A)= if P(A) #0 


1.12 INDEPENDENT EVENTS 


Two events are said to be independent if happening of one does not affect the 
happening of the other or failure of one does not affect the failure of the other. 
Otherwise the events are said to be dependent. i.e. 


P(B/A)= P(B) 
P(4/B) = P(A) 
Two events A and B are independent events if and only if 
P(AM B)= P(A).P(B) 


1.13 THEOREM ON TOTAL PROBABILITY 


If B), Bz .....B, are mutually exclusive events of which one must happen then 
for any event A of S 


P(A)= Yr 7 A)= ys P(B,).P(4/B,) 


1.14 STATE AND PROVE BAYE’S THEOREM. 
(Supple.Nov. 2008) 
(R07, Reg.Nov.2009, Set 2) 


1.8 Problems and Solutions in Probability & Statistics 
1.16 PROBABILTI 


B, are mutually exclusive events of which one must 
1.16.1 Discrete Pri 


Statement If B;, Bo ......- 


happen then : 
P(B.AA : The set of o 
P(B, /A)= ES: probability functior 
> PAB, 7 A) It is also calle 
i=l the function f(x) sai 
P(B,/ A) = P(B,).P(A/B,) 1. f(x) 20 
> P(B, ).P(4/B,) | 2. Dif e)=1 
i=l x 
Forr=1,2....n 3. P(X=x)= f(x 
1.15 RANDOM VARIABLE rate RNAS 
If S is the sample space R is the set of real numbers then a random variable is a care a 


function from $ to R (X : S > R) that associates with each element in the sample 
space to a real number. 
Example of random variable: 

Two pens are drawn in succession without replacement from a box containing 1. 
4 red pens and 2 black pens. The possible out comes and the value y of the random 
variable Y, where Y is the number of red pens, is 

Given that two pens are drawn in succession without replacement, 


In a box there are 4 red pens and 2 black pens 


Total number « 


Both two pens 


2. One is black ar 


1. Both two pens may be red 
2. First pen may be red and second may be black 
3. First black and second red | 3. Both two pens 
4. Both two pens may be black 
Random Variable: 
First red, second red 2 
First red, second black 1 This probability dist 
First black, second red 1 
First black, second black 0 
1.15.1 Discrete Random Variable 
A random variable is said to be discrete random variable if the sample space S 4 
(its set of possible out comes) is countable. : an pad ‘ 
1.15.2 Continuous Random Variable { Baaamaarabls e 
A random variable is said to be continuous random variable if the sample j 
Sample Space = {HI 


space S (its set of possible out comes) contains infinite numbers. 


_of which one must 


‘andom variable is a 
ment in the sample 


m a box containing 
lue y of the random 


ement, 


ariable: 


‘the sample space S 


iable if the sample 
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1.16 PROBABILITY DISTRIBUTION 
1.16.1 Discrete Probability Distribution 


The set of ordered pairs (x, f(x)) is called the probability distribution or’ 
probability function of the discrete random variable X. 


It is also called probability mass function, of a discrete random variable X is 
the function f(x) satisfying the following conditions. 


1. f(x) 20 
2 Yi f(e)=1 


3. P(X =x)=f(x) 


Example 1: Two pens are drawn at random from a box containing 4 red pens and 2 
black pens. Find the probability distribution for the number of red pens. 


Solution 
Total number of pens is 6 


1. Both two pens are black means number of red pens are zero 


= 4. 1 1 
0)=PLX =0 tt OS 
AO} PK =0)a“S “8 a Tent 


2. One is black and one is red 


LG 4a _ 2x4 38 
(1) = PX = 1)= —— 
FU) ( ) 6 “15— “15 


3. Both two pens are red 
2. 4 
fQW ine) eee 


This probability distribution of X is 


Example 2: In the experiment of tossing of the three coins number of heads is the 
random variable then the probability distribution is 


Random variable X = number of heads 
Sample Space = {HHH, HTT, HTH, THH, THT, HHT, TTH, TTT} 


4.10 Problems and Solutions in Probability & Statistics 


Number of heads may be 0, 1, 2, or 3 
Total number of out comes are eight 


oz ra ee 
3 
8 


1 
1.16.2 Cumulative distribution 


If the probability distribution is f(x) then the cumulative distribution F(x) of a 
discrete random variable X is 


F(x)=P(X < x=> fo) for -%<x<oo 


1Sx 


Example of cumulative distribution function: 
Suppose F(x) is the cumulative distribution function of a discrete random 
variable X is as fallows 


0 x<-2 
0.3 —2<x<0 
F(x)= : 
0.8 O<x<2 
1 2<x 


Determine the discrete probability distribution function f(x) of the discrete 
random variable X. 
Solution 

We know that from the definition of the cumulative distribution function F(X), 
discrete random variable X are -2, 0 and 2 and by the definition 

f(-2) + £(0) + £(2) = 1... ceceeeeeee (A) 

f (-2) + £(0) = 0.8 

From (A) 0.8 + f(2)=1 

f (2) = 1-0.8 


From (A) 0.3 + f(0)+0.2=1. 
f(0)=1-0.5=0.5 


Example of cumula 


The discrete probabi 
coins is as given belc 


Find the cumulative « 


f(x): 


1. If-o<x<O the 


2. IfO0<x<1 then 
3. Ifl<x<2 then 
4. If2<x<3 then! 


5. If3<x<o then 


1.16.3 Continuous Prc 


For the continuo: 
function or density func 


1. f(x) 20 
2. [ f@)ar=1 


3. Pla<x<b)=[ 


The cumulative d 
density function f(x) the 


coy pw 


stribution F(x) of a 


a discrete random 


‘x) of the discrete 


tion function F(X), 
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Example of cumulative distribution function: 


The discrete probability distribution, in the experiment of tossing of the three fair 
coins is as given below. 


Find the cumulative distribution function of the random variable X. 


f(x) = P(X =x 


2. 
3. : 
1 3 3 +7 
4. If2<x <3 then F(x) = —+—4+—=— 
= &) 8 8 8 8 
I 3 3 1 
. If3<x<oothen F(x) = —+—+—+4+-—=1 
: po eS eae ag 
0 —-%0o<x<0 
U 0<x<l 
8 
1 
= — isx<2 
F(x) > x 
a 2<x<3 
8 
1 3<x<0 


1.16.3 Continuous Probability Distribution 


For the continuous random variable, f(x) is called the probability density 
function or density function defined over the set of real number R, if 


l. fx) 20 
2, f(e)ae=I 
3. Pla<x<b)=[ f(x)ax 


The cumulative distribution, if X is the continuous random variable with 
density function f(x) then the cumulative distribution F(x) is 


4.12 Problems and Solutions in Probability & Statistics 
F(X)=P(X<x)=[ fat for-a<x<@ 


1.17 MEAN OR EXPECTED VALUE 
If X be a random variable and probability distribution is f(x) then expectation 
or mean or expected value of a random variable X denoted by E(X) or pis defined as 


H=E(X)=)) x f(x) IfX is discrete 
And 
p=E(X)= [. ef (x)ax If X is continuous 


1.18 VARIANCE 
o =E|(X-x) | =>. (x-p) f(x) IfX is discrete 
| Or 
oc = E(x? 0? 
or sE (x ~py = iE (x — 4)’ f(x)dx If X is continuous 


1.19 STANDARD DEVIATION 
If o” is the variance then positive square root of variance o” i.e. o is called the 
standard deviation. 


1.20 DISCRETE UNIFORM DISTRIBUTION 

If the random variable assumes each of its value with an equal probability then 
probability distribution is called a discrete uniform distribution. Suppose the 
random variable X assumes the values xX, X2, ......00- x, with same (uniform) 
probability then discrete uniform distribution is 


fe)=— 


Mean of the discrete uniform distribution 


a= BX) = Das) 


Variance of the 
o? = E\(1 


1.21 CONTINU 


If X is the 
f(x), it is uniforn 


We have [sr 


k(b-<é 


Now the continu: 
S(x)= 


Now for any subi 


f(x) then expectation 
‘) or }1 is defined as 


; discrete 


ontinuous 


0” i.e. o is called the 


qual probability then 
sution. Suppose the 
vith same (uniform) 
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Variance of the discrete uniform distribution 


> = El(x - up = DG-ay f(x) 
x,~ nu) f( 


(x, fouy 


= 


1.21 CONTINUOUS UNIFORM DISTRIBUTION 


If X is the continuous random variable and the probability density function 
f(x), it is uniformly distributed in the interval [a, b] is given by 


A)¥g sas 


0 other wise 


We have [, f() de =1 


[£@) ae =1 
[kae=1 
k (b-a)=1 k= 


b-a 


Now the continuous uniformly distribution 


fe-je-q 789? 


0 other wise 


Now for any subinterval [c, d] Where as<c<d<b 


1.14 Problems and Solutions in Probability & Statistics 
The probability that x lies in the interval [c, d] is given by 
Ple<x<d)= [ f(x) ax 
We have Plasx<b)= [ f(x) de 
fol 
P(e<x<d)= [—« 
b-a 


d-c 
b-a 


P(c<x<d)= 


1.22 CHEBYSHEV’S THEOREM 


Let 1 be the mean and o be the standard deviation of any random variable X, 
then the probability that R.V. X will assume a value within k the standard deviation 


| 
of the mean is at least | — are 
an 4 


P(p-ko<X<p+ko)=P(X-p! <ko)> IZ 


1.22.1 Example: A random variable X has a mean 8 and variance 9 with an 
unknown probability distribution, find 


P(+2<X < 14) =? 
Solution 
By the Chebyshev’s Theorem 


P(u-ko<X<p+ko)> I-| 


Given that mean p = 8 


Variance o” = 9 o=3 
-ko=2 t+kp=14 
8—k(3)=2 8+k(3)=14 
-3k=2-8 3k= 14-8 
-3k=-6 3k=6 
k=2 k=2 
P(2<X < 14)=P(8-(2) (3)<X <8 +(2)3) 
> y-L =}-1 2 
ik? 4 4 


P(2<X 


1.22.2 Example: 
probability distrit 
Solution 

P( 


p-ko =6 

12-k@)= 

- 3k =-6 
k=2 
P(\X-1 


Example 1.1. A 
throws 6 before | 
begins, show that 


Solution 
Given that A 
Total number 
[(1, 5), (2, 4), 
A wins if he t 


The probabili 


The probabili 


lom variable X, 
ndard deviation 


mce 9 with an 


Probability 1.15 


WwW 


P(2<X<14)>— 


as 


1.22.2 Example: A random variable X has a mean 12, variance 9, with an unknown 
probability distribution, find P (X - 12| = 6) 


Solution 
P(| X-12|>6)=1-P(|X- 12|<6) 

=1-P(-6<|X- 12/<6) 
=1-P(6<X< 18) 

pi- ko =6 _ ptko=18 

12-—k (3) =6 12+k(3)=18 

-3k=-6 3k =6 

k=2 k=2 


P ((X — 12|26)=1-P [p-ko <X<ptko] 
= 1-P[12-(2) 3) <X <12+(2) 3] 


| 1 
Siv[sieepSis ie] 
are | q 


SOLVED EXAMPLES 


Example 1.1. A and B throw alternately with a pair of ordinary dice. A wins if he 
throws 6 before B throws 7 and B wins if he throws 7 before A throws 6. If A 
begins, show that his chance of winning is 30/61. (Reg. April/May 2004 Set 3) 


Solution 
Given that A and B throw alternately with a pair of ordinary dice. 
Total number of out comes = 36 
[(1, 5), (2, 4), (3, 3), (4 2) (5,1) 
A wins if he throws 6 before B throws 7. 


The probability of getting 6 is = = idee ieendejanaliae (1) 
The probability of not getting 6 is | 1 22. ec 
? ong 36) 36 


[(1,6)(2.5)(3,4)(4,3)(6,2)(6,1)] 


1.16 Problems and Solutions in Probability & Statistics 
ai i hema OO 

The probability of getting 7 is = a6 = 

6 30. 5 

The probability of not getting 7 is [i - < =— = 


The chance of winning of B if A fails in first throw (A fails) (B wins) = x 


Similarly A will get the second chance if A and B fail in first throw 
The probability of A to win in the second throw is = (A fails) (B fails) (A wins) 


(2) (2) (=) eee Q) 


The probability of B to win in the second throw is = 
(A fails) (B fails) (A fails) (B wins) 


()() Ge) (6) 


The probability of A to win in the third throw is = 
(A fails) (B fails) (A fails) (B fails) (A wins) 


-(32)(6) 2) (6) bs) 


The chance of wining of A is 
D2 2 ol er AON OF ae 
x= x 


tm KK a KK a OF eee 


=— +— X —X — 

36 36.6 36 36 6 36 6 36 
Slo 3). So f3he Ss \ 

= —] |] +— x— 4+] —x—] +......... 
36| 36 6 \36 6 


5 1 
36 1,315 
36x6 


-5x| 36x6 
36 |. 216-155 
_ 30 
(61 


Ans. 


Example 1.2. A< 
total of nine win: 
game? 
Solution 
Given that A | 
The probabili 


(6, 3) (5, 4) 
Given that A 


The probabili 


Suppose he cz 
The probabili 


If not the cha 
will be 


The probabilii 


The probabili: 
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Example 1.2. A and B throw alternately with a pair of dice. One who first throws a 
total of nine wins. What are their respective chances of winning if A starts the 


game? (Reg. April/May 2004 Set 2) 
Solution 
‘B wins) an x u Given that A and B throw alternatively with a pair of dice. 
36 6 The probability of getting total of nine is 
row 4] 
fails) (A wins) (6, 3) (5, 4) (4, 5) (3, 6) = 36.9 


Given that A starts the same 
1 | 
The probability of wining the A is 9 = =) 


Suppose he can’t. Then B will throw 
The probability of getting total of nine by B is 
= (not getting A) (getting B) 


(-H18) 
0-60) 


If not the chance will go to given A. If he can get total of nine the probability 


5 will be rae 
36 , = (not winning A) (not winning B) (winning A) 


_(8\(8\(1)_(8Y (1 
-BIG))-6) 6 
The probability of the wining B in the second trial 
= (not wining A) (not wining B) (not wining A) (wining B) 


“SJG)G) 


The probability of A wining 
= (wining A) + (not wining A) (not wining B) (wining A) 


HEEH-Q8888— 


1.18 Problems and Solutions in Probability & Statistics 


es 
=>: : 
50 
9 
eS ee 
9], _ 64 
81 
1 81 
=—xX 
9 81-64 
es 
17 
=0.529 Ans. 


Example 1.3. Suppose 5 men out of 100 and 25 woman out of 10,000 are color 
blind. A color blind person is chosen at random. What is the probability of the 
person being a male? (Assume male and female to be in equal numbers). 
(Reg. April/May 2004 Set3) 

Solution 

Given that 

5 men out of 100 and 25 women out of 10,000 are color blind. 

Let x = be color blind person 


x) =.= 0.05 

M) 100 

FP =)- ee 0.0025 
F } 10,000 


P(X)= P(M) of < | P(F) =) 


=0.5 x 0.05 + 0.5 x 0.0025 
= 0.025 + 0.00125 


Example 1.4. A 
being used only « 


Solution 


The probabil 
A ten digit n 
It can be arrz 
But 0 can no 
Thus the tota 
Number, is fi 
Are Z10- Z 


We have to fi 
Any number 
i.e. last two d 
04, 08, 12, 1¢ 
96 


The number c 
The number c 
The number c 
(0 can not cor 
The number o 
The number o 


Ans. 


f 10,000 are color 
probability of the 
nbers). 

il/May 2004 Set3) 


Probability 1.19 


= 0.02625 


(0h) 
P(M) x) +P(F) (=) 


_ (0.5) x(0.05) 

~ 0.02625 

_ 0.025 

~ 0.02625 

=0.9523 Ans. 


Example 1.4. A ten digit number is formed using the digits from 0 — 9, every digit 
being used only once. Find the probability that the number is divisible by 4. 


(Reg. April/May 2004 Set 1) 


Solution 


The probability that the number is divisible by 4 =? 
A ten digit number is formed using the digits from 0 — 9. 
It can be arranged in 210 ways 
But 0 can not come in the first place 
Thus the total number of ten digit number 
Number, is formed using the digits from 0-9 
Are 210 - 29 = 3628800 — 362880 
= 3265920 
We have to find the probabil ity that the number is divisible by 4 
Any number will be divisible by 4 if the last two digits are divisible by 4. 
i.e. last two digits could be 
04, 08, 12, 16, 20, 24, 28, 32, 36, 40, 48, 52, 56, 60, 64, 68, 72, 76, 80, 84, 92, 
96 
The number of 10 digit number ending with 04 are 28 = 40320......... (1) 
The number of 10 digit number ending with 08 are 28 = 40320..........(2) 
The number of 10 digit number ending with 12 are 78 - 27 
(0 can not come on the first place) = 40320 — 5040 = 35280 
The number of 10 digit number ending with 16 are = 28 - “7 = 35280 
The number of 10 digit number ending with 20 are 28 = 40320 


F519-2R15 


4.20 Problems and Solutions in Probability & Statistics 


The number of 10 digit number ending with 24 are Z8 - Z7 = 35280 

The number of 10 digit number ending with 28 are Z8 - Z7 = 35280 

The number of 10 digit number ending with 32 are 28 - 27 = 35280 The probability 
The number of 10 digit number ending with 36 are 28 - Z7 = 35280 
The number of 10 digit number ending with 40 are Z8 = 40320 

The number of 10 digit number ending with 48 are 28 - Z7 = 35280 
The number of 10 digit number ending with 52 are Z8 - Z7 = 35280 
The number of 10 digit number ending with 56 are Z8 - Z7 = 35280 
The number of 10 digit number ending with 60 are Z8 = 40320 

The number of 10 digit number ending with 64 are Z8 - Z7 = 35280 = (not 
The number of 10 digit number ending with 68 are Z8 - Z7 =35280 ; = 12) 
The number of 10 digit number ending with 72 are Z8 - Z7 = 35280 13 
The number of 10 digit number ending with 76 are Z8 — Z7 = 35280 The probability 


The probability 


The probability 


The number of 10 digit number ending with 80 are Z8 = 40320 (3) 

The number of 10 digit number ending with 84 are Z8 - Z7 = 35280 13 

The number of 10 digit number ending with 92 are Z8 - Z7 = 35280 . Example 1.6. Ina 

The number of 10 digit number ending with 96 are 28 - 27 = 35280 | : ae have both brov 

Thus the total number of 10 digit numbers divisible by 4 are : eink 
= 6 x 40320 + 16 x 35280 2. If he has 
= 241920 + 564480 brown hadi 
= 806400 Solution 

The probability that the number is divisible by 4 1. Probability 
= josie Brown Eye 

3265920 yew Ee 

= 0.2469135 Ans. 


Example 1.5. Cards are dealt one by one from a well shuffled pack until an ace 
appears. Find the probability that exactly ncards are dealt before the ace appears. 
(Reg. April/May 2004 Set4) 


Solution 


a : 4 1 2. Probability 

_ The probability of getting an ace = —> =77 
oa pf Poss net 
Bn 


Probability of not getting an ace = I - B 


Ae IAAP PM, poids 


ee orn 
ie ee ary 


Ans. 


pack until an ace 
le ace appears. 


/May 2004 Set4) 


y CP Ay 
ak 2 Sc OEP 


Probability 1.21 


_2 
13 
The probability of getting an ace in the first card (n =1) = rT) 
The probability of getting an ace in the second card (n= 2) 
= (not getting in first card) (getting in second card) 
| ae | 


The probability of getting an ace in the third card (n = 3) 
= (not getting in first) (not getting in second) (getting in third) 


The probability of getting an ace in the n™ card 


y 1 
ot x— 
ie i3 


Example 1.6. In a certain town 40% have brown hair, 25% have brown eyes and 
15% have both brown hair and brown eyes. A person is selected at random from the 
town. (Reg. Nov. 2006) 


I. If he has brown hair, what is the probability that he has brown eyes also? 


2. If he has brown eyes, determine the probability that he does not have 
brown hair. 


Solution 
1. Probability that person has brown hair and brown eyes also is 


Brown Eyes ( 7) P(BEO BH) 
P| ————— _| = P| — |= “————*! 
BH P(BH) 
a> 
40 


Brown Hair 


=— Ans. 


2. Probability that person has brown eyes and does not have brown hair 


i Does not have brown =| 7 A BH = _ P(BE -\ BH© ] 


Brown eyes BE P(BE ) 
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_10 Solution 
25 Machine — I — 
2 j Machine — H - 
75 aaa Machine — III - 
Example 1.7. In a certcin college 25% of the students failed in mathematics 15% ] E is the event t 
failed in chemistry and 10% in mathematics and chemistry. A student is selected at 
random. 
1. If he/she failed in chemistry, what is the probability that he/she failed in 
" mathematics. 


2. If he/she failed in mathematics, what is the probability that he/she failed 


in chemistry. ~ 1. The probe 


(Reg. Nov. 2006 Set2) P(m, / E) e 
Solution 
Given that 
25% of the students failed in mathematics = 
P (A) = 0.25 
15% of the students failed in chemistry a 
P(B) = 0.15 
10% of the students failed in mathematics and chemistry : 
P (AJB) = 0.10 
1. P(m/c), the probability that the students failed mathematics, given that rf 2. The proba 
he/she failed chemistry 
P(mrc) 0.10 10 2 P(m,/E) 
Paes Oo ee na 
P(c) 0.15 15 3 
2. P(c/m) the probability that the students failed chemistry, given that he or 
she failed mathematics 
Pann 0.10 10 2 
Pepe lee Ans. 
Pim) 0.25 25 = 5 
Example 1.8. Three machines produce 70%, 20% and 10% of the total number ofa 3. Th bat 
factory. The percentages of defective output of these machines are 4%, 3% and 2% ] : eee 
respectively. An-item is selected at random and found defective. Find the P( IE 
probability that it is from (Reg. Nov. 2006 Set 4), (Supple. Feb. 2007) us ) 


1. Machine — 1 
2. Machine — IT 
3. Machine — Il 


Probability 1.23 


Solution 
Machine -I-—m, P(m,;)=0.70 
Machine — IT — m, P (m2) = 0.20 


ane Machine — III — m3 P (m3) = 0.10 
in mathematics 15% E is the event that output is defective. Then 
student is selected at P( E/M, ) ~0.04 
that he/she failed in P(E/M,)= 0.03 


P(E/M3)=0.02 


ty ttigt he/she: filed 1. The probability that defective item is from machine — I — M, 


teg. Nov. 2006 Set2) | Pim. / EB) =———______P(E/m) Pm) 
bm/2) = 507mm, Pm) + PE Tm) Pl, Ye PET) PGE) 
(0.04)(0.70) 
~ (0.04)(0.70) +(0.03)(0.20) + (0. 02)(0.10) 
_ 0.028 
0.028 + 0.006 + 0.002 
= 0.028 =0.777 Ans. 
0.036 
hematics, given that 2. The probability that defective item is from machine — II — m, 
as : ~ Pekan, )P(m, )+ P(E/m,)P(m,)+ P(E/m,) P(m;) 
(0.03)(0.20) 
itry, given that he or : (0. 04)(0. 70)+(0.03)(0. 20)+(0. 02)(0.10) 
Ans. ad = 0.1666 Ans. 
0.036 
sen ee ons 3. The probability that defective item is from machine — III — m3 
defective. Find the P(m, / E) P(E/ m;) P (m;) 


Supple. Feb. 2007) 


© P(E/m,)P(n, + P(E, )P(m, + P(E Tm, )PCm,) 


_ (0.02)(0.10) _ 0.002 
0.036 0.036 


= 0.0555 reo 
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Example 1.9. Two aero planes bomb a target in succession. The probability of 
each correctly scoring a hit is 0.3 and 0.2 respectively. The second will bomb only 
if the first misses the target. Find the probability that 


1. Target is hit 
2. Both fails to score hits 
(Supple. Nov. /Dec. 2004 Set3) 
(Supple. Feb. 2007 Set1) 
Solution 
Given that 
' Two aero planes bomb a target in succession. 
Suppose AB, and AB» 
P (AB)) = 0.3 
P (AB2) = 0.2 
The second will bomb only if the first misses the target 
1. P (target is hit) P(AB, hits) or P (AB, fails and AB, hits) 
=  P (AB, hits) + P (AB, fails and AB; hits) 
=  P(AB, hits) + P (AB, fails) x P (AB; hits) 
= 0.3+(1 -0.3) (0.2) 
= (0.3) + (0.7) (0.2) 
= 0.3+0.14 
= 0.44 Ans. 
2. P(both fails to score hits) = P(AB, fails and AB fails) 
=  P(AB, fails). P (AB, fails) 
= (1 -0.3) (1-0.2) 
= (0.7) (0.8) 
= 0.56 Ans. 


iH 


Example 1.10. Determine 
1) P(B/A) 
2) P(A/B‘) if A and B are events with 
P(A) zt P(B) ms P (AUB) = 
3 4° 2 . 
(Supple. Nov. /Dec. 2004 Set 3) 
(Supple. Feb. 2010 Set 2) 


Solution 


Probability 1.25 
The probability of 
ond will bomb only 


Solution 
(4) P(BO A) 
Pi—|= 
A P(A) 
ree. 2004 Set3) | (4). Plan’) 
e. Feb. 2007 Set1) BC p(B‘) 
P(AU B)=P(A)+ P(B)- P(A B) 
Bee paw) 
2 3 
Eee pase) 7 
2 19 | 
me: | 
Sep SS B 
d AB, hits) arr Ae) 
1 AB; hits) 7 1 
P (AB, hits) P(A B)=—5 5 
Pie 
12 
Ans. : P(AN B= 
P(A)= P(A BC )+ P(AMB) 
1 c\, | 
es Bo \#— 
: P(A ‘a )+ 7) 
Ans 
fot = P(A’) 
12 
1 c 
—=P(ANB 
1 plans’) 
_P(BAA) 
1. P(B/ A)= P(A) 
_yi2 
13 
ct. 2004 Set 3) : 13 1 
». 2010 Set 2) ; Sar ee oe 
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= x = Ans. 


Example 1.11. A class has 10 boys and 5 girls. Three students are selected at 

random one after the other. Find the probability that. 
. (Supple. Nov. / Dec.2004 Set 4) 

1. First two are boys and third is girl. 

2. First and third of same sex and second is of opposite sex. 


Solution 
Given that 
A class has 10 boys, 5 girls 
B-10 
G-5 


Three students are selected at random one after the other. 
1. First two are boys and third is girl 
. P(B, B, G,)=P(B,) P(B,/B,)P(G;/B,B,) 


450 _ 45 


9930-973 


=— Ans. 


2. First and third of same sex and second is of opposite sex. 
P (boy, girl, boy) or (girl, boy, girl) 
7 P(B,G,B;) ” P(G,B,G;) 


Both events are mutually exclusive 


oS Hag) morte tea 


10 5 9 5.10 4 
x 


x 
15 14 13 15 14 13 


nak 


Example 1.12. In 
mathematics. The g 


a. What is the prc 
b. Ifa student is: 
the probability 
c. A boy? 
Solution 
10% =.10 gir 
25%=.25 bo: 
60% = .60 gir 
40%=.40 boy 
a. P(m)= P(G). 
= (60). ( 
=.0600+ 
= .16 
b. P(G/M)= ; 
"I 
“ 
c.  P(B/M)=— 


Probability 1.27 


_ 450 200 650 «65 


~ 2730 2730 2730 273 


22: Ans. 
ins. 1 
, Example 1.12. In a certain college 25% of boys and 10% of girls are studying 
nts are selected at mathematics. The girls constitute 60% of the student body. 
(Supple. Nov. / Dec. 2004 Set2) 
. / Dec.2004 Set 4) a. What is the probability that mathematics is being studied? 
b. Ifa student is selected at random and is found to be studying mathematics find 
the probability that the student is a girl. 
c. A boy? 
Solution 
10% =.10 girls 
; Mathematics 
25% =.25 boys 
60% = .60 girls 
: student body 
40% =.40 boys 
a. P(m)= P(G).P(M/G)+ P(B).P(M/B) 
= (60). (10) +(.40) x(25) 
=.0600+.1000 
= .16 Ans. 
, PMG 
Is. b.  P(G/M)= ( ) 


P(G) P(M/G)+ P(B). P(M/B) 
_ P(G).P(M/G) 
~ P(G).P(M/G) + P(B). P(M/B). 
: (60) (.10) wo 
~ 60)(10)+(40)(25). 8 
P(B).P(M/B) 
P(G).P(M/G)+ P(B).P(M/B) 
___(40)(25)__s aus 
(60)(.10)+(40)(25) 8 ; 


P(B/M)= 


| ¢ 
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Example 1.13. There are three boxes. Box I contains 10 light bulbs of which 4 are 
defective. Box II Contains 6 light bulbs of which one is defective. Box III contain 8 


light bulbs of which 3 are defective. A box is chosen and a bulb is drawn. Find the 


probability that the bulb is non defective. 
Solution 
Given that 


A box is chosen and a bulb is drawn 
The probability that the box is chosen 
B,; > box one, Bz > box II, B3 — box Ill 


P(B,)=5 


D is the probability of defective bulb 


Tr SSCSC~«d:CSC*Céioxr S| Box | Box IHN 
ome ee on! 


(Supple. Feb. 2007 Set1) 


P(D)=P(B,).P(D/B,)+ P(B,) P(D/B, )+ P(B;).P(D/Bs) 


_ 2884120 +270 
~ 2160 
_ 618 113 
~ 2160 360 
Probability that bulb is non defective 
_ 113 360-113 _ 247 


———— = 0.686 
360 360 360 


Example 1.14. 
50% of the total 
at random and { 
from 


Solution 


E is the eve 


1. The probab 


P(M,/E) 


2. The probab 


P(M,/E 


lbs of which 4 are 
. Box III contain 8 
is drawn. Find the 
. Feb. 2007 Set1) 


ox TIT 


/B;) 


Probability 1.29 


Example 1.14. In a bolt factory machines A, B, C manufacture 20%, 30%, and 
50% of the total of their output and 6%, 3% and 2% are defective. A bolt is drawn 
at random and found to be defective. Find the probability that it is manufactured 
from 


1. Machine A 
. Machine B 
3. Machine C 
(Supple. Feb. 2007 Set 2) 
(Reg. Nov. 2006 Set 4) 
Solution 
Machine A - Ma P(Ma) = 0.20 
Machine B - Mg P (Mg) = 0.30 
Machine C - Mc P (Mc) = 0.50 


E is the event that bolt is defective then 

P(E/M ,) = 0.06 

P(E/M,,) =0.03 

P(E/M,.) =0.02 
1. The probability that defective bolt is from machine A - Ma 

P(E/M,) P(M,) 3 

P(E/M ,)P(M,)+P(E/M,) P(M,)+ P(E/M.) P(M_) 
: (0.06) (0.20) | 
~ (0.06) (0.20) + (0.03) (0.30) + (0.02) (0.50) 


es 0.012 _ 9.012 = 0.3870 
0.012 +0.009+0.01 0.031 


P(M,/E)= 


2. The probability that defective bolt is from machine B - Mg 
P(E/M,) P(M;) 
P(E/M,)P(M ,)+P(E/M,) P(M,)+ P(E/M.) P(M) 
7 (0.03) (0.30) 
~ (0.06) (0.20) + (0.03) (0.30) + (0.02) (0.50) 
7 0.009 0.009 _ 
~ 0.012 +0.009+0.01 0.031 


P(M,,/E)= 
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The probability 


3. The probability that defective bolt is from machine C - Mc 
same color 


P(E/M,) P(M-) 
P(MclE)- SETA, )P(M,)* PUE|M,) P(M,)+ PEM) PMc) 


es (02)(50) 
~ (06)(.20)+(.03)(30)+ (.02)(50) 
c\) 01 Example 1.16. ‘ 


= —________ = — =0.3225 ‘ 
.012+.009+.01 .031 30 white, 20 blu 
drawing. Find th 


Example 1.15. Box A contains 5 red and 3 white marbles and box B contains 2 red 
and 6 white marbles.If a marble is drawn from each box, what is the probability that 


they are both of the same color? (Supple. Feb. 2007 Set 4) 
Solution Given that 1. Both are wh 
Marbles 4 2. Firstis reda 
Solution 
Given that 
Two marble: 


20 blue, 15 orang 
1. Both are whi 
Total numbe 


5 
Probability of the red marble from box A, P(R : ars 
P (first marb: 


2 
Probability of the red marble from box B, P(R B ar 
After replace 


Probability of the red marble from box A and box B = P (Ra) x P (Rs) 
- 5 . 2 10 5 
8 8 64 32 


P (second mz 


P (both are w 


Probability of the white marble from box A, PW, \e8 
8 2. First is red ar 


, 6 
Probability of the white marble from box B,AW, Jee d P (first marbl 


Probability of the white marble from box A and box B 
P(W, and Wg) = P(Wa) x P(Wa) 


3 6 18 9 : 
=—x— =— = — i P (first is red 


P (second ma 


'M..) P(M..) 


3 contains 2 red 
probability that 
eb. 2007 Set 4) 


Probability 1.31 


The probability of a marble which is drawn from each box, they are both of the 
same color 

P(Ra and Rg) or PCW, and Ws) 
oO 9 14 7. 


=e =— Ans. 


a9 60° ~ 30. “16 


Example 1.16. Two marbles are drawn in succession from a box containing 10 red, 
30 white, 20 blue and 15 orange marbles, with replacement being made after each 
drawing. Find the probability that 


(Reg. Apr. /May 2005 Set 3) 
(Supple. Nov. /Dec. 2005 Set 2) 
(Supple. Nov.2008 Set 4) 
1. Both are white 
2. First is red and second is white. 


Solution 
Given that 


Two marbles are drawn in succession from a box containing 10 red, 30 white, 
20 blue, 15 orange marbles. With replacement being made after each drawing 


1. Both are white . 
Total number of marbles = 10 + 30 + 20 + 15 =75 


P (first marble drawn is white) = = 
After replacement 


P (second marble drawn is white) = x 


P (both are white) = a x 20 = ue 


Ans. 
75 75 25 


2. First is red and second is white 


10 


P (first marble drawn is red) = 75 


P (second marble drawn is white) = * 


Pp (first is red and second is white) = ae 


75 
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4 
= Ans. 
75 


Example 1.17. A businessman goes to hotels X, Y, Z, 20%, 50%, 30% of the time 

respectively. It is known that 5%, 4%, 8% of the rooms in X, Y, Z. Hotels have 

faulty plumbing. What is the probability that business mans room having faulty 
plumbing is assigned to hotel Z. 

(Reg. April / May 2005 Set3) 

(Supple. Nov. / Dec. 2005 Set3) 


(Supple. Nov.2008 Set 4) 
Solution 


Given that 


A businessman goes to hotels X, Y, Z, 20%, 50%, 30% of the time 
respectively. 


20 


P(X )=—-=0.20 
My 100 
50 

P(Y )=——-=0.50 
( ) 100 


30 
P(Z)=——=0.30 
100 
And 5%, 4%, 8% of the rooms in X, Y, Z hotels have faulty plumbing 
FP -—> faulty plumbing 


P(FP/X)=—>- = 0.05 


P(FP/Y) = = = 0.04 


P(FP/Z) = — = 0.08 


That is the probability that business mans room being faulty plumbing is 
assigned to hotel Z. 


: P(Z). P(FP/Z) 

RCE) = P(X).P(FP/X) + P(Y). P(FP/Y) + P(Z). P(FP/Z) 
7 (0.30) x (0.08) 

~ (0.20) x (0.05) + (0.50) x (0.04) + (0.30) x (0.08) 


Example 1.18. 
respectively, It i 
are defective. 


1. What is the 


2. Ifacar pure 
produced by 


Solution 


Given that 
respectively. 


And 2%, 3% 


1. What is: 
P(D)= 

= ( 

= ( 
P(D) = 


2. This defec 


Ans. 
% of the time 


7. Hotels have 
having faulty 


lay 2005 Set3) 
ec. 2005 Set3) 
9v.2008 Set 4) 


of the time 


ding 


P/Z) 


—! 


Probability 1.33 


7 0.024 
~ 0.01-+0.02 +0.024 


=~" - 0.4444 Ans. 


Example 1.18. Companies B,, Bo, Bs, produce 30%, 45%, 25%, of the cars 


respectively. Itis known that 2%, 3%, 2% of these cars produced from B;, Bo, B; 
are defective. 


1, What is the probability that a car purchased is defective. 


2. Ifacar purchased is found to be defective what is the probability that this car is 
produced by the company B. 


(Supple. Nov. /Dec. 2005 Set2) 
Solution 


Given that companies By, Bo, B3 produce 30%, 45%, 25% of the cars 
respectively. 


30 
P(B,)= 700 7 03 


45 
P(B,)=—— = 0.45 
(2,) 100 

25 
P(B,) = — = 0.25 
(B,) a0 


And 2%, 3% and 2% of these cars produced from B,, B>, B; are defective 


1. | What is the probability that a car purchased is defective. 
P(D) = P(B,).P(D/B,)+ P(B, ).P(D/B, )+ P(B, )P(D/B,) 
= (0.30) (0.02) + (0.45) (0.03) + (0.25) (0.02) 
= 0.006 + 0.0135 + 0.27 
P (D) = 0.2895 Ans. 


2. This defective car is produced by the company B. 
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P(B,)P(D/B,) 
P(B,) P(D/B,)+ P(B,) P(D/B,) + P(B;)P(D/B;) 


_ 0.006 
0.2895 


P(B,/D)= 


Ans. 


Example 1.19. In the experiment of throwing a pair of dice, consider the events 
1. Two numbers are equal Rs 
2. Sum is>7 ; 
Solution 
In the experiment of throwing a pair of dice, total numbers of outcomes are 36. 
1. Two numbers are equal 

A= {(1, 1) (2, 2) G, 3) (4,.4) GS, 5) 6, 6)} 

total number of favorable cases = 6 


BCn 


SCREEN 
4 | (41) Para): ra (i 


( y2 total number of favourable cases 
Total number of possible cases 


2. Sum is’> 7 
For sum is > 7 


B={6,ID¢é 
(5, 4) (4, 5) (4 


Total number 


Example 1.20. Thi 
hits the target is 3/é 
of them hits the tai 
target 


Solution 
Given that 


By the condition 


For independent 


By the addition rt 


er the events 


1es are 36. 


Probability 1.35 


; Ans. 


2. Sum is’ > 7 
For sum is = 7 may be {7, 8, 9, 10, 11, 12} 


B= { (6, 1) (5, 2) (4, 3) (3, 4) (3, 5) (1, 6) (6, 2) (5, 3) (4, 9) (3, 5) (2, 6) (6, 3) 
(5, 4) (4, 5) (4, 5) (3, 6) (6, 4) (5, 5) (4, 6) (6, 5) (5, 6) (6, 6)} 
Total number of favorable tases = 21 


P( B) = total number of favourable cases — 
Total number of possible cases 
= al = am Ans. 
36 «12 


Example 1.20. The probability that A hits a target is 1/3 and the probability that B 
hits the target is 3/5. Both shoot at the target. Find the probability that at least one 


of them hits the target, that is, find the probability that A or B (or both) hits the 
target 


Solution 
Given that 


P(d)=s 


P(B)== 


P.(A UB) =? 
By the conditional probability 


P(Ar B)= P(A). P(B/A) 
For independent event 
P(AMB)=P (A). A (B) 


By the addition rule 
P(AUB)=P(A)+P(B)—-P (ANB) 
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13 1 
= —4+-—-— Cc 
Ee 4. P(A°/E 
Lo bees a 
15 15 
(AUB) = 0.7333 Ans. 
Example 1.21. A and B be events with P (A) = 0.5 
P(B)=0.4 
. And P(AMB)=0.2 Example 1.22. F¢ 
Find 1. P(A/ B) probability that the 
o> P(AU B) Solution 
3. P(BS) Four cards are 
4. P(A°/B°) 
Solution They are all ca 
Given that P (A) = 0.5 
P (B) =0.4 
P(AMB)=0.2 
P(A/B)=2, P(AUB)=?, P(B°)=? | Hence the requ 
We know that by the conditional probability 
P 
1. P( A/ p= 2408) 
P(B) 
02 2 _1_ 5 Ans. 
04 4 2 
2. by the addition theorem oni 
P(A B)=P(A)+ P(B)- P(An B) ee one 
The probability 
=0.5+0.4-0.2 
=0.9-0.2 
Sage oa Similarly, th 
cf P(B°) = 1-P(B) meee 
=1-04 


= 0.6 


Probability 1.37 


_ P(4uBy) 1-P(AuB) 
~  1-P(B) ~~ 1-P(B) 
1207 _03_3_1 


—=—=—=0. Ans. 


1-04 06 6 2 


Example 1.22. Four cards are drawn at random from a pack of 52 cards. Find the 
probability that they are all cards of diamonds. 


Solution 
Four cards are drawn at random from a pack of 52 cards. 
27 £52 _ 352x51x50x49 
‘24 252-4 4x3x2x1 
They are all cards of diamonds 
br _ 413 _ 13x12x11«10 
‘24 213-4 4x3x2x1_ 


3¢4 


Hence the required probability = 
C4 
= 13x12x11x10 | 4x3x2x] 
4x3x2x1 52x51x50x49 
11 


=—— = .0026 
4165 


Solution By multiplication theorem 
The probability of picking a card of diamond in the 


First draw = 2 
52 


Similarly, the probability of picking a card of diamond in the second draw 
ae 
52 


Similar] = us respectivel 
+ 50°40 
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Hence the probability of drawing 4 cards of diamond 


ce Ee i be 0006 


=—-x—xX 
52 51 50 49 4165 
Example 1.23. Three c2r4s are drawn from a pack of 52 cards. Find the probability 


that they are of the same color. 
Solution Three cards can be drawn from the pack in 52.., ways 


_ 252 = 252 

23252 -3 23249 
PLEIN ay DO 

3x2 
Three cards can be drawn from the 26 red cards in 26 e, ways 

3 226 _ 226 

Z3 226-3 £3223 
7 26x 25x24 =13x25x8 

3x2xI 


Hence the probability that the three cards are all red 
_ 26, _ 13x25x8 2 
52¢, 52x17x25 17 
Similarly, the probability that three cards are all black is also = 2 /17 


Therefore the probability that the three cards are of the same color (either all red or 
all black) 


P(AU B)=P(4 + B)=P(A)+P(B) 


pi 4 
= pe ee By addition theorem (second method) 
17 17 «#17 
By multiplication theorem 
2 
The probability of p:cking one card of same color in first draw = = 
The probability of picking second card of same color in second draw = = 
24 


The probability of picking third card of same color in third draw =— 


Hence the probabili 


Similarly the probat 


Therefore the re 


“A 

Example 1.24. Tw 
that 

1. They aret 

2. Find the pi 


1. Method —1 Solut 
The probabili 


When an ace 
Hence the probabilit 


Hence the req 


Method — II 
Require 


2. Method — I § 


If the first card i 
ace in the second dra 


Hence the req 


Method — II 


‘ind the probability 


1ys 


9=2/17 
r (either all red or 


3d) 
_26 
52 
25 
WwW a 
51 


Probability 1.39 


26 25 24 2 
X——xX—-= 


H the probability of picking three cards of same color = = 
a ae - 52 51 50 17 


2 
Similarly the probability that the three cards are all black is also 7 


Therefore the required probability (either all red or all black) 
2 32. oA 


=—+—=— Ans. 


Example 1.24. Two cards are drawn from a pack of 52 cards. Find the probability 
that 

1. They are both aces 

2. Find the probability if the first card is replaced before the second is drawn 


1. Method — 1 Solution By multiplication theorem 


4 1] 
The probability of picking an ace in the first draw = rrr 
When an ace has been picked only 3 aces are left in the remaining 51 cards. 
Hence the probability of picking an ace in the second draw. 


SS 
=f ae es 
Hence the required probability of drawing two aces 
1 1 1 
= —x—=—— Ans. 
13: 17 221 
Method — II 
; 1 
Required probability is — Ans, 
52¢, 221 
2. Method — I Solution By multiplication theorem 


If the first card is replaced before the second draw, the probability of picking an 
ace in the second draw is also 1/13 
. 1 1 i 
Hence the required probability = —x—=—— Ans. 
13 13 169 
Method — I] Conditional probability 


P(A B)= P(A). P(B/A) 
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Cc Cc, 
= XK 
52¢, 52¢, 
1 1 1 
=e KS SE Ans. 
13 13 169 


Example 1.25. Find the probability of drawing 
1. Anace 


2 Acard of heart 
3. Anace oracard of heart from a pack of 52 cards 


Solution 

As : 4 | 
1. The probability of drawing an ace = ~~ =~ 
; §2 13 
ae . | a 
2. The probability of drawing a heart = —~ =— 
52 4 

3. The number of favorable cases to get an ace or heart is 16. (since total 


number of heart cards 13 + total ace 4 = 17 but one of the card is in both an 


ace and a heart) 


4 
Hence the required probability = a: == Ans. 
52 13 


Example 1.26. Determine the probability P of a red marble appears in the random 
drawing of 1 marble from a box containing 4 white, 3 red and 5 blue marbles. 


Solution 
There is total number of marble 
=44+3+5=12 


In the random drawing of 1 marble from a box, 
Total number of possible out comes are 12,, = 12 
In the random drawing of 1 red marble 


Number of favorable cases 3,, =3 


ae 
Required probability = D = a Ans. 


Example 1.27. De 
an ordinary deck of 


1. King 

2. Face card (jac 
3. Red face card 
Solution 


1. King, require: 
2: Face card, req 


3. Red face card. 


Example 1.28. Dete 
die 
Solution 
Total number : 
Sample space S$ = {1 
Even number 1 
Event E = {2, 4, 6} 


Required prob: 


Mxample 1.29. Deter 
fair coins. 


Solution 
Total number c 
Sample space S 
Total is 8 
At least one tai 
Event E= {HH 


Hence required 


Probability 1.41 


Example 1.27. Determine the probability P of the drawing of a single card from 
an ordinary deck of 52 cards 


1. King 
2. Face card (jack, queen, or king) 


Ans. Red face card 
Solution 
; 2 4 
1. King, required probability = 50 Ans. 
é me eee Se 
2. “ace card, required probability = —-= — Ans. 
$2 413 
- ae on 6 3 
By Red face card, required probability = —-=—— Ans, 
52 26 
«ixample 1.28. Determine the probability P of an even number in the throw of fair 
s 16. (since ivtal Solution 
card is in both an Total number of possible out comes in the throwing of fair die = 6 
vample space 5 = {1, 2, 3, 4, 5, 6} 
Aue: Even number may be (2, 4, 6) 
Avent E = {2, 4, 6} 
ae ewe a Pen Total number of favourable cases 
ars in the randuni Required probability = ————_—__________—- 
Je marbles. Total number of possible out comes 
| 
==> Ans, 
6 2 
Hxample 1.29. Determine the probability P of at least one tail appears in the toss of 3 
fair coins. 
Sohition 
Total number of possible out comes in the tossing of 3 fair coins are 
Sample space S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} 
Total is 8 
Ans. At least one tail appears, favorable cases may be 


Event E = {HHT, HTH, HTT, THH, THT, TTH, TTT} 
Total number of favourable cases 
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Ans. 


o|~ 


Example 1.30. In the experiment of throwing a pair of dice, consider the events 
1. asum7 
2. asum of 6 occurs 


Solution 
In the experiment of throwing a pair of dice, total number of possible out 
comes are 36 as shown in Example 1.19 


asum 7 
Event A = {(6, 1) (5, 2) (4, 3) (3, 4) (2, 5) C1, 6)} 
P(A) = Total number of favourable cases 
Total number of possible out comes 
= = = if Ans. 
36 «(6 
1. sum of 6 occurs _ 


Event B = {(5, 1) (4, 2) G, 3) (2, 4) (1, 5)} 
Total number of favourable cases 


I ec alsa be i a 
Total number of possible out comes 


22 
36 


P(B)= 
Ans. 


Example 1.31. If probability of an event A is = 0.1 
The probability of an event B is = 0.3 
The probability of ANB = 0.5 
Are the events are independent. 


Solution 
Given that 
P (A) =0.1, P (B) = 0.3, P (AMB) = 0.5 
P(A). P (B) = (0.1) x (0.3) 
It is clear that 
P (AMB) #P (A). P (B) 


=> The events are not independent. 


Example 1.32. If 
AUB = §, find P (E 
Solution 

Given that 


We know tha 


Example 1.33. If A 
1. P (ASB) 
2. P(A) <P( 


Solution 
We know that 


Given that A ¢ 


By 1.P(B)-P 


We know that I 


Probability 1.43 


Example 1.32. If Bc A and A and B are two events such that P (A) = 5P (B) and 
ie AUB = §, find P (B) = ? 


Solution 
jer the events Given that 
BCA, AUB=S 
=> AOB=B 
We know that 
- of possible out : P (PUB) = P (A) + P (B) — P (An B) 


P (AUB) = P(S) = 1 
1 = 5P(B)+P(B)—P(B) 


2s => P (B) = Ans. 


oa 


Example 1.33. If A cB then prove that 
1. P(ASAB) = P(B)-P(A) 
2. P(A) <P(B) 
(Supple. JNTU 2004) 
Solution A 
We know that. 
P (B) =P (ASB) + P (AB) 


Given that ACB 
>ANB=A 
P (B) = P (ASB) + P(A) 
P (ASB) = P (B) —P (A) proved 


By 1. P(B)-P(A)=P (ASB) 


We know that probability of any event is greater than or equal to 0 
P (ASB) > 0 
P(B)—P(A)20 
P (B)2P(A) 


Or P (A) < P (B) proved 
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Example 1.34. If A and B are mutually exclusive events, then prove that P(A) < P (BS) 
(JNTU 2000) | 2. P(ASMB)= 
Solution A (B)= 
Given that A and B are mutually exclusive events | 
P(A mB) =0 i é 
We have 
P (AUB) = P (A) + P (A)—P (ANB) , 
. P (AUB) = P (A) + P(B) 
| Probability of any event is 20 or< 1 
P (AUB) <1 
P(A)+P(B)<1 
P(A) <1-PB 
P - Ee (B‘) ie 3. P(ANB") 
P (A)= 
Example 1.35. 1 
ea eee zi oe 
(A) =—, P(B) =~, P (ACB) = = then find 
2 3 5 
(Reg. Nov. 2006 set 4) 
1. P (AUB) 
2. P(ASAB) ne 
3. P(ACBS) a 
4. P(ASRB‘) o 
Where (A = compliment of A) A 
7 4, P(ASOB 
1. P(AUB) = P(A) + P(B) — P(ANB) i 
111 P (AS OB 
2 3°5 
_15+10-6 
~ 30 


P (A) = P (ANB) + P (AB) 
P(B)=P (ANB) + P (ASB) 


P (AUB) = Z Ans. 
30 


that P(A) < P(B‘) 
(JNTU 2000) 


Nov. 2006 set 4) 


Ps 


3. 


P (ASB) =? 
A (B) = P (ANB) + P (ASB) 


P (AMB‘) =? 
P (A) = P(AGB‘) + P (AmB) 
1 


= Plan Be 


P (ASAB‘) =? 


P (AS ABS) = P (AUB) © 


Probaiility 1.4% 


AnS. 
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Example 1.36. The probabilities that students A, B, C, D solve a problem 


ee ce and : respectively. If all of them try to solve the problem, what is the 
2 55 


probability that the problem is solved? (Supple. Feb. 2007 Set 2) 
Solution 
Given that the probabilities that students A, B, C, D solve a problem 
12 ] l eh 
are—,—, — and — respectively. 
3.5 5 4 
P (4)=5 
2 
P (B)== 
P(c)=t 
5 
Pipje 
4 


The probability that the problem is solved 
= P(AUBUCUD) 


=1—-P(AUBUCUD)* (by De-Morgan’s law) 
= 1—P(A‘) P(B) P(CS) P(DS) 


(All given events A, B, C, D are independent) 
CH Regig 
a 5 5 4 
“BEG 
BASSAS) 4 


_228 114 57 _ 19 


300 150 75 25 


_19 : 
95 ns, 


Example 1.37. 
What is the prot 


Solution 
Given tha 
An intege 
They are | 
Total nurr 
The numt 
A =[7, lé 

140, 147, 154, 1 


The numb 
B= [9, lf 
162, 171, 180, I: 


P (AUB): 
ANB = {6 


Example 1.38. | 
1 PIAS 
2. P(B): 


Solution Prooi 
1. We knc 
S=A'! 

For the 

P(S) = | 


Probability 1.47 


olve a problem Example 1.37. An integer is chosen at random from the first 200 positive integers. 


; What is the probability that the integer chosen is divisible by 7 or 9? 
lem, what is the 


Solution 
eb. 2007 Set 2) Given that 
An integer is chosen at random from the first 200 positive integers. 
ve a problem ; They are [1, 2, 3, 4, ............ 200] 


Total numbers of possible cases are 200 

The numbers are divisible by 7 

A =[7, 14, 21, 35, 42, 49, 56, 63, 70, 77, 84, 91, 98, 105, 112, 119, 126, 133, 
140, 147, 154, 161, 168, 175, 182, 189, 196] 
28 
Total 28, P(A)=—— 
200 

The numbers are divisible by 9 

B = [9, 18, 27, 36, 45, 54, 63, 72, 81, 90, 99, 108, 117, 126, 135, 144, 153, 
162, 171, 180, 189, 198] 


22. 
200 
P (AUB) = P (A) + P(B)—P (ANB) 
AMB = {63, 126, 189} 


Total 22, P(B)= 


law) 3 
P (ANB) = — 
200 
endent) P (AUB) = P (A) + P (B) — P (AmB) 
Ru 0", 3 
~ 200 200 200 


_ 28+22,3 ee 
~ 200 ~~=«-200-~—-200 
Example 1.38. Prove that 
1. P(A‘) =1-P(A) <1 
2. P(B) < P(A) when BCA (Reg. April,/May 2005 Set 4) 


Solution Proof 

1. We know that 
S=AUAS ....(1) Where A and A© are disjoint. 
For the certain event S, we have P(S) =1 from the equation (1) 
P(S) = P (AUA‘) 
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1=P(AUA‘) 
1=P(A)+P(A) 
By adding [-P(A)] to both sides gives us 
| ~ P(A) =P (A)+P(A‘S)- P(A) 
1 — P(A) = P(AS) Proved 


P(B) < P(A) when BCA 


Given that BCA 


A=BU(A/B) A/B 
Where B and A/B are disjoint 
Where have P(A/B) = 0 


Hence 
P(B) < P(A) Proved 


Example 1.40. ° 
Find the probabi 


1. The two ci 
2. The two cz 


Solution 

Given that 

Two cards are se 
The probability 1] 


1. The two cz 


Total numl 


Example 1.39. A box contains 2 white balls and 2 blue balls. Two balls are drawn 
at random. Find the probability P they are same color. 


Solution 


Given that box contains 2 white balls and 2 biue balls 
Two balls are drawn at random 
Total number of bal] 2+2=4 


ZA 4x3 
Total number of cases to draw two balls = 4,. =———~ = = 6 
© he ED 4 
Number of favorable cases of the same color balls may be 2 white or 2 blue balls 
2¢, =! 
] 
Probability of the 2 white balls P (A) = 6 


l 
Similarly probability of the 2 blue balls P (B) = ma 
Required probability P, are 
Same color = P (A) + P (B) 


Ans. 


There are five eve 
If selected both n 


Means number of 


If selected | 
The sum wi 


Means num 


Total numb 


Required pr 


2. The two cat 


Total numb: 


Numbers of 


Probability 1.49 


Example 1.40. Two cards are selected at random from 10 cards numbered | to 10. 
Find the probability that the sum is even if 


(Reg. Nov. 2006 Set3) 
(Supple. Nev. 2202) 
1. The two cards are drawn together. 
2: The two cards are drawn on after the other with replacement. 
1 Solution 
) Given that 
6 / Two cards are selected at random from 10 cards numbered 1 te 10 


The probability that the sum is even number =? 


4 I. The two cards are drawn together 
Z\ 
Total number of possible cases 10,.. = I a 
: = £2 Z10-2 
alls are drawn 10 x 9x £8 
~ 2xIxZ8- 


There are five even and five odd numbered cards = 45 
If selected both numbers are even number then sum will be even no. 


Means number of favorable cases’: = 5,. = _ 45 
3 > Z2 LZ5-2 
vo _ 3x423 
or 2 blue balls nee ee. 
= 10 


If selected both numbers are odd number 
The sum will be even number 


Means number of favorable cases = 5... = 10 


Total number of favorable cases = 10 + 10 = 20 
20 4 
Required probability = —-=— Ans, 
45 9 


The two cards are drawn on after the other with replacement 
Total number of possible cases 10,. x10,. =10x10=100 


Numbers of favourable cases, both are even = 5,. x 5,. = 25 
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Numbers of favorable cases, both are odd =5,. x 5, = 25 
Total number of favorable cases = 25 + 25 = 50 


50 
Required probability =—— 
tiara ¥*T00 


=— Ans. 


Example 1.41. Suppose A and B are two events with P (A) = 0.7, P (B) = 0.2 and 


P(AQB) = 0.1. Find the probability that 


a. A does not occur 

b. B does not occur 

C. A or B occur 

d. Neither A nor B occurs 
Solution 

a. Probability of A does not occur 


P(A‘) =1-P(A) 


=1-0.7=03 Ans. 


b. Probability of B does not occur 
(P(E) = EB) 


=1-02=0.8 Ans. 


c.  -Probability of A or B occur 
P (A or B) = P (AUB) 
=P(A)+P(B)—P (ArB) 


=0.7+0.2-0.1 
=0.9-0.1 
= 0.8 Ans. 


d. Probability that neither A nor B occurs is the complement of (AUB) 
P (neither A nor B) = P (AUB) fy 


=] —P (AUB) 
=1-08 
=0.2 Ans. 


Example 1.42. Determine the probability in the tossing of pair of fair coins 
1. Head on first toss 
2. Head on second toss 


Solution 
In the tossii 


be Head on firs 
Number of f. 


Required prc 


2. Head on secc 
Numbers of 1 


Required pro 


Example 1.43, Ar 
that it is prime. 


Solution 
We have t 
i.e. total m 


Number of fa 
of prime numbers fr 


These are 
Which are 


Therefore the 


Probability 1.51 


Solution 
In the tossing of pair of fair coins total number of possible out comes are 
S = {HH, HT, TH, TT} 


l 
x — 
2 
') = 0.2 and 
1. Head on first toss 
Number of favorable cases are E = {HH, HT} - 
2. 24 
Ans. Required probability = — = — Ans. 
4 2 
2. Head on second toss 
Ans. Numbers of favorable cases are {HH, TH} 
2.) 
Required probability = — = — Ans. 
4 2 
Example 1.43. A number is picked from 1 to 20; both inclusive find the probability 
that it is prime. 
Solution 
Ans. We have total 20 numbers 
B) i.e. total number of out comes are 20 
Number of favorable cases to get a prime number is equal to the total number 
of prime numbers from 1 to 20 
These are {2, 3, 5, 7, 11, 13, 17, and 19} 
‘Kak Which are 8 in number 
; Number of favourable cases 
nS Therefore the required probability = = 


Total number of out comes 
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8 


=— Ans. 
20 


Example 1.44. A number is picked from 1 to 30, both inclusive find the probability 
that it is prime. 
Solution 

We have total 30 numbers 

i.e. total number of out comes are 30 

Number of favorable cases to get a prime number is equal to the total number 
of prime numbers from 1 to 30 

These are {2, 3, 5, 7, 11, 13, 17, 19, 23, and 29} 

Which are 10 in number 
Number of favourable cases 


Therefore the required probability = 
Total number of out comes 


Example 1.45. Out of 20 consecutive integers two are drawn at random. Then what 
is the probability that their sum is odd? 


Solution 
The total number of out comes of choosing 2 
220 
Out of 20 consecutive integers are 20... =—>—~> > 
t £2 220-2 
m 20x19x 218 = 190 
2 218 


Out of these 20. numbers even numbers are 
= {2, 4, 6, 8, 10, 12, 14, 16, 18, and 20} 
= {Total in number 10} 
Out of these 20 numbers odd numbers are 
={1, 3,5, 7,9, 11, 13, 15, 17, and 19} 
= {total in number 10} 
For the sum of the chosen two numbers to be odd, one should be even and other 


should be odd. 
The number of favorable cases to be one number is even = 10,, = 10 


Similarly the 


Total number 


Required pro 


Example 1.46. Ifa 
comes A, B, C, cl 
permissible. 


a. P(A)=0.:: 
b. P(A) =0. 
c. P(A)=0. 


Solution 
a. P(A)+P( 


The assign 
each event 


b. P(A) =0.3 

The assign 
is negative. 

c. P(A)=0.3 

P(A) + P( 


The assignme1 
events is exceeds 1. 


Example 1.47, Wha 
three coins are tossed 


Solution 


In the tossing ¢ 
S = {H 

= {Ti 

Let E be the ev 
E = {HHT, 


d the probability 


the total number 


‘Cases 


/OMmes 


lom. Then what 


ven and other 


=10 


Probability 1.53 


Similarly the number of favorable cases to be one number is odd 
= 10,, =10 
Total number of favorable cases that their sum is odd = 10 x 10 
Number of favourable cases 


Required probability = =——————________— 
” P z Total number of out comes 


10x10 _10 
190 19 


Ans. 


Example 1.46. If an experiment has the three possible and mutually exclusive out 
comes A, B, C, check in each case whether the assignment of probabilities is 
permissible. 


a. P(A)=0.59 P(B)=0.22 P(C)=0.19 
b. P(A)=0.35 P(B)=0.65 P(C)=-0.03 
c. P(A)=0.36 P(B)=0.54 P(C)=0.33 


Solution 
a. P(A) +P (B) + P(C) =0.59 + 0.22 + 0.19 
= 1.00 


The assignment is permissible because the values of the probability of 
each event is between 0 to 1 and their sum is 1. 


b. P(A)=0.35 P(B)=0.65 P(C)=- 0.03 
The assignment is not permissible because the probability of the event C 
is negative. 
c. P(A) =0.36, P(B)=0.54, P(C) = 0.33 
P(A) + P (B) + P(C) = 0.36 + 0.54 + 0.33 
= 1.23 


The assignment is not permissible because the sum of the probabilities of all 
events is exceeds 1. 


Example 1.47, What is the probability of obtaining two heads and one tail when 
three coins are tossed? 


Solution 
In the tossing of three coins sample space is 
S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} 
= {Total m numbers 8} 
Let E be the event of obtaining two heads and one tail. Then 
E = {HHT, HTH, THH} 
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= {Total in numbers 3} 
Number of favourable cases 


P(E)= 
Total number of out comes 


Ans. 


iH 
co | 


Example 1.48. From a book of 100 pages, numbered 1 to 100. What is the 
probability that to get the number of the page is a perfect square? 
Solution 

In a book of 100 pages numbered 1 to 100, 

Sample space is S= £1,.2, Byecseieies 100} 

= {Total in numbers 100} 
Let E be the event of drawing a page which is the perfect square number 
E = {1, 4, 9, 16, 25, 36, 49, 64, 81, 100} 
= {Total in numbers 10} 
Required probability = Ask Ans. 
100 10 ; 

Example 1.49. For any three arbitrary events A, B, C. Prove that 


P (A UBUC) = P (A) + P (B) + P(C) —P (ANB) — P (BNC) — P (CA) + 


P (ANBNC) (Reg. Nov. 2006) 
Proof : 
By taking left hand side 
L.H.S = P (AUBUC) 
=P(A URC) 


= P (A) + P(BUC) —- P(AT\(BUC)) [ By additive theorem] 
= P(A) + P(B) + P(C)-P (BOC) -P (A A(BUC)) 
[By additive theorem in P (BUC)] 
=P (A) + P(B) + P(C)— P (BOC) - P (AB) U(ANC)) 
[By set theory] 
=P (A) + P(B) + P(C)—P (BOC) - [P (AB) + P (ANC) — 
P (CAMB) 9 (ANC))] 
[by additive theorem for (ANB) U (ANC)]} 
=P (A)+P(B)+ P(C)—P (BOC) — P (ANB) — P (ANC) 
+P (ANBNC) 


[Since (ANB) U (ANC) = AN BO C] 


=> P(AUBUC) = 


Example 1.50. De 
exclusive events. € 


Solution 


Random E; 
of times under ide: 
known in advance 
advance. Then the 


Sample Spa 
Events: As 
Mutually E: 


Example 1.51. Fir 
Solution 

- Total numbe 

In a pack of. 

i.e. Total nur 


Probability t 


Example 1.52. A 
selected at random, 


a. First two wol 

b. First and thi 

C. First and thir 
Solution 

M -> Mal 

F +> Femi 

a. First two wol 

P(M.M,F,, 


as. 


100. What is the 


juare number 


—P(CNA)+ 
Reg. Nov. 2006) 


leorem] 

') 
'(BUC)] 
ANC)) 
eory] 
(ANC) ~ 
1(ANC))] 


ANC) 
XC) 
ANBOC] 


Probability 1.55 


=R.H.S. 
= P (AUBUC) = P (A) + P (B) + P(C) — P (ANB) — P (BAC) — P(CMA) + 
P (AMNBNC) Proved. 


Example 1.50. Define a random experiment. Sample space, event and mutually 
exclusive events. Give example of each. 


(Supple. Feb. 2007 Set 4) 
(Reg. Apr. /May 2005 Set. 2) 
Solution 


Random Experiment: The experiment which can be repeated any number 
of times under identical conditions, for such experiment all possible out comes are 
known in advance but the actual out come in a particular case in not known in 
advance. Then the experiment is called random experiment. 


Sample Space: As defined on the page no.1.1 
Events: As defined on the page no.1.1 
Mutually Exclusive Events: As defined on the page no.1.2 


Example 1.51. Find the probability of getting black king from a pack of 52 cards. 
Solution 

Total number of out comes are 52 

In a pack of 52 cards, no. of black kings are 2. 

i.e. Total number of favorable cases = 2 

Probability to get black king from a pack of 52 cards = =x 


Example 1.52. A industry has 10 male and 5 women workers. Three workers are 
selected at random, one after the other. Find probability that 


a. First two workers are male and third is female. 
b. First and third of same sex and the second is opposite sex. 
c. First and third males and second is female. 
Solution 
M -—> Male 
F — Female 
a. First two workers are male and third is female 
P(M,M,F,)=P(M,). {2}. A) 
M, MM, 
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10 0 
15 14) 13 
= 2 Ans. 
91 
b. First and third of same sex and the second is of opposite sex 


P(M, F,M,)+ P(E M, F,) 


- rt). | of | +P(F,).P Ga () 


B*Z 


HEHBMCHE 


ed Ans. 
21 
Cc. First and third males and second is female 
F. M 
M. F, M.)=P(M, )P| = |.P —_i. 
Pls, FM) = PH >|). of 2) 
10 5. (=) 
=)]—1{xXx!l—]./-— 
15 14 13 
_ 15 
7x13 
a) Ans. 
9] 


Example 1.53. What is the probability of choosing any 3 or any Diamond or both? 
Solution: we know that of 
Method — I 
The Cards which may be ‘3’ are total 4 the cards which may be diamond are 


total 13 but one card is common in-both, means there are 16 playing cards which are 
either a ‘3’ or a Diamond or both. Therefore 


P (3 or Diamond or both) = 16/52 Ans. 
Method — II 

P(A or B or both) = P(A) + P(B) — P(AMB) 
[ not mutually exclusive events] 
P (any 3 or any Diamond or both) 


Example 1.54. Wi 
Solution we k 
Method-I 

The number o 

P(40r7)= ; 
Method-II 

P(any 4 or any 


Example 1.55. Wha 
Solution 
In the 3 dice tc 
Number of pos 


Required probi 


Similarly prob: 


Example 1.56. Wha 
are tossed? 


Solution 
Total number c 


4 coins = 2* = 


Probability 1.57 


= P(any 3)+P(any diamond) — P(3 of diamond) 


_ 4 2 11 
52° J52..-32: 
16 
x =— Ans. 
52 
2) Pp im q 
; FM, 4 Example 1.54. What is the probability of choosing any 4 or 7? 
‘ Solution we know that 
Method-I 
The number of cards which are any ‘4’ or any ‘7’ is 8 therefore 
Ans. pda Ans. 
52 
Method-II 


P(any 4 or any 7) 
= P (any 4) + P (any 7) — P (of the common event) 


ie As: 
52 52 52 
8 
= Ans, 
52 
Ans. Example 1.55. What is the probability of obtaining 9, 10, and 11 points with 3 dice? 


Solution 
In the 3 dice total number of combination will be 216. 
Number of possible cases for obtaining 9 = 25 


Jiamond or both? 


; ite 2 
y be diamond are Required probability = 216 
ig cards which are 


27 Pe | 
Similarly probability for getting 10 and 11 are respectively —— and —~ 
ns. 216 216 


Example 1.56. What is the probability of getting 2 tails and 2 heads when 4 coins 
are tossed? 


sive events] 


Solution 
Total number of possible cases with 
4 coins = 2* = 16 


4.58 Problems and Solutions in Probability & Statistics 


In the experiment of tossing of 4 coins sample space is 
S = {HHHH, HTHH, T HHH, HHTH, HHHT, HTTT, THTT, TTHT, TTTH, 
HHTT, HTHT, HTTH, TTHH, THTH, THHT, TTTT} 
Total number of favorable cases of getting two heads and two tails 
are (HHTT, HTHT, HTTH, THHT, TTHH, THTH) 
Total number 6 . 
3 


6 
Required probability = 16 = 8 Ans. 


Example 1.57. Let X denotes the number of heads in a single toss of 4 fair coins. 
Determine 


1 = P(X <2) 
2. P(I<X<3) (Supple. Nov.2008) 
Solution 


In the experiment of tossing of 4 coins sample space is 


S = {HHHH, HTHH, T HHH, HHTH, HHHT, HTTT, THTT, TTHT, TTTH, 
HHTT, HTHT, HTTH, TTHH, THTH, THHT, TTTT} 


Total numbers of possible cases are 16. 


Number of heads may be 0 then probability is = 1/16 
Number of heads may be 1 then probabilityis = 4/16 
Number of heads may be 2 then probability is = 6/16 
Number of heads may be 3 then probability is = 4/16 
Number of heads may be 4 then probability is = 1/16 


X is the random variable of number of number of heads. 


1. P(X <2) = P(X= 0) + P(X= 1) 


eee. 
16 16 ~~ «16 
2. P (1<X $3) = P(X= 2) + P(X= 3) 
6 4 
~ 16 16 
— 10 
16 
ae 
8 


Example 1.58. A c 
there are at least tw 
P(E,/E2). 
Solution 
In the experim 
In succession { 
Is S= {HHH, I 


Sample space S, of tl 
Sample space S, of tl 


P(E,N Ez) = Pd 


P(E,/E2) = = 


P(E?) = 4/8 = i 


Probability 1.59 


Example 1.58. A coin is tossed three times in succession. If E, is the event that 


T, TTHT, TTTH, there are at least two heads and E, is the event that first throw gives a head, find 
P(E,/E2). 
6 idils Solution 


In the experiment of tossing of a coin 
In succession three times sample space 
Is S= {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 


psi SC 


ss of 4 fair coins. ] H H H Left! 
are ee ae 

1 1 1 1 

pple. Now 2008) 2 oo 
22 2°38 

T, TTHT, TTTH, . | eee oe aoe | 
4 T T = ka 

Zoi cbs 8 

5 H sans T Pol gd! 

2.2 28 

T T H PoN bul 

4 eine 2 8 

ee en ee a 

a ee ae 

T T T Tdi id 

a 2 2S 


Sample space S, of the event E, is 
S, ={ HHH, HHT, HTH, THH} 
Sample space S, of the event E; is 
S2 { HTT, THT, TTH, TTT} 
P(E,N E2) = P(E;/E2) P(E2) 
P(E, NE,) 
P(E) 
P(E.) =4/8=1/2 


P(E;/E2) = 
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P(E,;N Ey) =3/8 (In Sy and S, common events are 3 ) 
3/8 


P(EV/E2) = 12 


= 2 Ans. 
4 


Example 1.59. Given two independent events A, B such that P(A) = 0.20 and 
P(B) = 0.70 
Determine 1) P(A and B) 
2) P(A and not B) 
3) P (not A and B) 
4) P (neither A nor B) 


5) P(AorB) 
Solution 

1) P(A and B) = P(A). P(B) 
= (0.20) x (0.70) 
= 0.14 

2) P(AandnotB) = P(A). PB) 

. = (0.20) x (1-0.70) 
= (0.20) (0.30) 

= 0.06 
3) P(not A and B) = P(A‘). P(B) 


= (1-0.20) x (0.70) 
= (0.80) (0.70) 
= 0.56 
4)  P (neither AnorB) = P(A‘). P(B‘) 
= (1-0.20) (1-0.70) 
= (0.80)(0.30) 
= 0.24 
5) P(AorB) = 1-—P (neither A nor B) 
= 1-0.24 
= 0.76 


Example 1.60. 
probability of R: 
Find 


Solution 
1) Only one of tl 


2) Both of th 


3) None of th 


Example 1.61. 
chance that the si 


Solution 
A page car 
of getting a page 
{9, 18, 27, 


Required-p 


P(A) = 0.20 and 


Probability 1.61 


Example 1.60. Ram and Shyam appear in an interview for two vacancies. The 
probability of Ram’s selection is 1/5 and the probability of Shyam’s selection is 1/7. 
Find 

1. Only one of them will be selected 

2. Both of them will be selected 

3. None of them will be selected 


Solution . 
1) Only one of them will be selected 


ise 
BEE) 


~ © 4 10 _ op ng5 Ans. 
35° BS “35 


2) Both of them will be selected 
= P(R) P(S)= (2\2) = aa = 0.0285 Ans. 
SIT) 35 


3) None of them will be selected 
= P(R)x P(S) 


= 0.685 . Ans, 
5 


Example 1.61. A book contains 100 pages. A page chosen at random. What is the 
chance that the sum of digits on a page is equal to 9? 
Solution 

A page can be chosen from 100 pages in 100 ways number of favorable ways 
of getting a page having the sum of digits on it 9 is = 10 

{9, 18, 27, 36, 45, 54, 63, 72, 81, 903 


Required probability is aut : 


=—=0. Ans. 
100 10 


1.62 Problems and Solutions in Probability & Statistics 


Example 1.62. A university has to select a mathematics teacher from a list of 50 
persons. 20 of them are men and 30 women. 10 of them knowing Hindi and 40 not. 
15 of them from Hyderabad and the remaining 35 from out of City. What is the 
probability of the university selecting a teacher who is Hindi knowing women from 
Hyderabad. 


Solution 


3 
Probability of selecting a women = —, 


50 


15 
Probability of selecting a teacher from Hyderabad = 50 


10 
Probability of selecting a Hindi — knowing teacher = 50 


The probability of the university selecting teacher 
Who is Hindi knowing women from Hyderabad 


30 10 15 

=—X— xX — 
50 50 50 

ode Ans. 
250 


Example 1.63. Ram writes three letters for his three friends and addresses three 
envelopes. These letters are placed at random and dispatched. What is the 
probability that no friend receives the correct letters? 


Solution 
Suppose the letters no. are 1, 2, 3 
And envelope number are also 1, 2,3 
For keeping letter number 1, 2, 3 in the envelopes number 1, 2, 3. We have total 
6 ways 1 2 3 


WN WwW dN 
NO RK We WwW 
= WN NO & 


or we can say 
the total number of ways of placing 3 letters in 3 envelopes = |3 


All the letters can be placed correctly in one way 
ie., 1, 2,3 


Hence its p 
Required pi 


Wrongly = 


Example 1.64. [1 
3/4 and the proba 
problem is at all s 


Solution Giver 


P(A) 


P(B) 


The probabi 


Example 1.65. A 
proportional to the 
is the probability of 
Solution 
Given that 
Probability of 
PI) 
P() 
P(I) 
Pd): 
Pd): 


om a list of 50 
ndi and 40 not. 
y. What is the 
2 women from 


idresses three 
What is the 


/e have total 


. Probability 1.63 


Hence its probability = 1/6 
Required probability that all letters are sent 


1 5 
W ly = 1-—=— Ans. 
rongly 66 


Example 1.64. In a quiz programme, the probability that A will solve a problem is 
3/4 and the probability that B will solve that is 1/4, what is the probability that the 
problem is at all solved? 


Solution Given that 


3 
P(A)= 4 
P(B)= A 
4 
The probability that the problem is solved 
= P(AUB) 
=1-P(AUB) 


=1-[P(A°) A P(B‘)] (by De-Morgan’s law ) 


=1- (1 - a I 1- +] (Both events are independent) 


4 
SS re 
4 4 
7 mee us Ans. 
16 16 


Example 1.65. A die is so loaded that the probability of each number appearing is 
proportional to the twice of the number. What is the probability of all events? What 
is the probability of occurrence of an odd number and greater or equal to five 


Solution 
Given that 


Probability of each number appearing is proportional to the twice of the number 
Pl) «<2x1=> P(l) = 2k 


P(l) <2x2=> P(2) =4k 
P(1) <2x3= P(3) = 6k 
P(l) 2x4 => P(4) = 8k 
P(1) «2x5 => P(5) =10k 
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PQ) «x2x6=> P(6) = 12k 
We know that . 
P(l)+ P(2)+ P@)+ P(4)+ P(5)+ P(6)=1 
2k +4k + 6k +8k +10k +12k =1 
42k =1 


1 6 
-P(6) =12k =—~ = — 
42 21 
1) ‘The probability of occurrence of an odd number 
Odd number may be | or 3 or 5 
1 
P(1) or P(3) or P(S) = = +5 t+ 
(1) or P(3) or PG) 1°7 21 
a 
21 
2) The probability that the number is greater or equal to five 
That number may be 5 or 6 


P(5) or P(6)= cee 


Ans. 


=— Ans. 


Example 1.66. 
least one head? 


Solution 
In a fair c 
The prob: 
The prob: 
The probz 


Thus, the 
One head 


Example 1.67. 
students speak E1 
students who spe 


Solution 
60% of the 
70% of the 
65% of the 
The probat 


-P(ASUBY) 


Thus the per 


Example 1.68. A 
H&S department, 
members are to be 


l. Three: 


2. Twom 


Probability 1.65 


Example 1.66. A fair coin is tossed 6 times. What is the probability of getting at 
least one head? 


Solution 
In a fair coin 
The probability of getting a head = 1/2 
The probability of getting a tail = 1/2 
The probability of getting no head in 6 tosses 
P (E) = (1/2)° = 1/64 
Thus, the probability of getting at least 
One head = 1.— Probability of getting no head 
= 1~-(1/2)° 
= 1-1/64 
64-1 
64 
63 
64 
Example 1.67. In a classroom 60% of the students speak Hindi 70% of the 


students speak English, and 65% both Hindi and English. Find the percentage of the 
students who speak neither Hindi nor English 


Solution 
60% of the students speak Hindi P (A) = 0.60 
70% of the students speak English P (B) = 0.70 
65% of the students speak both Hindi and English P (ANB) = 0.65 
The probability of the students who speak neither Hindi nor English 
-P (ASUBY) =? 
P(ASUBS) = P(ANB)o by D — Morgan’s law 
= 1-P(AnB) 
= 1-0.65 
0.35 
Thus the percentage of the students who speak neither Hindi nor English is 35%. 


ve 


Example 1.68. A culture committee consists of 9 members two of which are from — 
H&S department, 3 form E.C.E. department and 4 from EEE department. Three 
members are to be removed at random. What is the probability that 


1. Three members are from different departments 
2. Two members from the same department and third from different department 
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3. All three members are from the same department 


Solution 
Total number of ways of choosing 3 members out of 9 is 


9! _ 9x8x7 _¢ 


9c, = ———-— = = 
3! 9-3! 3x2x!l 
1. Three removed members are from different department one member from H 
& S department out of two = 2., 
One member from E.C.E department out of three = D 
= 3 
One member from E.E.E department out of four = 4. 
= 4 
Three members from different departments 
2x3x4 2 
i.e. required probability = ————— =~ 
Sane eatery = ear fg 


2. | Two members from same department and third from different department 
The number of ways of removing two members from H & S department and 
one from others = 2, x 7, 
The number of ways of removing two member from ECE department and one 
from others = 3,, x 6,, 
The number of ways of removing two members from EEE department and 
one from others = 4, x 5, 
Two members from same department and third from different department 


2x7, +3, x6, +4, x5, 
ie. required probability = eggs 


3. All three number one from same department the number of ways of removing 
three membe: from ECE department = 3,, = 1 way 


The number of ways of removing three numbers from EEE department 


= ae = 4 ways 


All three 


Example 1.69. 
a) Once 
Solution 


In the e» 
in which we ge 


The prot 


The prot 


a Ifa 
one 


The 


Probability 1.67 


All three members one from same department i.e required probability 


é alee: 5235 

j 84 

i -Example 1.69. A pair of dice tossed twice. Find the probability of scoring 5 points 
a) Once b) Twice c) At least once 


Solution 
ember from H In the experiment of tossing of a pair of dice, number of possible out comes 


in which we get 5 are (1, 4) (2, 3) (3, 2) (4, 1) i.e in 4 ways, then 
4 | 
The probability of getting 5= 36 = 9 
ny : 1 8 
The probability of not getting 5=1 - 9 = 5 
a. Ifa pair of dice tossed twice then the probability of scoring 5 points in 
one toss, one toss may be first or second 


The probability of getting 5 in the first toss and not getting 5 in the second toss 


1 8 8 

—_x-—-=— 

9 9 81 
epartment Similarly, the probability of not getting 5 in the first toss and getting 5 in 
2partment and the second toss 

| ee ee | 
tment and one 9 9 81 
8 16 


8 
Required probability = —+ 
‘partment and 81 


81 ] 
at tee : bok 4 
b. The probability of getting 5 in both tosses = — x —- = — 
»partment 9 9 81 
c. The probability of getting 5 in at least one toss 


At least one toss means may be first as may be second or may be both 


18 8 1. 1. 1 
Required probability =—x—+—x—+—x— 
Required probability a a0 5°59 | 
3 of removing oe Sings Og de. 
$1 81 
rtment 7 
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Example 1.70. Ram can hit a target 2 times in 4 shots, Shyam 3 times in 5 shots Example 1.71. A 
and Hari 3 times in 4 shots. What is the probability that : whose chances of : 
1. Two shots hit 2. At least two shots hit j What is the probab 
Solution , Solution 
Probability of Ram hitting the target. = 2/4 2 sec - 
= : e probabi 
Probability of Shyam hitting the target = 3/5 The probabil 
Probability of Hari hitting the target = 3/4 j The probabil 
1., Two shots hit The probabil 
Two shots hit means may be Ram and Shyam or Shyam and Hari or ae probabil 
Ram, Hari e probabil 
Re ; er Required prc 
Probability that Ram and Shyam hit the target and Hari fails 
2.3 3 
==x=(I-5) 
4 § 4” 
2 3, 1. 3 
— ee a _=— 
4 5° 4 10 q 
Probability that Shyam and Hari hits the target and Ram fails q Method — IT 
3 3 I At least one 
= rae x [1- 7 { students or may be 
_ 3 : ae 2 - 9 : problem and B and: 
5 4 4 40 j Probability th 
Probability that Ram and Hari hits the target and Shyam fails ; 
eee 1 =| ‘ 
7 4" re eS ; é Probability th 
2.32. 6 3 
S—xKXO~— KT SET FE 
+. Ge Br oe ae . Probability th 
2. At least two shots hit at least two shorts means may be two or may be 1 1 
all three shots also = ( —— 
J 3. oo. : *. 
Probabil ty that all three shots hit = cs x=-x—=— 2 Pe 34 
4 5 4 40 = ee 
2 ee! 
Required probability 7 = + a Lee = wr + 8 


40 40 40 10 60 * 60 


ies in 5 shots 


and Hari or 


‘Oo or may be 


Probability 1.69 


Example 1.71. A problem of mathematics is given to three students A, B and C 


whose chances of solving the problems are 1/3, 1/4 and 1/5 respectively. 
What is the probability that the problem will be solved? 
Solution 
Method — I 
The probability that A can solve the problem is 1/3 
The probability that A can not solve the problem is (1 — 1/3) 
The probability that B can solve the problem is 1/4 
The probability that B can solve the problem is (1 — 1/4) 
The probability that C can not solve the problem is 1/5 
The probability that B can not solve the problem is (1 — 1/5) 
Required probability that the problem will be solved 
= 1-(1 - 1/3) (1 - 1/4) (1 - 1/5) 
= 1 — (2/3) x (3/4) x (4/5) 
= 1 — 24/60 
36 
60 
= 3/5 
Method — II 


At least one student can solve the problem, at least one means may be two 
students or may be all three can solve the problem probability that A solve the 


problem and B and C can not = : C -1] [i -3) 
3 4/\. 5 


Probability that B solves the problem and C and A can not 
Salis ;) eee 
4 3 5 
Probability that C solve the problem and A and B can not 
se ee 
5 3 4 


Probability that any one of them solve the problem 
= uy i-1 io t ee it 7 od pe it 
3 4 5 4 3 5 5 3 4 


4 
2 8 6 26 


60 60 60 60 
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Similarly probability that any two of them solve the problem 


ae Ee oe | ( 1 t( ‘) 
- ty4f1-+]4-x=+[1--|+=x<]1-- 
3° 4\ 5) 4 54 3) 3 5X 4 


40 2 2 
60 60 60 
Bye 
60 | 
- Probability that all three solve the problem 
1... bd 
3 4 5 


Le 
60 

Required probability that at least one of them solve the problem or 
probability that problem will be solved 


2 9 I 

60 60 60 
Ase 

60 5 


Example 1.72. A patient is selected at random from 80 patients where 30 are 
suffering from high blood pressure, 20 from head ache and 10 from both high blood 
pressure & headache. Find the probability P that the patient is suffering from high 
blood pressure or headache 


Solution 
Given that B-> Blood pressure, H — Head ache. 
30 «3 
PB = —=- 
() 8078 
20 = 1 
PH = —=- 
a 80 4 
10 1 
P(BOH) = -==-7 
(BOH) 80° 8 
Thus by the addition rule 
P(BUH) =  P(BorH) 


= P(B)+P(H)-P(BOH) 


Example 1.73. hh 
are in the compet 
(1), IT (1) will ge 
getting high score 
Solution 


Suppose the 
It will get h 
CSE will ge 


We know th 


Example 1.74. A] 
inches, Find the pro 


Solution 


Suppose sam 
A denote the set of | 


the problem or 


its where 30 are 
n both high blood 
ffering from high 


Probability 1.71 


Ce ee | 
= -_-+-—-— 
8 4 8 
4 pez 
8 
2 241 
8 2 


Example 1.73. In an engineering college, three branches CSE (C), IT (1), ECE (E) 
are in the competition. The chance that CSE (C) will get high score is twice of IT 
(1), IT (1) will get high score is thrice of ECE (E). Find out the probabilities of 
getting high score, for the mentioned three branches, P(C), P (1), P (E). 


Solution 
Suppose the chance that branch ECE will get high score is P 
P (ECE) = P(E) =P 
It will get high score, it is the thrice of ECE 
P (I) =3P 
CSE will get high score, it is the twice of it 
P (C) =2 x 3P = 6P 
We know that the sum of the probabilities must be 1 hence 
P(C)+P()+P(E)=1 
6P+3P+P=1 
10P=1 
P= 1/10 
P (E)=P=1/10 
P(I)=3P =3x nS = = 
: 10 10 
6x1 _ 6 
10 10 


Example 1.74. A point is selected at random inside a rectangle measuring 3 by 4 
inches. Find the probability that the point is at least 1 inch from the edge 


P(C)=2x3P= 


Solution : 
Suppose sample space S denote the set of points inside the rectangle and let 
A denote the set of points at least 1 inch from the edge 


p= areaofA _ 1x2 2 


areaofS 3x4 


1.72 Problems and Solutions in Probability & Statistics 
Example 1.76. T. 


Example 1.75. There are 20 persons in a birthday party. What is the probability : S/O: 3) 
that at least two of them have the same birthday? 1 » 3/10, 2/10." 
become M.D.’s ar 
Solution 
The probability that n people have distinct birthdays where n < 365 Solution 
There are n people and 365 different days. There one 365" ways in which the q The Probabi 
n people can have their birthday. : apie pecnan 
TO 
The first person can be born on any of the 365 days The ae 
abi 
The second person can be born on the remaining 364 days Bonusecher 
~ Similarly and so on | Benussener 
Thus the number of ways that n persons can have distinct birthdays Bonue-schen 
365 x 364 X 363 ..cceeeeee eens x [365 —(n-1)] Required Pre 
365 x 364 X 363 ......ccseen x [365 —(n+ 1)] = P(BS) = P(A 
There fore . 
365x 364 we 365 —n +1 5 
P (n people have distinct birthdays = ELSA oe ac senha i = —x 0.02 
(365) 10 
Thus the probability P that two or more people have same birthday 7 = 0.01 + 0.¢ 
i = 0.031 


P (at least two out of n people have the same birthday) 
= 1 -—P(npeople have distinct birthdays) 


_ 1 365% 364% wen (365 = 0 +1) ‘ P(A/BS) = - 
(365)” f 
’ In the question we have to find at beast two people out of 20 persons have i 
same birthday n = 20 4 
P (at least two out of 20 people have the same birthday) 
1, 365X364 sn rrene(365~ 20+ 1) ; P(B/BS) =! 
(365) 
7 365 x 364 X veers. 346 
7 (365) 
_ 1. 2:03669 x 10° 
1.761397 10" P(A BS) =~ 


= 1-0.58856 
= 0.41143 


Probability 1.73 


Example 1.76, The Probabilities of A, B, C to become M.D.’s of a factory are 


is the probabilit: | 5/10, 3/10, 2/10.The Probabilities that bonus scheme will be introduced if they 
become M.D.’s are 0.02, 0.03, and 0.04. Find bonus scheme introduced. 
(Supple Nov.2008) 
1< 365 Solution 
vays in which the : The Probabilities of A to become M.D.’s of a factory is P(A) = 5/10. 


The Probabilities of B to become M.D.’s of a factory is P(B) = 3/10 
The Probabilities of C to become M.D.’s of a factory is P(C) = 2/10. 
Bonus scheme will be introduced if A become M.D. P(BS/A) = 0.02 
; Bonus scheme will be introduced if B become M.D. P(BS/B) = 0.03 
‘thdays Bonus scheme will be introduced if C become M.D. P(BS/C) = 0.04 
Required Probability 
P(BS) = P(A) P(BS/A) + P(B) P(BS/B) + P(C) P(BS/C) 


: 5 3 : 
5S—-ntl = —x 0.02 + — x 0.03 + —x 0.04 
bet a 10 10 10 
= 0.01 +0.009 +0.012 
irthday = 0.031 
> 50.02 
P(A)P(BS/ A) ran 
P(BS) > 0.02 +-2-x 0.03 4-2 x0.04 
10 10 10 
f 20 persons have =o = 0.322 
3 20.03 
PUB Bs) = PB)PCBS IB) _- i a 
P(BS) = ¥0.024 2x 0.03+—-x0.04 
10 10 10 
0.009 _ 5 »99 
0.031 
2 604 
P(C)P(BS/C) io 
TUN S a gy ge ge 
P(BS) x 0,02 +x 0,034 =x 0.04 
10 10 10 
JOO ie | 
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Example 1.77. Suppose A = [P1, Pa, Ps, P,] and suppose P is a probability function 
defined on A, then 
a. Find P (p,) if p (p2) = 0.3, p (Ps) = 0.4, p (ps) = 0.1 
b. Find p (pi) and p(p2) if p (ps) = p (Pa) = 0.3 and p (pi) = 2 p (Pe) 
Solution We know that the sum of the 
(a) Probabilities on the sample points must equal to one. 
Suppose . 
p(p1) + p(P2) + p(Ps) + P (Pa) = 1 
“p(pi) +0.34+0.4+0.1=1 
p(p1) = 1-0.8 = 0.2 


(b) p (pi) + p(p2) + p (Ps) + P (Pa) = 1 
2p (p2) + p (p2) + 0.3 + 0.3 = 1 
3p (p2) + 0.6 = 1 
3p (p2) = 1-0.6 
3 p (p2) = 0.4 
P (p2) = 0.4 /3 
P (po) = 0.133 
We have p (pi) = 2p (P2) 
P (pi) =2 x 0.133 
P (p1) = 0.266 


Example 1.78. Determine the probability of each event 
1. | Aneven number appears in the toss of a fair die 
2. 2 or more heads appear in the toss of 4 fair coins. 
3. Exactly one 5 appears in the toss of 2 fair dice 
Solution 
(1) Inthe experiment of tossing of a fair die, 
Total numbers of outcomes are 6 
Numbers of possible cases are 2,4 & 6 
Required probability = 3/6 = 1/2 


(2) Two are more heads appear in the toss of 4 fair coins 
Total numbers of outcomes are 16 these are 


[HHHH, HTHH, THHH, HHTH, HHHT, HTTT, THTT, TTHT, 
TTTH, HHTT, HTHT, HTT, TTHH, THTH, THHT, TTTTT} 


Numb 
Requir 
(3) Exact 
In the 1 
Numbe 
{(1, 5) 
Requir 


Example 1.79 If I 
ofa,bandc 


1) P(ASNB’) 
2) P(A°NB) 
3) P(A'N Plz 
4) PAU (AS 


Solution 


1) 


2) 


3) 


P(AUB) =. 


By De Morgai 
(AUB) =. 
P(AS AB‘) 


=l-(a+b 
We know that 


P(B) = P(A: 
b=c+P(A® 
b-c=P(AS 


PLAS A(AU 


Probability 1.75 


gability function Number of favorable cases of getting two more heads are 11 
| Required probability = 11/16 
(3) Exactly one 5 appears in the tossing of 2 fair dice 
p (Pr) E In the tossing of 2 fair dice total number of out comes are 36 
Number of favorable cases that exactly one 5 appear are ten (10) 


{(1, 5), (2, 5) (3, 5) (4, 5) (6, 5) 5, 1) (5, 2), 3) (5, 4) (5, 6} 
Required probability = 10 / 36 


Example 1.79 If P(A) = a, P (B) = b, P(ANB) =c, express the following in terms 
ofa, bandc 


1) P(ASNB’) 
2) P(ASNB) 
3) P(ASN P(AU B))) 
4) PAU (ASNB)] (Supple. Feb.2010 Set 1) 
Solution 
P(AU B) = P(A) + P(B)-P(ANB) 
=at+b-c 
1) By De Morgan’s law 
(AU B) = AS OBS Thus 
P(AS ABS) = P(AU BY 
=1-(AUB) 
=1-(at+b-c) 
=l-a-b+c 
2) We know that : 
P(B) = P(AM B) + P(AS OB) 
b=c+P(A° OB) 
b-c=P(AS OB) 
3) 


PLAS A(AUB)]= P(AS 0 A)U P(A OB) 
=$¢UP(AS OB) 
= P(A“ AB) 
=b-c 


THTT, TTHT, 


1.76 Problems and Solutions in Probability & Statistics 


4) 
P[AU(A? NB) = PAY AS) AP(AUB) 
=UnP(AV B) 
= P(AUB) 
=at+b-—c 
Example 1.80. What is the probability of getting either 2 or 3 in the experiment of 
rolling a single die? 


Solution P(A or B) = P(A)+P(B) 
P (2 or 3) = PQ)+PG) 
1 1 
= _ + — 
6 6 
= Z =I1f3 
6 
Example 1.81. For the discrete aural distribution 


_ (Nov. 2004 Supple. Set 4) 


(Nov. /Dec. 2005 Set 4) 
(Nov.2009 set 1) 
Determine 
1. =k 
2. mean 


3. variance 
‘ i\ol 
4, smallest value of x s/f. P(x <x 5 


Solution 


1. ¥le)= FP =x) 


allx all x 
O+k+2k+2kt+3ktkh?+2k?+ 7K? +k=1 
10k? + 9k=1 


_ 150 


3. ‘Variance o 
=(I-3.66) 
+(4-3.66) 
= (7.0756)A 
+ (5.4756)2 

k 


= 0.70756 + 0.5! 
o” = 3.4044 


3. Smallest vah 


2xperiment of 


jupple. Set 4) 
ec. 2005 Set 4) 
»v.2009 set 1) 


2. 


= 0.70756 + 0.55112 + 0.08712 + 0.03468 + 0.017956 + 0.109512 + 1.896452 
Ans. 


3. 


Probability 1.77 


10k’ + 9k-1=0 
pt V81-4x10C1) _ -94 81440 _-9+Vi21 
7 2x10 20 20 
-9+11 -9+11 — -9-11 
=——_= or 
20 20 20 
2 -20 
=— or — 
20 20 
l 
=——0r =] Ans. 


10 
Mean =)'x f(x) 
=0.0+1xk+2x2k+3x2k+4x3k+5xk2+6x 2k 


+7 (7k +k) 

=k+ 4k + 6k + 12k + 5k? + 12k? + 49k? + 7k 
= 30k + 66k? 
Eee ee 

10 100 
re 

50 
_ 150 +33 _ 183 Saree 

50 50 


Variance o” = > (x, —uy f (x,) 


i 


=(1-3.66)’k + (2 - 3.66) 2k + (3-3.66)’ 2k 


+ (4-3.66)' 3k + (5-3.66)°k? +(6—3.66)° 2k? +(7-3.6)° (7k? +k) 


= (7.0756 )k + (2.7556)x 2k + (0.4356)x 2k + (0.1156)3k + (1 1956 )k? 


+ (5.4756)2k? +(11.1556\7k? +k) 
ue 
10 
o” = 3.4044 o = 1.845101 


Smallest value of Y* st.P(X <X* ) >> 
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f£(0)+f(1)=0.1 

f(0) + f(1) + f(2) = 0.3 

f(0) + f(1) + f(2) + f(3) = 0.5 

f(0) + f(1) + (2) + £3) + £(4) = 0.8 


* * 1 ° 
Smallest value of XY st.P(X <X )> A is 4 


P(x <3)=0.5, P(x<4)=0.8 


Example 1.82. If 3 cars are drawn from a lot of 6 cars containing 2 defective cars, 


find the probability distribution of the number of defective cars. 
(Nov. 2004 Supple. Set 4) 


(Nov. / Dec. 2005 Supple. Set 4) 


Solution 
Given that 3 cars are drawn from a lot of 6 cars, 


Total number of possible cases = 6¢, 
26 


“23 23 


= 6x5x4 = 20 
2x2 
Probability distribution of the number of detective cars =? 
Number of defective cars may be 0, 1, or 2 
If number of defective cars 0 


Then total number of favorable cases = 3,‘ 4c, 


\ 


If number of defective cars 1 
Then total number of favorable cases = 2,, 4¢, 


If number of defective cars 2 


The total number of favorable cases = 2,, 4¢, 


Example 1.83. 
items of which 5 


Solution 


A sample.c 
which 5 are defe 


Total numb 


Defective it 

' Since we he 

1. Ifnumber o 
Then total n 


2. If number o 
Then total n 


3. Ifnumber o! 
Then total n 


4. If number of 
Then total nm 


5. Ifnumber of 
The total nur 


Thus the pro 


P(X = xi) = P(x) 


Expectation 


Probability 1.79 


Example 1.83. A sample of 4 items is selected at random from a box containing 12 
items of which 5 are defective. Find the expected number of defective items. 
(Nov. 2004 Supple. Set 3) 
Solution 
A sample of 4 items is selected at random from a box containing 12 items of 
which 5 are defective. . 


a 


Total number of possible cases = 12 a 


Defective item may be 0, 1, 2, 3, 4 


jefective cars, Since we have to select 4 items. 
1. If number of defective items are 0 
Supple. Set 4) Then total number of favorable cases= 5. 7, 


Supple. Set 4) aa, 
; 2. If number of defective items are 1 


Then total number of favorable cases= 5. 7, 
I 


3. If number of defective items are 2 


v\ 
Then total number of favorable cases= 5, 7, 
2 2 


4. If number of defective items are 3 


Then total number of favorable cases= 5,. 7, 
. 3 I 


5. Ifnumber of defective items are 4 


The total number of favorable cases= 5, 7, 
4 0 


Thus the probability distribution of the defective items 


2¢ 
4 
35 


1 
lx 
495 


0x35 1x5x35 2x10x21 3xl0x7 4x5xil 

= fF 4 5 

. 495 495 495 495 495 
= 0.3535 + 0.8484 + 0.42424 + 0.04040 


= 1.6666 Ans. 


1.80 Problems and Solutions in Probability & Statistics 


Example 1.84. Let f(x) = 3x2, when 0 < x < 1 be the probability density function of 


Example 1.85. | 


a continuous variable X. Determine ‘a’ and ‘b’ such that 


1. p(x <a)= p(x>a) 
2. p(x>b)=0.5 


Solution 
[fae =1 
{. f@)ac+ (s@)ac+ ( s@)ax =4 
(3x? dx =1 
[=] =| 
Given that 
1. p(x <a)= p(x >a) 
[ £G) be =f fax 


ol a 
3. 3 
a=l-a 
2a° = 1 
= 1 

2 


(Nov. 2004 Supple. Set 2) 


1 
—k 
f(x)=46 
Determine 
1. the value of 
2. the mean 
3. p(l<x<2) 
Solution 
1. i, f(x 
p(x > b) = 0.5 
[ s@)ax=0.5 
[#@)ae=0.5 
3 1 
[Z| =0.5 
3 b 
[x?], =0.5 
1-b’=0.5 
1-0.5=b° 
(0.53 =5 


b = 0.7937 Ans. 


Probability 1.81 
ty function of . ray eT 
7 Example 1.85. If x is a continuous random variable with distribution 


pple. Set 2) (Nov 2006 Reg. Set 4) 


0 else where 


ffs +k if OSxS3 


Determine 
1. the value of k 
2. the mean 
3. pdl<x<2) 


Solution 
F [ f(x)dx=1 
f slat Ele) ae+ [1G de=1 


floacs f(Le+4}ac Poar=1 
[(zeve) a= 


1 x? ‘ 
ea =1 
6 2 
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2. Mean=p = [ f(x)dx Example 1.86, 


=f xsleart Fx fleact [x fG) 


2 F(x) = 
= feodes fx{tx+e] dx+ [ x0de a 
7 Determine 
Be 1. £00) 
= Gea +h} : 1 2. k 
3. mean 
1x x? ‘ ' Solution 
fo |e sae or Sea : We know I 
6 3 2, |e ; 
me a ; f(x): 
18 2 
3 9 : 
as E I (x)a 
2" 2x12 a () 
3.3 143.15 [fea 
=H=-+-— = =— Ans ; 
278 8 8 [ode + 
3. Pilsx<2)= f f(x)ax 4k [ (x -1 
Ul (x1 
= [(Exv) 4 iq 
6 4 
, 16 
2 4kx—= 
-|5 +e “4 
6 2 ' 16k =1 
‘ I 
1 4 1 pas 
a) eee 
Po wie) e 
1 1 ] 1 Mean p= 
=—4+2x—-—-— 
3 12 12 12 
: “f 
“3 ns. -{ 


Probability 1.83 


Example 1.86. If F(x) is the distribution function of x given by 
(Feb. Supple. 2007 Set 1) 
(Nov. 2006 Reg. Set 3) 
(Nov. /Dec. Supple. 2005 Set 3) 


F(x) =0 ifx <1 
=k(x-1)' ifl1<x<3 
= ifx >3 

Determine 

1. f(x) 

2. =k 

3. mean 

Solution 
We know F (x) = f(x) 
0 if x<1 
f(x)=44k(x-1P fl <xs3 
0 Tf x>3 
[f)ar=1 


[ Sl)ar+ fF te)de+ [ f(e)de=I 
[oae+ [4k(x-1) ae + [0dr =1 
4k [ (x-1)'dk =1 


Mean pt = Me: f (x) de 
= [xf (eae+ [ x f(x)de+ [x see)ax 


= [x 0dr+ fx4k(x-1) de [x0dx 


4.84 Problems and Solutions in Probability & Statistics 
=4k [x (x-1)° dx 


- aul» fle-1) dx- foe fcr) a db 


: af se Fi jer as - of fe _tVT) 


4 20 


= 4kx(12-$ 4482-13 Ans. 
5 4 


Example 1.87. If f (x) = ke" is a probability density function in -s0 < x <, find 
(Feb. 2007 Supple. Set 3) 


1. The value of k 
2. The variance 
3. The probability between 0 and 4 


Solution 
1. The value of k 


[L Fe)ax =1 
[ ke™ dx =1 
[keMax+ [ke de =1 


[NOTE: Since in -« to 0, |x| = - x and 0 to », |x| = x] 
[ket det [ke *de =1 


2. Variance 


Mean 


I Il 


NIl= Ni— w 


| — 


<x <0, find 


supple. Set 3) 


Mean = 


Probability 1.85 


[x FQ) ax 


=f sedac+ [x T(x) dx 


= fx keds [ix kee 


= kf. xe" + k ['xe*dx 4 


A sfer_ff Ly eds Ja 


= tlre’ —e*f ~KL-xe* - [een ds| 


Varianc 


N[ eed N 


=H fede Ze Jer as) a] 


ke e ~erf ~kl-xe™ ~e*} | 
kle° ~@? -(-w)e* te™]4 klooe™* Sept gs +e] 
k[-1]+x[1] =0 


eo? 


| B(x" }=> [xed 


ah setdeed Pate ay 
| [eae - fox fora] 

af [eae - fee fe~ Ja] 
= ly? e- [axe* E, +5bxe + foxe-*axl 


=o fe? 2h, + s+ xe +2 


0 


| _ 


[o- eee 
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=l4+1=2 
o? = E(x?)-(E(x)’ =2-0=2 
3. The probability between 0 and 4 


PO<x<4)=2 fe dx Since in the internal 0 to 4, |x| =x 
Lf o-« 
=s[e i 
=s[l-e" 
| 
= —|1 — 0.0183 
1 f-o.0183] 


=~ [0.98168] =0.49084 Ans. 


Example 1.88. Let X denotes the minimum of the two numbers that appear when a 
pair of fair dice is thrown once. Determine the 
1. Discrete probability distribution 
‘2. Expectation 
3. Variance 
Solution 
In the throwing of a pair of fair dice, 
The total number of cases are 6 x 6 = 36 
The minimum number could be 1, 2, 3, 4, 5, 6 i.e. min {a, b} 


2. 


Min {a, b} 
Min {a, b} 
Min {a, b} 
Min {a, b} 
Min {a, b} 


Min {a, b} : 


Discrete pro 


= 0.30555 + 
= 8.3610 -6. 


Probability 1.87 

Min {a, b} = p(x = 1) 2 

in {a, b} = =1)=— 

s 36 

Min {a, b} = p(x = 2)= — 
Min {a, b} = p(x=3) = — 
Min {a, b} = p(x = 4) 2 

n 7 = — =— 

‘ 36 


Min fa, b} = =5=— 
in {a, b} = p(x 


25 
6 
Min {a, b} =p (x =6)= 36 


Discrete probability distribution 
ice aoe a a) 
oe = i 
36 5 6 a re 5g 


2. Mean = eer 
= E(X) 2 


it appear when a 


36 36 36 3636 


= 0.3055 + 0.5 + 0.58333 + 0.5555 + 0.41666 + 0.166 


=2.5 Ans. 
6) Pee : 
6) 3. Var.(X)=0°= ye: fi - 
6) 2 29 2 2 2 3 of | b 
6) , = Wg + OF 55+ O56 +? x(32}+O7 «(2 ]+6)(32]-@s) | 
S) ; ee ei, 
6) 36 36 36 36 36 36 : 


= 0.30555 +141.75 + 2.2222 + 2.08333 +1-6.25 
= 8.3610 -6.25= 2.111, o = 1.452 Ans, 


"4.88 Problems and Solutions in Probability & Statistics 


Example 1.89. If X and Y are discrete random variables and k is a constant then 
prove that 


(Nov. 2006 Reg. Set 2) P 0 dx 

(Apr. /May 2005 Reg. Set 3) ' ; 

(Nov. 2008 Supple. Set 2) q a kx 
(Nov.2009 set 1) } 

‘1. E(X+K)=E(X)+K : Ks fe 
2, E(X+Y) =E(X)+ E(Y) : 

2 

Solution . kx (- 
f(x, +k) 4 

1 E(X+k)= ae 1. kl x7 

aes } fe 
=E(X)t+k Ans. : 

TAb+y) joke 

2. E(X+Y)= y:) : : 

= Si, 7, ex c 


LA%, 2fm x{- x*¢ 
poe) a. i- xe 
= E(X)+>(¥) Ans. K-00 


Example 1.90. For the continuous probability function 


f(x)= kx’?e™* When x 2 0, find zc 

(Supple. Feb. 2007 Set 2) 2 
(Reg. Nov. 2006 Set 1) : 2. Mean = [ 
(Supple Nov. /Dec. 2005. Set 2) * 
(Supple. Nov 2008.Set.4) 2 [. 
1. k 
2. mean = [ 

3. variance 

Solution 1. k = [ 


[f@)ax=1 _ fe 
fi rte)ars [ 4G) de=1 | a 


Ms Probability 1.89 
a constant then 


1006 Reg. Set 2) {0 dx + [ kc * dx =1 
'005 Reg. Set 3) a 

x = 1 
8 Supple. Set 2) i kx'o™ dx 


Nov.2009 set 1) i 
a is fe*ax - (< x? fora =] 
di. 


ke (-e*) - oie? =1 


ioe As eax - a xe" a) =] 
0 


ae kL xte +2(e(-e* = [re“ade =] 


[- ye * 49(— xe* +(- er = 
K- x°e* —2xe™* —2e7 ‘b=! 
Ans. kl cote —20e™* +00 -2.0-e° -2e* |=1 
K-00 -2.0-2.0+0-0-2]=1 


gut 
Feb. 2007 Set 2) 2 : 
Nov. 2006 Set 1) 2,Mean= f° x f(x) dx 
Dec. 2005. Set 2) i 
Nov 2008.Set.4) = [ x f (x) dx + [ex f (x) dx 
= [x0 dx + t x(k xe \dx 
= [ (x cer) dx 


Z Ke far*de - {ee fevas} is) 


= L xer- [oe (- e* Jax]? 
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= kL xe +3 [retaxl Example 1.91. Sa 
items, of which 3 ; 
= k|- wet + {= ye = Dee S26 * Me ' sample. Find the e: 
= = k[- x" x'e* —3x’e* —6xe™* —6e7 AK Saluaou 
= k[-0 e-” —307e” ~60e* —6e* + 0e° + 300° +6.0.e° ~6e| ' A sample of 
= k{- 6] j which 3 are defecti 
\ Total number 
=—-—x-6 =3 
2 Defective iten 
3. Variance 07 = [ x? f (x)dx - (mean) Since we have 
. ’ 1. If number of ¢ 
= ie ray A (x) dx + 5 a Ff (x)dx — (mean) q Then total nur 
=f x o)dx + [x *(kxe ~ be — (mean) : 2.  Ifnumber of ¢ 
i Then total nur 
4 -x q 
7 t a (mean)’ 7 3. Ifnumber of ¢ 
i. 4 Then total nur 
= Hs fe dx - {< a jeas}i| —(mean) q 
dx 0 j 4. If number of ¢ 
= ke x‘e* - fax? C ee Jax —(meany Then total nur 


Thus the prob: 
= kL x‘e* +4 fvren*as[ — (mean) 


= kl-x*e~* + a(- x°e* —3x’e* —6xe™* —6e* ie = (mean)’ 


P(X=xj) = F 


= x{- xte* —4x°e™* -12x°e™* —24xe™* — 24e* | —(meany 
= k|-o0e* — 4o0e™” — 120” — 2dove™® — 24e* + Oe — 40 -120e* — 2400” | 


—(meany 


= k(-24)-(meany’ | | E(X)= dP 


2° -6e>| 


my 


2 
an) 
120 — 240e° | 


Probability 1.91 


Example 1.91. Sample of size 3 is selected at random from a box containing 12 
items, of which 3 are defective. Let X denotes the number of defective items in the 
sample. Find the expected number E(X) of defective items. 


(Reg. April. /May 2004 Set 2) 


Solution 
A sample of size 3 is selected at random from a box containing 12 items of 
which 3 are defective. 


Total number of possible cases = 12¢, 


Defective item may be 0, 1,'2, 3 
Since we have to select 3 items 
1.  Ifnumber of defective items are zero 


Then total number of favorable cases = 3 Cy pee 


2.  Ifnumber of defective items are one 
Then total number of favorable cases = 3,, 9.9 
3. Ifnumber of defective items are two 


Then total number of favorable cases = 3c, Des 


4. If number of defective items are three 
Then total number of favorable cases = 3.3 9.9 


Thus the probability distribution of the defectives items 


1 


Qey 
220 
0x84 1x3x36 , 2x3x9 | 3x1 xl 


E(X)= P(x,)= — 
(x) ay ts) 220 220 220 220 


= 0.49090 + 0.24545 + 0.0136 


= 0.79986 Ang. 


1.92 Problems and Solutions in Probability & Statistics 


Example 1.92. 


A pair of fair dice is tossed. Let X denotes the maximum of the number 
appearing i.e. X (a, b) = max (a, b) and let yet Y denote the sum of the numbers 
appearing i.e. Y (a, b) = a+ b. Find the variance and standard deviation of X and Y. 


(Reg. April/ May 2004) 
Solution 
1 
P(1) = P(x = 1) = Pd, 1) = — 
(1) = P= 1) =P, 1) 36 
X(a, b) = max (a, b) 


P(1)=P(, l)=— 


36 
P (2) =P [(2, 1) (2, 2) (1, 2] = = 
P (3) =P [C, 3) G, 1) @, 3) G, 2) G, 3)] = = 
P (4) =P [(1, 4) (4, 1) (2, 4) (4, 2) (3, 4) (4,3) (4, 4] = < 
P (5) =P [C, 5) 65, 1) 2, 5) G, 2) (3, 5) 5, 3) (4, 5) (5, 4) S, 5)] = Es 


36 
P (6) = P [(1,6) (6,1) (2,6) (6,2) (3,6) (6,3) (4,6) (6,4) (5,6) (6,5) (6,6) = x 


Thus the required discrete probability distribution 


P(X = xj) = f(x) 


Mean = Expecta 


Se 
36 
= 0.0277; 


= 4.47204 


N 


Variance o” = ; 


Standard 


II part 
Y (a, b) =¢ 
The total n 
The additic 
Y (a, b) =% 


P(2)=PC 


P(3)=P[ 


P(4)=Pf 


of the number 
>f the numbers 
yn of X and Y. 


ril/ May 2004) 


Mean = Expectation = E(X) = > x; Be 
Rr pecan vaca ELST Ween re 
36 36 36 36 36 36 
= 0.02777 + 0.1666 + 0.41666 + 0.7777 + 1.25 + 1.833 
= 4.47207 Ans. 
Variance o” = ee! —w 
7 


Probability 1.93 


gt gay egy age esx aon Gaz) 
36 36 36 36 36 36 


= 0.0277 + 0.3333 + 1.25 + 3.111 +6.25 + 11 — 19.9994 


= 21.97207 — 19. 9994 
= 1.97267 
Standard deviation o = 1.40451 


II part 
Y (a, b)=at+b 
The total number of cases are 6 x 6 = 36 


The addition could be {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and 12} 


Y (a, b)=at+b 


l 
P(2)=P(1, 1)= = 
Qa Py Dee 


2 
P (3) =P {(1, 2) (2, I= 
(3)=P[(1, 2) 2, ))] 36 


3 
P (4) =P [(3, 1) (2, 2) (1, 3) = 
4)=PIG, D2, 2) D> 5 


1.94 Problems and Solutions in Probability & Statistics 


4 
P (5) = P (4, 1) 3, 2) (2, 3) 4, DI = 36 


oe 
P (6) =P [(5, 1) (4, 2) (3, 3) (2, 4) G, 5)] = 36 


6 
P (7) =P [, 1) (5, 2) (4, 3) G, 4) 2,5) C1, 6) = 36 


»- 
pG)= P [(6, 2) (5, 3) (4, 4) G, 5) 2, 6)] = 36 


, 4 
P(9) = PIG, 3) (5, 4) (4,5), 01 = 5 


2, 
6, 4) (5, 5) (4, 6 
P (10) =P [(6, 4) (5, 5) 4,6) 1= 5 


2 
6 
P (11) = P[(6, 5) (5, 6) } = 36 


| 
P (12) = P [6, 6)] = 36 


Thus the a discrete probability distribution 


ff papa ts tsps fst eS 


nY=9) G8 | Ash 3) Bh 
=f) | 36 x a 36 a 36 36 36 | 36 | 36 | 36 


Mean = Expectation = E(y) = 3 VS; 


25g ian? Gaye wey es Oy Oa hg Get AOR 
36 36 36 36 36 36 36 36 36 


_ 2+6+124+204+30+42 +404+36+30422 +12 
36 


=——=7 Ans. 


36 
Variance (Y)= Diy, f,- He 
6 5 


Syy ll apy? aig eye ags ioe Gl 
36 36 36 36 36 36 36 


_ 4418+ 


Variance o° 


Standard de 


Example 1.93. 
if 2 tails occur, I 
heads occurs. Fin 


Solution 
Let X = D.R 
The sample 
8S = {H, 4 
= {HHI 


Probability « 
Probability ¢ 
Probability c 


Probability o 


Describe pro 


Expected val 


4x — 


36 


Probability 1.95 


Fer Rea aoa PS ae PY RO ee 
36 36 36 36 
_ 4418+ 48 +100 +180 + 294 + 320 +324 + 300 + 242 +140 
7 36 
Variance o? = ree = 54.8333 — 49 = 5.8333 


Standard deviation o = 2.4152 Ans. 


Example 1.93. A player tosses 3 fair coins. He wins Rs. 800, if 3 tail occur, Rs.500 
if 2 tails occur, Rs.300 if one tail occurs. On the other hand, he loses Rs.1000 if 
heads occurs. Find the value of the game to the player. Is it favorable? 


(Reg. April/May 2004 Set 1) 
Solution 
Let X = D.R.V =number of tails occurs in 3 tosses of a fair coins. 
The sample space S is 
S = {H, T} x {H, T} x {H, T} 
= {HHH, HHT, HTH, HTT, THH, TTH, TTT, THT} 


Probability of all 3 tails = PX=3)= ; » 


Probability of all 3 heads = P (X =0)= 


Probability of all 2 tails = P (X.= 2) = 


Probability of all 1 tails = P &X = 1) = 


Describe probability distribution is 


Expected value of the game 


= 800x 2 +500x2+4300x2-1000x4 
8 8 8 8 | 


_ 800 +1500 + 900 — 1000 
8 
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_ 2200 
8 
= 275 rupees Ans. 


Since E > 0, game is favorable to the player. 


Example 1.94. Let F(X) be the distribution function of a random variable X given by 
. (Reg.April/ May 2005 Set 4) 
(Supple. Nov 2008.Set.3) 
F(X) = ex? when 0 <x <3 
= 1 whenx2>3 
=0 when x<0 
If P(X = 3) = 0 determine 
lic 
2. mean 
3. P(X>1) 


Solution 
We know that 
F (x) = f(x) 
2 
x 
3ex°=— fF O<x<3 


f(x)= 0 ifx>3 


[. F@)dr =1 
ia f (x)ax + f f (x)dx + [ f(x)dx = 1 


[ Bex? de =] 


3 3 
=] =1 
3 0 


3. P(x>l) = 


Probability 1.97 


] 


c=— Ans. 
27 
2. Mean 
= lig xf (x)adx 
iven b 
Sse = fx sleds fix plndaes [x sla 


ov 2008.Set.3) = [i n0de+ Fk3ex%dr 4 [kode 


3. PEST) = [ f(x) dx 
= [s(e)de+ [ 4) de 
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Example 1.95. Example 1.96. 


If a random variable has the probability density 


(JNTU 2001) 
(Supple. Nov 2008.Set.1) 
2e°* forx>0 { 
f (x) = ; preed Find the Mean | 
- between 0 and 
Find the probability that it will take on a value 
‘1. Between 1 and 3 a 4 Caen, [ 
2. Greater than 0.5 j 7 f 
Solution 3 : 
1. Between 1 and 3: ' = f 
e7* 3 - 
[20d = x af 
-2 1 2 J 
ox B 
= le f i _ | 
<= lee se") = > i 
=-[e*-e7| =-[y 
=p? 3+ 2 
= 0.1353 — 0.002478 eae 
= 0.132822 Ans. 2 
] 
2. Greater than 0.5 a a 
-2x a -2x : 
fe dx =2['e dx ele 
2 
= e* } 2. Mode 
-2|,. We know that 
P(x) = 0 and t 
= ler ont 1 
f'(x) = —cos: 
| -0 -l 2 
] 


MxX)y= == s 


(JNTU 2001) 
lov 2008.Set.1) 


Probability 1.99 


Example 1.96. Probability density function of a random variable 
(JNTU 2004) 


1, 
ne aoe O<x<z 


0 else where © 


Find the Mean Mode and Median for the distribution and also find the probability 
between 0 and 1/2. 


1. Mean= [xf (ax 
= ie: f(x)de+ Pap (x)de + [x s(x)de 


= fx Ode + f xin. dx + [x.0dk 

=+ [ixsins dx 

[= fsina dx ~ Loi vd i 
dx 

[e(- cos x) — [C cosx}ix] 


[-xcosx +sin xf 


Nn | 


n 
0 


tl It 
Nl mle plo 


[- xcos1+sinz +0~sino] 


=A EaCiez ee 


2. Mode 


We know that mode is the value of X for which f(x) is maximum 
P(x) = 0 and f°’(x) is negative at that value 


1 
f(x) = —cosx 
(x) 5 


Il, 
f’(x) = -— sinx 
(x) , 
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ee, then 
2 2 


Suppose M is the median then 

1 

= ee 

[ roder= [/)er=; 
= {- sinx dx = as 

2 2 

1 1 
= aC cos x = 5 


= s(- cos M-+coso)= 5 


ee — 


( cosM should be zero) 
A 
M =_ 
2 
Ans. 


Example 1.97. A continuous random variable has the p.d.f. 


fo)=\5" if x20 A>0 


0 otherwise 
Determine the constant k, find mean and variance. (JNTU 2003 S) 


Solution. 
Given that 


f (x)= 
We know that EE f(x)dx =1 


[ F@lac+ [ £@)=1 


kxe* if x20 A>0 


0 other wise 


Probability 1.104 


fo ax + (exe “de =1 


A (+ AX-A}}, 
—we er os 
k 7 +? 0+-—|=1 
] 
arr = | 


Mean = ( xf (x) dx 


= [x sears Px se) ax 


= [a 0 dxt+ [xkxe*de 


INTU 2003 S) 
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2 ~-Ax “Ae rr) 
-j A : 


2 Ans. 
Mean = — 
A 


Variance = iz x? f(x)de - (mean) 
= [es la)ax + [2s @)ae = (mean) : 
= (2? s@)ax = (meany 


= [ x? kxe™™ dx —(meany’ 


=k [ ede - (mean) 


| Vari 


Example 1.98. Co 
G+ 

li 

(6 -: 

f(x)=4 1 

(3 -) 


l€ 
0 


Verify that f(x 
Solution 


We know that 


[peax + 


Probability 1.103 


6 4 
in ee as 
6 4 


2 ; Ans. 
Variance = ra 


Example 1.98. Continuous random variable X is defined by _ (JNTU 2003 S). 


2 
G+x) if-3<x%<-1 
16 
(6- 2x?) . 
as if-l<x<] 
f(x)=* 16 
2 
G-x) if l1<x <3 
16 
0 if else where 


Verify that f(x) is density function and find also the mean of X. 


Solution 


We know that £ ST (x)dx =1 
[sears [pars f plcdacs f pe)ac+ [ (e)de 
LHS. = Pods OED ae (16-28) 9, (Om) a4 Por 


oe Sa We 2x? SE aes (EE) a 
16 
| Set Set ie ey 
wet 316 Fe 16 * 116 
2 
+ ee a as 
116 116 116 


“ese Als] tea 20 


xax 
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[+1] 


—fi-9]+ Sh+il-= 


1+27|+ 


=oxb 143} 


+= - ees rob! 


9.13.3,3 19,3 4) 12 


+ 
“3°24. 2 4 12:8 24 16 8 
27 413-36 +18-2+27+13-36 

ee ge 


=> f(x) is density function Ans 
Mean = [ov (x)dx 
= [xf le)dr + ie x f (x)dx + 4 f (x)dx 


- porary ops = 2x?) axe (SoD xy 5 
z (es 7 ions Pe s . 


=0 
We know that for any odd function 
f.f@)e=0 f= (= a ). 
cers aro ene [2 2x? \e 
cad f(x)=-FCx) 


Example 1.99, 


If a ball is ¢ 


find the probabili 


a. Less tl 
Even r 
Odd m 
Prime 
Find tk 


eonao SF 


Solution 


Given that a 
Since each t 


distribution is disc 


a. 


The probabili 
P(x < 5) = 
The probabili 


Even number: 


Probability of 
The probabilit 


Odd numbers 


Probability of 
The probabilit 


Prime number: 


Probability of | 


Mean and the 1 


ns 


Probability 1.105 


Example 1.99. 


If a ball is drawn from a box containing 10 balls numbered 1 to 10 inclusive 
find the probability that the number X drawn is 


a. Less than 5 


b. Even number 

c. Odd number 

d. Prime number 

e. Find the mean and variance of the random variable X 
Solution 


Given that a box containing 10 balls numbered 1 to 10 inclusive. 


Since each balls has: the same probability for being drawn, the probability 
distribution is discrete uniform distribution given by 


a. The probability that the number X drawn is less than 5 
4 | ] ] 
Psd)=) PG) eg et 22 
0 010 10 10 10 10 5 
b. The probability that the number X drawn is even number 


Even numbers are 2, 4, 6, 8, 10 with the probability = each 


] 
Probability of even number = — + = + = + _ + ne = = en 
10 10 10 10 10 10 2 
c. The probability that the number X drawn is odd number 
Odd numbers are 1, 3, 5, 7, 9 with the probability 5 each, 


Probability of odd pliers gene eth cht 2 =! 
10 10 10 10 10 10:2 


d. The probability that the number X drawn is prime number 
] 
Prime numbers are 2, 3, 5, 7 with the probability to each 


Probability of prime FT ee ee ne es 
10 10 10 10 10 


Es 
5 


e. Mean and the variance of the random variable X 
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10 
Mean = E(x)= > x,PG,) 
i=l] 
10 
= yx P(x) 
x=] 
= (42434445464748+9+10) 
1 
Mean p= —x55=5.5 
10 


Variance = x (x- hy P(x) 


x=l 


== 0 ~5.5) +(2-5.5) +(3-5.5) +(4-5.5) +(5-5.5) +(6-5.5) 


+(7-5.5) +(8-5.5)']+(9-5.5) +(10-5.5)"] 


au [20.25 412.25 + 6.25+2.25 + 0.25 + 0.25 +2.25 +6.25 +12.25 + 20.25] 


10 
= 825] = 8.25 Ans. 


Example 1.100. 
Find the probability that a card drawn at random from 20 cards numbered 1 to 20 
(a) Is Prime (b) Ends in the digit 2 


Solution 
Given that 
A card drawn at random from 20 cards numbered 1 to 20 


Since each card has the same probability for being drawn. The probability 
distribution is discrete uniform distribution given by 


a. The probability that a card drawn at random from 20 cards numbered 1 to 20 is 
prime. 
Prime numbers are 


(2, 3, 5, 7, 11 


Probability o 
1 


0 2 


b. The probabilit 
ends in the dig 


Numbers are 
Probability o 
1 
=—4+T 

20 2 


Example 1.101. 
If X is unifor 


(a) P(x<1) 


Solution 
Given that x is 


a P(x <1) 
Since (x < 1) it 
P(ee<x< d) 
P(x <1) 
Example 1.102. 


If X is uniform 


+ (6-5.5)’ 
? +(10-5.5)"] 


[2.25 + 20.25] 


ambered 1 to 20 


The probability 


mbered | to 20 is 


Probability 1.107 


1 
(2, 3, 5, 7, 11, 13, 17, 19) with the probability 30 each. 


Probability of prime number 
1 ] 1 1 1 1 1 ] 8 
—+—+ + —s= 


+—+—+ — + $+ Ee 
0.20 20 20 20 20 20 20 20 


b. The probability that a card drawn at random from 20 cards numbered 1 to 20 is 
ends in the digit 2 
Numbers are (2, 12) 
Probability of the numbers ends in the digit 2 


ne, eee 


“20°20 20 10 


Example 1.101. 
If X is uniformly distributed in - 3 <x <3 find 

$+ + 
3 -2 -1 O 1 2 3 

(a) P<!) 

Solution 

Given that x is uniformly distributed in -3 < X <3 
a P(x<1) , 


Since (x < 1) it lies in the internal [-3, 1] of length 4. 


P(e<x<d)= [ f(x) de. 


1 
~ rer 


P(x <1)= gelae! 5° <= ; Ans. 


Example 1.102. 


If X is uniformly distributed in -3 < x <3 find i x -1{= ;) 
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Solution : » } 
Given that X is uniformly distributed in—3 < x <3 4 x, 
0.2+0.1 


| 
If |x - 1] ars then ea 0.7 + 5k 
1 3 4 5k = 0.3 
x< > and x2 5 i.e. x lies in the intervals 4 k = 0.06 
eee oe eee | 2. P(X >2) 
Be Be OP . - *B 
! (3 
Ez 3, 4 and |-—, 3| 
ae ae 
plieaipee -{-38253 +7(3.sx53] 1 3. P(X <2) 
2 yee: ) ‘ ' 
4-4 ao —C, : j 4. P(-2<x< 
b-a, b,-a, ’ =PC 
I nt a q =0.1 
—-{- 3- = i 
3-(-3) 3-(-3 = 0.5 
1 3 : = 0.68 
rae 25 : Example 1.104 
a + 6 | A random 
3. | 
12 12 ) f= | 
= 10 = = Ans : i 
i 6 : cs 
Example 1.103. i : 
Random variable X has the — probability distribution - P 
Solution 
Find(1)k (2) =a 53) ()P(X<2). (4) PO2<x <3) 1. 
Solution 
We know that 


1. Inthe discrete probability distribution 


Probability 1.109 


> f&,)=1 
4 0.2+0.1+k+2k+04+4+2k=1 
; 0.7 + 5k =1 
: 5k =0.3 | 
: k = 0.06 Ans. _ 
2. P(X>2) = P(X =2)+P(X=3) 
=0.4 + 2k 
=0.4+2 x 0.06 
=0.4+0.12 | 
= 0.52 ~ Ans. 
3. P(X<2) =1P(X2>2) 
= 10.52 


= (0.48 : Ans. 

4. P(-2<x<3) . _ 
=P(X=1)+P(X=0)+P(K=1)+P(K=2 
=0.1+k+2k+0.4 
= 0.5 + 3k 
=0.5+0.18 ne 
= 0.68 . Ans. 

Example 1.104. 

A random variable X has the density function 


1 
fa) =45 "3 <x<3 


lo otherwise. 


ns. Find 
1 P(x<1) 
2. P({x|>2) 
SS 3. P(2x+3>6) 
2 Solution 
3) 1. Pes)= 17) ao |5 5b 
=F h- 3-5 +3)=2 Ans, 
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2. P(x|>2)=P(x>2 and x<-2) 
= [¢(x) de+ [rea 
aa) | 
= reall Olan 


N 


= Seb +e 


=> b-2)+5b2-C3) 


=> +50=1 | Ans. 


3. P(2x+3>6) = P2x>3)= x>3) 


Example 1.105. If the probability function of a random variable is given by 


Kx -1}) O<x<2 
sts) = {He -0) 
else where 
Find 
l. k 
2. F(x) 
Solution 


1. We know that [ FG) ae =1 


[ kG? -1)ar =1 


We know that for 
function f(x), the c 


Fe)= [. 


Example 1.106. A 
between X = 3 and 


Solution 
~ 1. We know that 


ven by 


Probability 1.111 


k= eS Ans. 
2 


We know that for the continuous random variable X with probability distribution 
function f(x), the cumulative distribution function F(x) 


F(x)= EPG) ae -0<x <0 


3{ x? 
_ 2 3 —-Xx 0<x<2 
0 else where 


Example 1.106. A continuous random variable X that can assume any value 
between X = 3 and X = 6 has a density function given by f(x) = k(1 + x’). Find 
l.k 2. P(x<5) 


Solution 
1. We know that for continuous random variable 


[fG) ae =1 
[+ x? Jae =1 


k((l+x?)de=1 
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18+216-9-27 | 
jf 18+216-9-27) . 
[ 3 | Solution 
oe) ' 1. We have 
x 3 oe q 
k[66|=1 
K =0.01515 Ans. 


2. P(O.5S<x<¢ 
2. P(x<5) 
Pix<s)= [ f(x) a “ 
= [ (+2? ax 


=k[(l+x*) dx 
eee) 
” 
=k a | 3 3. P(x>0.8) a 
a a2 oe 


7 
3 


= 0.5252 Ans. 


Example 1.107. The cumulative distribution function of X ~ 


0 —x>0 P(x <0. 
F(x)=4x° +1 O<xS1 
j x>l 
Find 
2. f(x) 


3. P(0.5<x<08 
4. P(x>0.8)and P(x <0.5) 


P(x< 


Solution 


1. Wehave f(x)= “(F\x)) 


2x O<x<l 


f 
~ | QO otherwise 


ns. ; 2. P(O5<x<0.8) = [sae 


=(6 8) 205) 
= 0.64 - 0.25 
= 0.39 

3. P(x>0.8) and P(x < 0.5) 


Pix> 0.8)= [ flx)dx 


Paxsos) = [f() de 


P(x<0.5)=0.25 


Probability 1.113 


Ans, 


Ans. 


Ans. 
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Example 1.108. Define random variable discrete probability distribution continuous 
probability distribution and cumulative distribution. Give an example of each. 


Solution 
As define on page no. 1.8,1.9. 


Example 1.109. Define discrete and continuous probability distributions with an 
example. 
Solution 

As define on page no. 1.9,1.12. 


Example 1.110. A random variable gives measurements X between 0 and | with 
probability function (JNTU 2003) 


12x? -21x?+10x O<x<l 
f(y) = 
fei 0 else where 
1 1 
1. Find P(x<— )andP(x> — 
( 5 ) ( >? 


2. Find anumber k such that p (x < k) = ; 


Solution 
We know that far the probability density function f(x) 


[, F&)ae =1 
f Flcax+ [ f(x)ax+ ( £@) ax =1 
(ode+ { (12%? — 21x? +10x)dx+ [o de =1 


4 3 27! 
(e012 0 | 1 
4 3 2 


0 


ee ee 


as 2ix1_ 10x! o|_, 
4 3 2 - 


So f(x) is a probability density function 


3: 


We know that 


Find a number 


P(x 


Probability 1.115 


jon continuous ' i af x< 4 and of x> 3] 
of each. f 2 2 
’ 1 12 

| | a x < 3} = [ s(x) ae 

utions with an = c. S (x)dx + f° f(x) d& 
= [ Odx+ (" (2x —21x? +10x) de 
4 3 273 

n 0 and 1 with -[24 21% +102] 
(JNTU 2003) | 4 3 21, 


[2x2 21 1°10 1 
=| — x -—x—-+—x-—-0 


16 


We know that af x > 3} 7x < 7 
2 2 


3. Find a number k such that P (x < k) = ; 


P(esk)=— 
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1 
ff@)ac=5 


f (023 -21x? + 10x} =< 


, 1 
k2(3x? -7k + 5}=— 
2 
se te Be 1 
For k = 0.452; left hand side value will be equal to approximately 5 =0.5 


Example 1.111. X is a continuous random variable with probability density 
function given by (JINTU 2003) 


ke |. Os x<2) | 
f (x)= 2k (2<x<4) 
|-ke+6k “(4<x<6) 
Find k and mean value of X 7 


Solution 
We know that far the probability density function 


[. f(x) dx =1 
f sloiaes [ed ar+ [ @)ar+ [sears [fae =I 


[odes [ik -de+ [2k de + [Che + 6k) d+ [0 de=1 


" | 2 6 

(=| + 2k|x}) [= + 6% =| 
L2 4 2 J 

0 u 4 


4 
i S-0]+2 
2k +4k -18. 


50k — 42k = 


pal 
8 


Mean of x = 


= fl af (ae 
= £ x.od + 


= [kx ae+ 
3 2 

- =] +2, 
3 0 


x (k 5] + (2, 
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Ho f+ 2Hlt~2)e| 58 soko +4864] ot 


2k + 4k -18k +36k +8k—24k =1 
a 50k — 42k =1, 


8 


Mean of x = [Lx F(x) de 


= fsblics fe slies [Le plelace fix 6) ae4 [ x f(x) d& 
= [odes Px (bx)ae+ x(2k) de [xC he + Ode + [x0 ax 


= Pxrde+ [2kede+ [Ctee? + 64) dx 


377? 274 3 78 276 
|=] +24] =] mca += | 
265 3 |, Pap 3 |, 2 |, 


8 16 4 216 64 36 (16 
ability density - wf + anf i8 -$] - wo -$) + (or 2 -¥) 
TU 2003) 3 2 a2 3 3 a 2 

I 8 2.12 1.152 6 20 
=—xX-+—X— -— x — 4+ — x 

$3 8 2 8 3 8 2 

I. 3 19-15 
= -+—--—+— 

3 2° SO 
_ 24+9-384+45 

6 
210538) 18 Ans, 
6 6 
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Solution 
We know that F’(x) = f(x) 


2a 2a 
: x<-a 
f(x)=;—- -asxsa 
2a 
1 x>a 


‘If [ f (x)dx =1 then f(x) is the probability density function 
[[ FG) de + f(x) dx + [ #@) ax =1 


[[odx+ fica [odx=1 


Thus f(x) is a distribution function 


Example 1.113. Is the following function is a distribution function 


x 


F(x)= =e? x20 
0 x<o 


Solution 
We know that F’(x) = f(x) 


—-x 


_s _s Le 
{-. ‘|-5e3.16)- Bee x20 
ax j 2 0 x<0 


[, Fax =1 


1=1 
Thus the given 


Example 1.114. Fi 
variable x whose pro 


_X=x; 
P(X =x 

Solution 
Expected value = Ei 


Variance o° 


= (1- 2.35) 0.; 
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[fdas [ae =1 


[odes i fe tds =] 


Thus the given function is a distribution function 


Example 1.114. Find the expected value and variance of the discrete random 
variable x whose probability distribution is given below: 


2 ee ee 


P(X = x) 0.21 | 0.51 
Solution 
Expected value = E(x) 
6 
=>°x, PU =x, ) ; 
i=l " 


= 1(2.25)+2(0.21) + 3(0.51)+ 4(0.01)+5(0.01) + 6(0.01) 
= 0.25 + 0.42 +1.53 + 0.04 + 0.05 +0.06 
= 2.35 Ans. 


6 
Variance of? = DACs ~) P(X = x,) 
i=] 


= (12.35) 0.25 +(2-2.35)°0.21+8-2.35)'0.514 (4~2.35)0.01 
+ (5-2.35)'0.01+(6-2.35)°0.01 
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= (-1.35)°(0.25)+(- 0.35) (0.21) + (0.65)'(0.51)+(1 65) (0.01) 


+ (2.65) (0.01)+ (3.65) (0.01) 


= 1,8225x (0.25) + 0.1225 x (0.21) + 0.4225(0.51) + 2.7225 x (0.01) j / 3. a( x +3] 
~ £7,0225x(0.01) + 13.3225 x (0.01) ' 
~ 0.4556 + 0.02572 + 0.21547 + 0.027225 + 0.070225 + 0.13325 
= 0.92749 Ans. 
Example 1.115. Given the following probability distribution 
4. E(X) 


Find 

1. E(X) 2. E(2X +5) 

3, {$+3) 4, E(x?) 

P ' Example 1.116. 4 
Solution =3 and x=6has: 

5 : 
1. E(X) = mean= ix, P(X =x,) Solution 
1=1 
We know that 


=1x0.1+2x034+3x02+4x02+5x0.2 

=0.1+0.6+0.6+0.8+1 

=3.1 Ans. 
2. E(2X+5) = E(2X)+E(5) 

=2E(X)+5 


=2x (3.1) +5 


? (0.01) 

)+ (3.65) (0.01) 
5 x (0.01) 
13.3225 x (0.01) 
1.13325 


Ans. 
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=6.2+5 

=11.2 Ans 
3 o($+3) = ~E{X)+3 

2 

=~x(3.1)+3 

= 1.5543 

= 4.55 Ans 

5 

4. E(X! = = )ixP(x=x) 


=1? x (0.1) +2? x (0.3)+37(0.2)+ 4? x(0,2)+5? x (0.2) 
= 1x (0.1)+ 4 x (0.3)+ 9x (0.2) +16 x (0.2) + 25x (0.2) 
= 0.141.2+1.84+3.24+5 


=11.3 Ans. 


* Example 1.116. A continuous random variable X, can assume any value between x 


=3and x =6 has a density function given by f(x) =k (1 + 2x) Find the value of k. 


Solution 


We know that ie f (x)dx =1 


[k@+2x)dr=1 


De? ; 
Heo 22 =] 
2 3 


kx +2? =] 
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k[6-3+36-9|=1 


k[42-9]=1 
k[33|=1 ! Taking log 
k= weg Ans. 
33 
Example 1.117. Find a constant a > 0 so that the given function is a density 
function. 
eo ; Example 1.118. Th 
——  Q<x<a ‘ 4 deck. Determine th 
ea (x)= mio) ; ine the 
0 else where Solution 
Solution : Let X is a ran 
: three draws. In the dra 
We know that for a function to be a probability density function : 
Clearly randon 


[_f@) a=! 
- The probability 


f slelae+ [p@)ae+ [@)de=1 


fodes [Sars fo are 
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e277 ~] = 4 
e24 = 5 
Taking log 
2a = log, 5 
ns. 
2a = 1.609 
ictieft is a density a= 0.8047 Ans. 


Example 1.118. Three cards are drawn without replacement from a well-shuttled 
deck. Determine the probability distribution of the number of face cards. 


Solution 


Let X is a random variable. Which is the number of face cards obtained in 
three draws. In the drawing of three cards number of face cards may be 0 or 1 or 2 or 3. 


tion 


Clearly random variable X takes the values 0, 1, 2, 3 


The probability of getting face cards P = — 


ule 
52 
_ 52-16 
52 
52 
=a 51 50 — 132600 663 
Panes 3635 36. 16. 35 36, 33, 16 _ 1512 
52 51 50 52 51 50 52° 51 *50 ~ 3315 
PX W2) = 1815536 4 36,16, 15, 16, 3615 _ 216 
52 51 50 52 51 50 60 51 50 3315 
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Hie 51ST Ie BA 
52 Si. S30" 3315 


Probability distribution 


Example 1.119. In the experiment of throwing of a pair of dice, find the 
probability distribution of the number of doublets in three throws. 


Solution 


Let X is the random variable that denotes the no. of doublets obtained 
in three throws of a pair of dice. 


Clearly random variable X takes the values 0, 1, 2, 3 


Probability of getting the number of doublets 


P (of not getting number of doublets in three throws) 


pieces 
6 6 6 216 


P (of getting doublets in any one throw and not getting doublets in 
remaining two throw) 
7: 

= P(x = 1) gg. 

6 6 6 


$178 


ae SD 
+—X=—XS+—X—X—= 
6 6 6 6 6 6 216 


P (of getting doublets in any two throws and not getting doublets in 
remaining one throw) 


Example 1.12 


Solution 


Vari 
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Se ere 


dice, find the 


yublets obtained 


Solution 


ting doublets in =0.5+0.4+0.6+0.4 
=1.9 i 
Variance o” = )\(X, - H)’ P, 


= 6.405 + 0.002 +0.242+40.441 


tting doublets in =1.09 
o =v1.09 
o =1.04 
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Example 1.121. Find the mean and the variance of the number of heads obtained, 
when 4 coins are through 


Solution 
In the experiment of tossing of 4 coins sample space is 


S = {HHHH, HTHH, T HHH, HHTH, HHHT, HTTT, THTT, TTHT, TTTH, 
HHTT, HTHT, HTTH, TTHH, THTH, THHT, TTTT} 


Total numbers of possible cases are 16. 


Number of heads may be 0 then probability is = 1/16 
Number of heads may be 1 then probability is = 4/16 
Number of heads may be 2 then probability is = 6/16 
Number of heads may be 3 then probability is = 4/16 
Number of heads may be 4 then probability is = 1/16 


No. of heads 


4/16 


Probability 

1) Determine 
a) Thest 
b) No he; 
[Hint: a) sui 


Tote 


b) P(N 


2) Two balls 
blue balls, 


a) | 
b) E 


(Hint: Total r 
a) 


b) 


3) Solve the al 


[Hint: a) P (f 


PC 


Conditional Prob 
4) IfA and BE 
Find a) P(A 
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ads obtained, : EXERCISE 
‘ Probability 


1) Determine the probability for each of the following: 
a) The sum 7 appears in a single toss of pair of fair dice. 


b) No head appears in a four tosses of a fair coin. 


THT, TTTH, (Hint: a) sum 7 appears in 6 ways (6,1)(1,6)(5,2)(2,5)(4,3)(3,4) 


Total no of cases =36 ways 
P(sum 7)= Favourable cases/total cases = 6/36=1/6) Ans. 
b) P (No head means all four tails) = P (T) P (T) P (T) P (T) 
= 1/2*1/2*1/2x1/2=1/16 Ans.] 


2) Two balls are drawn in succession from a box containing 5 red, 15 white, 10 
blue balls, with replacement, one by one. Find the probability that 


a) First white and second red 
b) Both are red 


[Hint: Total no of balls are 5+15+10=30 
a) P( first white)=15/30 
P(second red after replacement)=5/30 
P(first white and second red)=15/30x5/30=1/12 Ans. 
b) P(First red)=15/30 
P(Second red after replacement)=5/30 
P(Both are red)=5/30*5/30=1/36 Ans.] 


(xi- yy’ Pi 


4/16 
4/16 
4/16 
4/16 


3) Solve the above problem with no replacement | 


[Hint: a) P (first white) =15/30 
P (second red with out replacement) =5/29 
P (first white, second red) =15/30*5/29=75/870 Ans. i, 
b) P (first white) =15/30 
P(second white without replacement)=14/29 
P(both white)=15/30* 14/29=210/870 Ans.] 


Conditional Probability 


4) If Aand B be events with P(A) =1/2, P (B)=1/4, P (AUB) =1/3 
Find a) P (A/B), b) P (B/A) 
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{Hint: a) P (AUB) =P(A)+P(B)-P(ANB) 
1/3. =1/2 + 1/4—-P (ANB) 
P (ANB) =5/12 
P (A/B) = P (ANB)/P (B) =5/12/1/4=5/3 Ans. 
P (B/A) =P (ANBYP (A) =5/12/1/2=5/6 Ans.] 


5)  Acollege has 10 male-teachers and 5 female teachers.3 teachers are selected 
at random one by one. Find probability that 


a) First two are male teachers and third is female teacher. 


b) First and third are male teacher and second is female teacher. 


[Hint:(a) P(M1 and M2 and F3)= P(M1 M2 F3)=P(M1)P(M2/M1)P(F3/M1M2) 
= 10/15x 9/14 x 5/13 
= 15/91 Ans. 
(b) P(Mland F2 and M3)= P(M1) P(F2/M1) P(M3/MI1F2) 
=10/15x 5/14 x 9/13 
= 15/91 Ans.] 


Theorem on Total Probability 


6) Three machines Ma, Mp.Mc produce respectively 20%, 30%, 50% of the total 
number of items. Out of these 5%, 4% and 3% items are defective. If an item 


is selected at random, find the probability that the item is defective. 


[Hint:P(defective) = P(Ma)P(D/Ma)+ P(Mp)P(D/Mg)+ P(M.)P(D/Mc) 
= (0.2)(0.05) + (0.3)(0.04) + (0.5)(0.03) 
= 0.037 Ans.] 


. Bayes theorem 


7) Three machines 1,II and III produce 40%, 30% and 30% of the total no of 
items of a factory. The percentage of defective items of these machines is 
4%, 2% and 3%. If an item is selected at random and to be defective, find the 


probability that 
‘ 1) it is from machine I 


2) it is from machine II 


3) it is from machine III (Supple.Feb.2010 Set 4) 


[Hint: P( 


P(V 


P(M, 


8)  Companie 
wagon R 
Company 


a) What i: 
b) What i: 


CC 


[Hint: (a) P( 


(b) P 


Probability Dist 
9) determine 
Xj 

fi 0 

“[Hint: p=1x0.: 

3” (1-2.7)°x (( 

= 0.867+1.0 
=2.01 

o= 1.4177 An 


10) A bag conte 


from bag. D 
(Hint: x 
P(x) 


0x7/] 


‘e selected 


> of the total 
2. If an item 


v 
a 
we 


: total no of 
machines is 
ive, find the 


.2010 Set 4) 
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[Hint: P(M,/D)=P(M,)P(D/M,)/[P(M))P(M,)+ P(My) P(D/My)+ P(My) P(D/Myy)] 
= (0.3(0.02)/[(0.4)(0.04}+(0.3)(0.02)+(0.3)(0.03)] 
= 0.016/0.00909 Ans. 
P(My/D)=(0.3)(0.02)/[(0.4)(0.04)+(0.3)(0.02)+(0.3)(0.03) 
= 0.006/0.00909 Ans, 
P(Muv/D)= (0.3)(0.03)/(0.4)(0.04)+(0.3)(0.02)+( 0.3)(0.03) 
= 0.009/0.00909 Ans} 


8) Companies A, B, C produce 30%, 45% and 25% of maruthi800, Alto and 
wagon R respectively. 2% of maruthi800 from company A, 3% of Alto from 
Company B and 2% of wagon R from Company C are defective. 


a) What is the probability that a car purchased is defective? 
b) What is the probability that this car is maruthi800 and it is produced by 
company A.? 


(Hint: (a) P(Defective)=(0.3)(0.02)+(0.45)(0.03)+(0.25)(0.02) 
=0.0245 Ans. 
(b) P(A/D) = (0.3)(0.02) / 0.0245 
= 0.006/0.0245 Ans.] 


Probability Distribution: 

9) determine p, 07,0 for 
Xi 1 5 2 3 
f; 0.3 0.2 0.1 0.4 


“Hint: 1=1*0.3+5%0,2+2%0,143%0.4 . 
0" (1-2.7)°x (0.3) +(5-2.7)°x (0.2)+(2-2.7)° (0.1)+(3-2.7)x0.4 
= 0.867+1.058+0.049+0.036 
=2.01 
o = 1.4177 Ans.] 


10) A bag contains 10 bulbs of which 2 are defective. Three bulbs are taken out 
from bag. Determine the expected no of defective bulbs which are taken out. 


(Hint: x 0 1 2 
P(x) 8c32¢9/10e; 8c22c,/10c; 8c,2c,/10c; 
TWAS WN5 1/15 


OX7/15 + 1X7/15 4 2x1/15 = 3/5 Ans.} 
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OBJECTIVE TYPE QUESTIONS 


1. The probability of getting a number greater than 2 or an even number 


in a single throw of a fair die is 
(a) 1/3 (b) 1/2 (c) 5/6 (d) none of these 


Ans. (a) 


2. A single die is tossed once. The probability of a 2 or 5 turning up. 
(a).1/3 (b) 2/3  ~—s_ (ec) 5/6 (d) none of these 
Ans. (a) 


3. If A and B are any two arbitrary events of S then 
(a) P(AU B) = P(A)+ P(B) 
(b) P(AU B) = P(A)+ P(B)—P(ANB) 
(c) P(Aw B)= P(A)+ P(B)- P(A/B) (d) none of these 
_ Ans. (b) 
A: Two events A and B are independent events if and only if 
(a) P(AU B)= P(A)+ P(B) — (b) P(A B) = P(A) + P(B) 
(c) (AN B)= P(A).P(B) —(d) none of these 
Ans. (c) 


5. Inthe experiment of throwing a pair of dice, The probability of getting two 
equal number. i 
(a) 1/3 (b) 1/6 (c) 5/6 (d) none of these 
Ans. (b) 


6. By the conditional probability which is correct 
P(AUB) 
P(B) 


P(A B) 


(b) P(4/B)= PB) 


(a) P(4/B)= 


(c) P(4/B) 


Ans. (b) 


7. What is the 
_ (a) 4/52 
Ans. (c) 


8. From 20 tick 
probability tl 
(a) 13/20 
Ans. (c) 


9, If a card is d 
that it is a sp. 


(a) 4/52 
Ans. (d) 


10. A book conta 
chance that th 
(a) 1/10 
Ans. (a) 


11. Under which 
become a prc 
(a) P (a) =0 
(b) P (ai) =( 
(©) Pa =6 
(d) P (a;) =0 
Ans. (c) 


12. Suppose A an: 
P(AMB)= 0.4 . 


ven number 


1ese 


ing up. 


hese 


hese 


getting two 


these 
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P(B) 


(c) es Fray 


(d) none of these 
Ans. (b) 


7. What is the probability of choosing any 4 or 7 in the deck of 52 cards? 


(a) 4/52 (b) 2/26 (c) 8/52 (d) none of these 
Ans. (c) ; 
8. From 20 tickets marked 1, 2, 3,........ , 20 one is drawn at random. The 


probability that the number on it is a multiple of 2 or 3 is. 
(a) 13/20 (b) 3/20 (c) 16/20 (d) none of these 
Ans. (c) 


9. If acard is drawn from a well shuffled pack of 52 cards , then the probability 
that it is a spade or a queen is 


(a) 4/52 (b) 4/13 (c) 17/52 (d) none of these 
Ans. (d) 


10. A book contains 100 pages. A page chosen at random. What is the 
chance that the sum of digits on a page is equal to 9. 
(a) 1/10 (b) 15/100 (c) 17/100 ~—(d) none of these 
Ans. (a) 


11. Under which of the following functions does S= { a; ,a) ,a3} 
become a probability space? 
(a) P(a,)=0.3, Pa) =0.4, P (a3) = 0.5 
(b) P (ai) =0.8, P(a)=-02, P (a3) = 0.4 
(c) P(ai)=0.2,  P (a2)=0.3, . P(a3)=0.5 
(d) P(a))=0.3,  P(a)=0.1, P (a3) =0.7 


Ans. (c) 


12. Suppose A and B are events with P(A)= 0.7, P(B)= 0.5, and 
P(AMB)= 0.4 .What will be the probability that A does not occur 
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(a) 0.7 (b) 0.3 (c) 0.9 (d) None of the above 
Ans. (b) 


13. inthe following probability distribution does S = {1, 2, 3, 4, 5, 6} 


become a probability space? 
5 [eo 
01 01 [on | 


(a) Yes (b) No 
(c) Some times it may be probability space (d) None of the above 
Ans. (a) 


14. If Sample Space is S = { a; ,a2 ,a3} and P(a2)=0.3,P(a3)=0.5. Then P (a) is 
(a) 0.3 (b) 0.5 (c) 0.2 (d) None of the above 


Ans. (c) 
15. A digit is selected at random from the digit 1 to 9. If the event A= {1,3,5,7,9} 
and B={2,3,5,7} then P(AMB) is 


(a) ; (b) ; (c) : (d) None of the above 


Ans. (b) 


16. In reference of above question if C = {6, 7, 8, 9} then P (ANC) is 


(a) 5 (b) z (c) 7 (d) None of the above 


17. In the experiment of tossing of the three coins number of heads is the random 
variable then the probability of 0 heads is Random variable X'= nuniber of 
heads 

(a) 2/8 (b) 3/8 (c) 1/8 (d) none of tiiuse 


Ans. (c) 
Hint. Sample Space = {HHH, HTT, HTH, THH, THT, HHT, TTH, TTT} 


18. For the discret 


@) Y /()= 


 ) > f(x)# 


Ans. (a) 


19. for the discret 


(a) Mean => 
(b)Mean = > 


(c)Mean = > 


(d)None of th 
Ans. (a) 


20. Ifa ball is drav 
find the probab 


(a) 2/5 
Ans. (a) 
Hint, P(x <5)= 


4 
x=0 


21. The probability 
Prime 


(a) 4/20 
Ans. (b) 


Hint. Prime numbers 


Probability of pi 
1 1 


29 20 


the above 


6} 


the above 


Chen P (a,) is 


‘the above 


A= { 1,3,5,7,9} 


“the above 


) is 


f the above 


Isis the random 
X'= nuniber of 


f truse 


TTT} 
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18. For the discrete probability distribution 
(a) }' f(x)=>. P(X = x)=1 wy) Sal eve 
allx all x all x all x 
(c) > f(x)# P(X =x)=1 _ (d) none of these 
allx all x aie ; 
Ans. (a) 
19. for the discrete probability distribution 
(a) Mean =)’ x f(x), and Variance o” = Y(X, - ny £,) 
(b)Mean => f(x), and Variance o? = > (xX, _ uy f{x,) 
(c)Mean =x f (x), and Variance o? = v(X, ~ u)f (x,) 
(d)None of these 
Ans. (a) 
20. Ifa ball is drawn from a box containing 10 balls numbered 1 to 10 inclusive 
find the probability that the number X drawn is jess than 5 
(a) 2/5 (b) 3/10 (c) 5/10 (d) none of these 
Ans. (a) 
4 + j bk. 3'9f 1 4. 2 
Hint. P(x <5)= P(x See ns eT eC 
nae = ig ® 10 10 10 10 #5 
21. The probability that a card drawn at random from 20 cards numbered 1 to 20 
Prime 
(a) 4/20 (b) 8/20 (c) 2/10 (d) none of these 
Ans. (b) , ajith ee 
Hint. Prime numbers are (2, 3, 5, 7, 11, 13, 17, 19) with the probability 1/20 each. > 


Probability of prime number 

Ck ea, ee Gree ee eee eae 
to te tt tH YH YH Ee 
0 20 20 20 20 20 20 20 20 
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22. Maximum value of probability is 
(a) 0 (b) 1 (c) % 
Ans. (b) 


(d) none of these 


23. The mean of the probability distribution of the number of heads obtained in 
two flips of a balanced coin is a. 


(a)! (b) ”2 (c) 0 
Ans. (a) 


(d) none of these 


24. A random variable X has the density function f(x) = c/(x’+1),where 
-0 <x <too .The value of the constant c 


(a) I/n (b) 2/x (c) 3/x 
Ans, (a) 


oe +00 See, n a ] 
Hint. Sfer= [am etan ef =f2-(-4)]-1 


_ (d) none of these 


25. The value of the constant c such that the function is a density function. | 


se] 0<x<3 


0 otherwise 


(a) 2/9 (b) 1/3 () 1/9 (A) none of these 
Ans. (c) 
+00 3 
Hint Ife = je dx 1 = 9c 


26. The value of the constant ¢ = 1/9 such that the function is a density 
function then P (1< x <2). 
cx? 0<x<3 
x)= 
| ) 0 otherwise 
(a) 2/9 (b) 5/27 (c) 7/27 (d) none of these 
Ans. (c) 
2 32 ; 
Hint. P(1<x <2).= fextae =2| Be Boat 
ee 27 


ae OF 


27. 


Ans. 


28. 


Ans. 


29, 


Ans, 


A fair coin is t 
S ={ HHH, H] 
variable which 
space is 
(a) Rx= {0, 1, 
(c) R,= {0, 1} 
(b) 
Let X be rando: 
Xi 
P; 
Then E(X) will 
(a) E(X) =2 X; 
(c) E(X) = Pj 
(a) 
In reference of < 
(a) 5 
(b) 


[Hint: E(X) = © X,P;= 


30. 


Ans, 


31, 


Ans, 


Let X be a randc 
1) E(KX)=KE 
Thus for any rea 
(a) E( aX +b)= 
(c) E (aX + b) = 
(b) 

Suppose a fair di 
x= 4, xXy= 2, X5 
(a) 3.27 

(b) 


[Hint: Sample 


yf these 


eads obtained in 


>f these 


= ¢/(x’+1),where 


of these 


2nsity function. 


of these 


ion is a density 


d) none of these 


27, 


Ans. 


28. 


Ans. 


29, 


Ans. 


Probability 1.135 


A fair coin is tossed three times, with the Sample Space 


S = { HHH, HHT, HTH, HTT, THH, THT, TTH, TTT } Let X be the random 
variable which assigns to each point in S the number of heads. Then the range 
space is 


(a) Rx= {0, 1,2} (b) R= {0, 1, 2, 3} 
(c) Rx= {0, 1} (d) none of these 
(b) 


Let X be random variables with the aa = distributions 


pelea 


Then E(X) will be given by 


(a) E(X) => X;P; (b) E(X) =E X; 

(c) E(X) => P; (d) None of the above 

(a) 

In reference of above question E(X) is 

(a) 5 (b) 6.1 (c) 6 (d) None of the above 
(b) 


[Hint: E(X) = 0 X;P;=2 x 0.2+3x0.1+6*64+10x0.3=6.1] 


30. 


Ans. 


31. 


Ans. 


Let X be a random variable and let K be a real number. Then 
1) E(KX) = K E(X) and 2) E(X + K) = E(X)+K 
Thus for any real numbers a and b 
(a) E(aX +b) =a+b E(X) 

(c) E (aX + b) = b+ E(X) 

(b) 

Suppose a fair die is tossed 8 times with the foliowing outcomes x\= 2, x.= 3, 
X3=4,xX4=2,X5=1,xX6=3, X= 5, Xg= 6 ,tnen the Sampie mean is 

(a) 3.27 (b) 3.25 (c) 3.3 
(b) 


(b) E( aX + b ) = aE(X) +b 
(d) None of the above 


(d) None of the above 


2+ 3444241434546 _ _ 26 


[Hint: Sample Mean = ———_ ae = 3.25] 


8 
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32. In the following Probability distributions what is the value of 


E(X’) and variance o’ respectively 


eee ee 


(a) E(X) = 9.25 o’ =8 (b) E(X”) = 9.25 o = 7.25 
(c) E(X?) = 9.25 o2=8.25 (d) None of the above 
Ans. (c) 
[Hint: E(X?) = © X?P;- 25(1/4) + 16(1/8) + 1(1/2) + 4(1/8) = 9.25 
o = B(X?)-p? = 9.25-(-1)° = 8.25] 


2.1 BERNOULLI PI 
1. There are n tri: 
2. The out comes 


3. For each trial 
success and fai 


4. The probabilit: 
Binomial distrib 
random variable X, w 
trials are n then binomi 


A(x; n, 


Where P is the pre 
success and q is the p1 
the event. 


(q+ p) 


7.25 


DISTRIBUTION S 


“Nothing will work unless you do.” 


2.1 BERNOULLI PROCESS 
1. There are n trials where n is a fixed integer. 
2. The out comes in all n trials are independent 


3. For each trial there are only two possible outcomes arbitrarily called 
success and failure. 


4. The probability of the success denoted by P and it is same for each trial. 


Binomial distribution is a discrete probability distribution for the binomial 
random variable X, where X is the number of success and numbers of Bernoulli 
trials are n then binomial distribution is given by 


b(x:n, p)=ne, pe go. x=0,1,2..000... n 


Where P is the probability of the happening the event i.e., the probability of the 
success and q is the probability of the failure i.e. probability of the not happening 
the event. 


2.2 Problems and Solutions in Probability & Statistics 


By the binomial expansion 


=2 


1-1 20n n 
= Ne: q+ Me pa" ac pq ahrisieies +H, p 


0 
= b(0;n, p)+ bin, p)+ 6:7. p+ b(nzn, p) 


= >) d(x:n, p) 
x=0 


We know that q+p=1 
=> (q+ p)" = D)(xn, p)=1 
‘ x=0 


2.2. RECURRENCE RELATION FOR BINOMIAL DISTRIBUTION 
B(x, p)= ne, p* gq" * 
Zn 


(x30, p) = — P 4 


Zn 
D(x +1;n, p) = ————__—_—_ 
A eye ey emer a 
- (n- x) Zn 
(x +1) LX (n-x) Zn-x~1 
a(e-s) pA ty 
(x +1) q £xLZn-x fai 


P rg g* 


n-xX 


(x +1; n, p)= £ B(x; n, p) 
q 


x+l] 


Which is the Recurrence Relation. 


2.3 CONSTANTS OF THE BINOMIAL DISTRIBUTION 


When one can say a distribution is binomial? 
Find the constants of the binomial distribution. 
(Reg. April/May 2004 Set 1) 


Mean of the binomial distribution 
We know that 


Mean = yx p(x) 
x=0 


Letx-—l=yv 


Again let n— 1 


| 


Variance of the bino 


Variance o7 = ¥ (x 


x=0 


Variance oO = E(x ) 


fay 2004 Set 1) 
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= IF, A(x: n, p) 


= yx Ne, Pq ae 
x=0 i 
_ y x Zn p ax i 
0 4 02XLZN-xX 
xn Zn-] Spey! 
ss Pp 


vo X ZX~-1 Zn-x 


“> eet np Zn-} x-lon-x 
4£x-1 Zn-x 


Letx—1=y whenx=1,y=0,x=ny=nl 
— mp Zn-\ 
v0 ZV Zn-|~y 


n-l-y 


P’q 


Again letn—1=m 


= n pb(y: m, p) 


=np > b(y; m, p) 
y=o : 


Variance of the binomial distribution 


Variance g? = Yi (xu) p(x) , | 
x=0 


Variance o= E(X y - [E(x fF stieeliecastes (1) | : 


- 2.4 Problems.and Solutions in Probability & Statistics 


Consider When one 
Fs , from binom 
E(XY = dx P(X = x) : Prove that 
< j lim AI 
= > [x(x = 1)+ x| p(x) a p30 
¥=0 : : ForA=n. | 
_x< = . Poisson di: 
= 2x I) pts)+ 2 Pe) ae 
n a . large and t 
= => x(x —1) b(x:n, as Pp . q product np 
a Tie yoo : 4 The Poisso1 
25 ee) Zn Bq eee 
20 Zx Zn-X 
2 3 x(x - 1) Zn ee : Poisson dis! 
ee x(x—1) Ze=2 Zn—x © q P 
-> n{n-1)p? Zn-2 x2 qh tn p = Consider 
3 Zx-2 Zn-x 
Zn- 2 x-2 n-x 
=n\n-1 
Ip’ raw rer 2 Ln= 3 ne 
Zn-2 
= —|1 To“ 8-2. 8-2-(x-2) 
= ap eres ee a) ae ae 
=n(n-1)p?(p+q)"* +n p 
= n(n-1)p’ +np [pt+q=]] 
From the equation (1) £ 
ao =n(n- 1)p? +np- (np) =n’ p’ —np’ +np-n’ p’ 
=np(l- p)=n pq 
b(x;n, p) = 


2.4 POISSON DISTRIBUTION ITS VARIANCE AND MEAN 
Define Poisson distribution and find its variance and mean. 
(Reg. Nov 2006 Set 2, Set 3 Set 4) 
OR lim b(x :n, 7 


N 


Set 2, Set 3 Set 4) 


Distributions 2.5 


When one can say a distribution is Poisson? Deduce the Poisson distribution 
from binomial distribution and find its constants. 


Prove that 
lim B(x; n, p)= f(z; A) 
p0 
For A =n. p = constant 
Poisson distribution (Nov. 2009 set 4) 


When n is very large and P is very small, means number of trials are infinitely 


. large and the probability of success P is very small (n—> 0, p—> oo) and the 


product n p = A (constant) 
The Poisson distribution, with mean A (A > 0) given by 
, Re 

x; A)= 
fs jee 


Poisson distribution is also a discrete probability distribution 


For x = 0, 1, 2... 


Consider B(x; n, p) mile pq" 
= Zn X on-x 
2x ZN-X a 


SalI [ormendl 
Zx Zn-x\n n fe i n 


=~ Dayl- ai 


2x n* n 

[-2)(1-2) Mel 1-2-1) ayes 
Lin n n (1-4) 
ZX n 


2.6 Problems and Solutions in Probability & Statistics 


x -d 
lim b(x; 1 p)= ce Variance of th 
noe ZX Variance a? = 
5 
n-x _ x 2 
A\A o = 
in( 1-4) “(4 (1-4) =e*1=e" j : 
non n [ n n 7 Consider 
E(X? 
lim B(x: 2, p) = f(x; 4) (x°) 
70 
Mean of the Poisson distribution (Nov.2009 set 4) = 


Mean = E(X)=>)x P(X =x) 


0 


wo 


x 


ge Via 


= Ae’ —+——— + 
41-1 22-1 23-1 


Mean = E(X) =A 


| Variance o 


| From the eque 
2 


Ls 
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7 Variance of the Poisson distribution (Nov.2009 set 4) 

1 Variance o? = E(X?)—[z(Xx)P 

o? = E(x*)- 2. (1) 
ee“ lsae* 4 Consider 

E(X*) = x? f(x, A) 
xv=0 
So . 

y.2009 set 4) x=0 ZX 


x=0 i 
yarns 2 xe 4} 
x=0 ra x=0 x 


From the equation (1) 
Variance 0? = 7? + 4-7? | 


| 


2 
o = 


» 


2.8 Problems and Solutions in Probability & Statistics 


2.5 NORMAL DISTRIBUTION 
Write all the characteristics of the Normal distribution? 
(Reg. April/May 2004 Set 4) 
(Nov.2009 set 2) 
Normal Distribution 
Normal distribution is the probability distribution of a continuous random 
variable X i.e. the normal distribution is the continuous probability distribution. 


It is given by 


Hae) fee EA 


e [-w<x<0,0>0] 


6 21 


Where j1 is mean, o” is variance. 


The graph of the normal distribution y = f(x) in the XY — plane is known as 
normal curve. Area under the normal curve is unity. Normal curve is symmetrical 
about y-areas and it is beil shaped. Probability between to continuous random 
variable X, and X2 is given by 


2 


, 


P(X, <XsX,)= [ e 2? dy 
dy gl 2x 
Standard variable is given by 
| opel 
oO 
y = f(X) 


u-30 0 p-20 po Ho BtO pt2o pt30 


Norma! Distribution Curve 
Probability between two continuous random variable X;, and X2 
P(X, < X $ X2) =P (Zis Z $< Z)) 
=P(Z,)- P(Z,) 
= (Area under the normal curve from 0 to Z2) 
- (Area under the normal curve from 0 to Z,) 


2.6 VARIANCI 
(a) Prove tha 


(b) Find the i 


Solution 


Mean = EQ 


/May 2004 Set 4) 
(Nov.2009 set 2) 


mtinuous random 
‘ distribution. 


1,0 >0| 


ylane is known as 
ve is symmetrical 
yntinuous random 


) to Z1) 
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2.6 VARIANCE, MODE, MEDIAN OF THE NORMAL DISTRIBUTION 
(a) Prove that the mean = mode = median for a normal distribution 
(Supple. Nov/Dec 2004) 
(Supple. Feb. 2007 Set 3) 
(b) Find the arithmetic mean of the normal distribution 
(Suppie. Nov/Dec 2004) 


(Suppie. Nov 2008.Set.2) 
Solution 


Mean = E(X)= [xf lax a 


Zz? 
Mean = E(X)= [@z al 7 \eFe dz 
oO Wj 


2 


aie a [@ zt+pje? dz 


2 


2 1 a 
Bae L ove-? sca [ue 2 dz 


ae [26 Rde+ fle? dz 
: nr m 


Sa, Pe ere 
ape pee 


o it 
=—=— (0) +y +e? 

2a ( ) n [. Vin i 
=0+ (1) 


Mean = E(X) =p 


2.10 Problems and Solutions in Probability & Statistics 


Variance of the Normal Distribution 


Variance = i (x-w) f(x) de 


(| 
Ss 3 
a 
| 
“ 
“—S 
Q 
recy 
‘s 
3 
& 


X-H=OZ 
dx =o dz 


i 


Variance = [. (a zy ey oe e? odz 
i Oven 


Variance = 0° 
Mode of the Normal Distribution 


We know that mode is the vaiue of x for which function value is maximum i.e. f(x) 
=N (y,c) is maximum i.e. f(x} = 0 and f(x) = -ve 


PT 
Nwo)= (5)=— exp [tat 


2c’ 


4 
\ 


ad? . 
ax UO = J 


= -ve (whe 
>x=npis 


Median of the nc 
Suppose im is the 


[flea 


We consider 


wo | 
i: oV2x 


Now we con 


By supposing 
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| 202 
e 
ov2n 


SURF O)=e- ae 2 
ese 


2 
Since e es #0 
i.e. X =p, to be f(x) =0 :............ (1) 
he ee ee 1 Gay Ore ea 
ae Uell= f el (ea) Se (a) 
= -ve (When X = Jt... (2) 


=> X= p is the mode of the normal distribution 


Median of the normal distribution 


Suppose im is the median of the normal distribution then 


[.1G) de=— Or [7@) ae =5 


We consider [re dx = ; 
[fl) acs ['7(e) de =4 


Z 


(x-nP far 
] - | =, 


HM 20° | 
ax WO cca A 
Le glee = 2 (4) 


Now we consider only first term 


dmum i.e. f(x) 


By supposing 


x~ 
Oo 


212 Problems and Solutions in Probability & Statistics 


When x=-2%, Z=-© 
x=p ,z=0 
From equation (A) 


=—— |e? ad 
20 f 
ele 
Qn V2 2 
From Equation ....... (A) 
(ea) 
opel age wel 
2 “ov2a 


ov2n 
=> jt =m = median of the normal distribution 


2.7 POPULATION 
Population is the set or collection of objects, under study. 


2.8 SIZE 


The number of objects or observation in the population is the size of 
population and denoted by N. Size N being finite or infinite 


2.9 SAMPLE 
A finite subset of the population known as sample. 
OR 


A small section selected from the population is called a sample size of the 


sample is denoted by n. 


2.10 SAMPLING 
The process of drawing a sample is called sampling. 


[ £ Population 
petite graduate students in A.P. 
Total production of items in a month 


Engineering Graduate student of a college 
Total production of items in one day 


2.10.1 Large Sam 
2.10.2 Small Sam 


2.10.3 Random § 
member oi 
included in 
by this met! 


2.10.4 Sampling \ 
the populat 
of the popu 

2.10.5 . Sampling v 
the populat 
member of: 


2.11 PARAMETE] 


Statistical 
population paramete 


Examples — 
Pop 
Pop 
Pop 


2.12 STATISTIC 


Statistical co: 
Statistics or statistics 


Examples — 
Sarr 
Sar 
Sam 
Note: Paramet 


2.13 SAMPLING D 


Consider a 
random. For each sa 
not be identical. If \ 
the frequency distrit 
similarly we can hav 


While drawing 
parent population rer 


is the size: of 


nple size of the 


lent of a college 
in one day 
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2.10.1 Large Sampling: The sampling is said to be large sampling if n = 30 
2.10.2 Small Sampling: The sampling is said to be small sampling if n < 30 


2.10.3 Random Sampling: Random sampling is the sampling in which each 
member of the population has equal chances or probability of being 
included in the sample is know as random sampling. The sample obtained 
by this method is known as a random sample. 


2.10.4 Sampling with replacement; After sampling each member is replaced in 
the population. That mean in the sampling with replacement each member 
of the population may be chosen more than once 


2.10.5 Sampling without replacement: After sampling, element is not replaced in 
the population. That means in the sampling without replacement each 
member of the population can be chosen only once. 


2.11 PARAMETERS 


Statistical. constants obtained from the population are known as 
population parameters or parameters. 


Examples — 
Population mean - 
Population standard deviation - o 
Population proportion — p (small) 


2.12 STATISTICS 


Statistical constants obtained from sample observations are known as sample 
Statistics or statistics. 


Examples — 
Sample mean - X_ 
Sample standard deviation = s 
Sample proportion — P (Capital) 
Note: Parameters are related to population & statistics are related to sample. 


2.13 SAMPLING DISTRIBUTION 


Consider a population of size N and draw all possible samples of size n at 
random. For each sample we can compute the mean. The means of the samples will 
not be identical. If we group these different means according to their frequencies, 
the frequency distribution is formed is known as sampling distribution of the mean 
similarly we can have sampling distribution of the standard deviation etc. 


While drawing each sample, we put back the previous sample so that the 
parent population remains the same. That is called sampling with replacement. 


2.14 Problems and Solutions in Probability & Statistics 


2.14 NUMBER OF POSSIBLE SAMPLES 


Draw all possible samples of size n, from a given finite population of size N. 
Then the total number of all possible samples each of the same size n, which can be 
drawn from the population, is given by 


ZN 
No eS 
n Zn ZN-n 
In the sampling with replacement (infinite population) 
The total number of samples with replacement is N". 


2.15 STANDARD ERROR 6 


The standard deviation of the sampling distribution is called standard error 
(S.E) thus the standard error of the sampling distribution of means is called standard 
error of means. 


The reciprocal of the standard error is called precision 


2.16 FINITE POPULATION: (co known) (without replacement) 


o>. =——= ,/—— Where 
x MN VN-1 


N => Size of the finite population 

tt > Mean of the population 

o —> Standard deviation of the population 

Hz — Mean of the sampling distribution of mean 


o — Standard deviation of the sampling distribution of mean and N>n 


N-n 
Nol is known as the finite population correction factor. 
2.17 INFINITE POPULATION: (oc KNOWN) 
Hy HH 
Co 


Sampling is done with replacement. 
Samples are drawn from an infinite population. 
Standardized Sample Mean, 


ee 


a/Nn 


2.18 SAMPLING D 


Suppose p be th 
non occurrence of the 


Now from an in 
compute the proportic 


Where pt) > Mean of 
o —> Variance: 


If population is binon 
The sampling distribut 


Where N is the popul: 


2.19 SAMPLING DI 
Suppose Ms > 


a Standard 


For all possible s 


Similarly Hs, > 


os, > Standar: 
For all possible samp! 
Now compute the stati 


_s. Mean of the 
2 


ge. ~— Standard devi 


3-8. 


Sampling distribution 


Mean 7 + 
H 5455 H 5s, 


Distributions 2.15 


jlation of size N. q Suppose p be the probability of occurrence of an event then the probability of 


: 
2.18 SAMPLING DISTRIBUTION OF PROPORTIONS 
2n, which can be non occurrence of the-event isq = 1-p | 


Now from an infinite population, draw all possible samplés of size n and then 
compute the proportion P of successes for each of the samples. Then 


_ Pq _ Pil-p) 


2 
Beane a, 7 ; 


Where 4, > Mean of the sampling distribution of proportions 


a, — Variance of the sampling distribution of proportions. 


ed standard error If population is binomially distributed, 
is called standard ‘ The sampling distribution of proportion is normally distributed and if n is large. Then | 
N-n | 
=Pand o2 = fa ena 
Berne Sak eed | 


Where N is the population size 


2.19 SAMPLING DISTRIBUTION OF DIFFERENCES AND SUMS 
Suppose Hs, — mean of a sampling distribution of statistic S, 


o 37 Standard deviation of sampling distribution of statistic S; 


For all possible samples of size n, drawn from population A 
of mean Similarly Ms, —> mean of a sampling distribution of statistic S, 


nand Non ee st al atta nage sa 
as ae Standard deviation of a sampling distribution of statistic S, 


Or For all possible samples of size ny drawn from population B. 


Now compute the statistic S; — S, 


Hs —s, —Mean of the sampling distribution of differences 


1 


o,,-,, »Standard deviation of the sampling distribution of differences 


~g =e - 
Hs, Sy Hs Hs, 


Oa = 10 +o 
ol 


Sampling distribution of sum of statistics 


Mean 7 
Hs) +55 Hs) 


+ Hs, 


2.16 Problems and Solutions in Probability & Statistics 


Standard deviation o, 45. = _jo~ + o 
ey s 


For example 
My yx, = hy, +e, =~ Mth 


2 p, 
Ozzy =o; top + Ge 
¥,+X, x, x, mon 


Sampling distribution of differences of proportions 


Expected numbe 


5 
Mpy—py ~ Mp, ~ Hpy = Py Po = #00%(-2 
as. Gh , Prdr Means 25(0*famil 
oy -p, =o; p+ 2p, cea aera 1, 2. At least one boy 
At least one boy 
SOLVED EXAMPLES L 
Example 2.1. Out of 800 families with 5 children’s each, how many would you q 3 
expect to have : 4 
(Reg. Nov 2006 Set 2) 
(April/May 2005 Reg. Set 3) 
(Supple. Nov 2008.Set.2) 
1. 3 boys 
2. Atleast one boy 
Assume equal probabilities for boys and girls. a Co 
Solution : 31 
. =—=+0 
l : : 
Probability of boy = p (B) = p= — | 32 
2 Expected numbe 
1 = 
And probability of girl = p (G) =q= — 800x 0. 
Z = 775 
Number of tria's =n = 5 
Number of boys in a family = X Example 2.2. Find the 
1. Probability of a family having 3 boys tossing a coin n times i: 


=(X =3) 


3 5-3 
-5.{t) {,-1 . 
349 a 


‘w many would you 


g. Nov 2006 Set 2) 
iy 2005 Reg. Set 3) 
rle. Nov 2008.Set.2) 


Distributions 2.17 
aa Gl 
L3-Z5=F\2) AQ) 
_ 5x4 23 (1) 
23 2x1 \2 
32 16 
Expected number of families having 3 boys out of 5 children 


= 800x (=) = 250 
16 


Means 250°families have 3 boys out of 5 children Ans. 
2. Atleast one boy 


At least one boy means at most 5 boys with 5 children’s each 


5 5 
Dox, 2, p= > ix 5; ;) = 1.0000 
x=0 x=0 
5 
Doe, », p)- ple =0) 
x=0 


mo 
(JY 


= = = 0.96875 
3d 


Expected number of families having at least one boy 
= 800x 0.96875 


= 775 Ans, 


Example 2.2. Find the maximum n such that the probability of getting no head in 
tossing a coin n times is greater than 0.1. 


(Supple. Feb. 2007 Set 1) 
(Reg. Nov. 2006 Set 3) 
(Supple.Nov. /Dec. 2005 Set 3) 


2.18. Problems and Solutions in Probability & Statistics 


Solution 


1 
P = probability of getting head is = Ey 


1 
Given that p(x = 0 no head) > 0.1 = 10 


n-C ] 
P(x=0)= ng p°(l- py” > 


For n= 1 probability (x =0) = 0.5 

n = 2 probability (x = 0) = 0.25 

n = 3 probability = 0.125 

n > 4 probability is < 0.125 

“n=3 Ans. 
Example 2.3. A burglar alarm system has six fail — safe component. The 
probability of each failing is 0.05 find these probabilities 
(Reg. April/May 2004 Set 4) 

a. Exactly three will fail 
b. Fewer than two will fail 
c. None will fail 


Solution Given that p=0.05, n=6 
b(x 3 n, p) =b (x; 6, 0.05) 
1. Exactly three will fail x =3 


b(x; n, p)=b(3 :6, 0.05) =n, p*q"~* 
= 6¢, (0.05)'(1- 0.05)" 


=20 (0.000125) (0.857375) 
= 0.0021434 Ans. 


2. Fewer than tw 


1 
>» eine 
x=0 


3. None will fail 
b(x;n, p) = b 
=6 


Example 2.4. A st 
He guesses each an: 


of n that the probabi 
Solution 
p(x 2, 
ie. 
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2. Fewer than two will fail 


1 
>, 4(x ; 2, p)=6(0;6,0.05) + 5(1;6,0.05) 
x=0 
= 65, (0.05) (1-0.05)°° + 66 (0.05)' (1 -0.05)*" 


=1x1x (0.7350) + 6(0.05)(0.77378) 
= 0.7350 + 0.232134 
= 0.96713 Ans. 
3. None will fail x =0 , 
b(x;n, p) = b(0;6,0.05) 
= 6¢, (0.05) (1-0.05)°° 


=1x1x0.7350 
= 0.7350 Ans. 


Example 2.4. A student takes a true false examination consisting of 8 questions. 
He guesses each answer. The guesses are made at random. Find the smallest value 
of n that the probability of guessing at least n correct answers is less than ”. 


(Reg. April /May 2005 Set 4) 
(Supple. Nov 2008.Set.3) 
: component. The Solution 
1 
il/May 2004 Set 4) Probability of guessing a question = p = 5 
n=8 


HS) Ape=oadeso) Lexa p(e=n-1)<> 


ie. p(x = 0)+ p(x =1)+ oa + p(e=n-l)>> 


1 I 1 8-1 1 n-| 1 8-n+1 1 
0 8-0 weds pra 
8... pl p) +8, (5 ( - ;] Forte =) ( | a 


2.20 Problems and Solutions in Probability & Statistics 
8 8 8 
8. a = £8 (5) - eS (2) © _ orig 
3\2 23 LZ5\2 Re eee te 256 
8 8 8 
ae £8 @ ~ T6623) S010b. a pane 
4\2 Z4 Z4\2 4x3x2 | 2 256 


8 
| =—— = 0.00390." 
2 256 % 


x . 


: } 
a 8. (5 = (ese port 
2) 21 28-1256) 256 128 

* £2 (1.)- Bt es OR 
“l3) e LY TR 2 5) 2 256 256 
n-1 = 3, 0.00390 + 0.00781 + 0.109 + 0.218 

= 0.3387 

n-1=4, 0.00390 + 0.00781 + 0.109 + 0.218 + 0.2734 


0.109 


= 0.6121 > iu 
2 


1 . 
The least n, s.t. p(x>n)< 5 is 5. Ans. 


Example 2.5. Assume that 50% of all engineering students are good in 
mathematics. Determine the probabilities that among 18 engineering students 


(Reg. April/May 2005) 
(April/May 2004 Set 3) 
1. exactly 10 
2. at least 10 
3. at most 8 
4. at least 2 and at most 9 are good in mathematics 


Solution 
Let x = Number of engineering students who are good in math 


1. Exactly 10 
p(x =10)=. 


= 18,5 


is Zz 

_ Z10 z 
_ 18x17: 
in Zz 
_ 43758 
262144 
= 0.1669 


2. Atleast 10 


At least 10 i.e 


x=10 


9 
=1-571 
x=0 


=1-0.5! 

= 0.4073 
At most 8 © 
At most 8 mea 


p(rs8)=> 


x=( 


= 0.4073 { 
At least 2 and. 


.218 


0.2734 


= 0.109 


nts are good in 
1g students 


April/May 2005) 
"May 2004 Set 3) 


n math 


_ 
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a 
100 2 
Total number of trials n= 18 


P = Probability of good in math = ou = 


Exactly 10 
p(x = 10) = b(x; n, p) =Ne, Pg" 


i0 16-10 
“nS 
10\ 2 2 


LAB (4) 
~ Z10 Z18—10 \2 


_18x17x16x15x14x13x12xI1x 210 | 1 


Zl10 8x7x6x5x4x3x2 262144 
_ 43758 
262144 
= 0.1669 Ans. 
At least 10 


At least 10 i.e. at most 18 
P (=At least 10) = P(x 2 10) 


18 10 18-10 
= > 18, Ey ee 
x=10 10 2 2 


=1-0.5927 

= 0.4073 Ans. 
At most 8 © 
At most 8 means maximum 8 


en d0lJE) 


= 0.4073 from the binomial distribution table Ans. 
At least 2 and at most 9, are good in math 


2.22 Problems and Solutions in Probability & Statistics 

9 1 x l 18-x { 

2<5x<9)= 18 = aa q = 
esx29}=¥8,(5) (5) | 
: 1) x aol af q 

= SA xis.g)-Sal es ' : 

x=0 2 x=0 2 j 7 
=0.5927-0.0007 i iti | 

= 0.5920 Ans. q = 


Example 2.6. 20% of items produced from a factory are defective. Find the 


probability that in sample of 5S chosen at random q = 
(Reg. April/May 2005 Set 1) q 
(Supple. Nov 2008.Set.4) 
1. None is defective 
2. One is defective 
3. pil<x<4) 
Solution 
“as whe 20 1 
P —> probability for the defective item = Too 5 


Example 2.7. Eacl 


n=5 pounds of newspay 
els None is defective two pounds. If a 
1 12 generating 
p= 0)=5.,(] (1-3) a ; 
mI . Between 7 
| 4 5 1024 . 2. More than 
=|xlx|/—{| =—— Ans, 
5 3125 . (Assume the 
2. One is defective Solution 
esas (+) (" 4)" Given that 
“5 5 A Hyderabad house 
Z5 1 (4) 
Fee SS 
: Standard deviation i 
=5~x = x 208 = 08 Ans, 
5 625 625 


3. pil <x< 4) = p(x = 2)+ p(x = 3) The standard normal 


fective. Find the | 


(May 2005 Set 1) 
, Nov 2008.Set.4) 


Ans. 


Ns. 


Distributions 2.23 
1 2 1 5-2 1 3 1 5-3 
=5u(3}(1-3) +54(5) (5) 
2 3 3 2 
JG) 8G) 8) 
5 3\ 5 5 


i> ae | cates £5 1. 16 


_ OO —— a KX XX 


“2223 25 125" £2 23-125, 25 


20 1 64 20, 1 16 


—-x 
2 doe WS" Qo “125 325 


+1) 


= ao 
6250 
1600 


6250 
= 0.256 Ans. 


Example 2.7. Each month, a Hyderabad house hold generates on an average of 28 
pounds of newspaper for garbage or recycling. Assume the standard deviation is 
two pounds. If a household is selected at random, find the probability of its 
generating 


(Reg. April/May 2004 Set 4) 
1. Between 27 and 31 pounds per month 
2. More than 30.2 pounds per month 
(Assume the variable is approximately normally distributed). 


Solution 
Given that 


A Hyderabad house hold generates an average of 28 pounds. 


Standard deviation is two pounds 


ad 


‘ x— 
The standard normal variate z = 


o 


2.24 Problems and Solutions in Probability & Statistics 


lL. Between 27 and 31 pounds per month ; Example 2.9, If 
27-28 31-28 : 
p(2> Zx<3l)= of <z< 
2 1. What is 
= p(-0.5<z< 1.5) -0.5 15 2. What ji 
= Area from (0 to - 0.5) + Area from (0 to 1.5) probabi 
3. What is 


=0.1916+0.4332 1 
=0.6248 Ans. ; Solution 
: Suppose x = num! 


2. More than 30.2 pounds per month Given that p = 0.3 


30.2 —28 q n 
p(x > 30.2) = P E > ae 1. The probab 
‘ 11 : 
= p(z>1.1) p(x =5) = 
= 0.5 — Area from (0 to 1.1) ' Aas 
= 0.5 - 0.3643 ; “5 
= 0.1357 Ans. = 252 (0. 
= 0.102¢ 
Example 2.8. If the probability of a bad reaction from a certain injection‘is 0.001. 2. The most prol 
Determine the chance that out of 3,000 individuals more than two will get a bad : = mean n 
reaction. (Reg. April/May 2004 Set 3) : Y =np=1 
Solution 3 Probability ¢ 
n = 3000, p = .001 
: P(x = 3)= 
X= np = 3000 x .001 = 3 
Probability for more than two will get a bad reaction =10, (0. 3) 
3 
x >2)=1—- p(x =0)- p(x =1)- pix =2 
f6 A oe eK "3. The probabilit 
ZX Lx 7x ( 
uy ne ees ag 
4o 4 22 = (0.3) 


= 0.00€ 


Example 2.10. Fit 
= 1—.04978 —3 x 0.04978 — 4.5 x 0.04978 theoretical frequenc: 


= 1 - 0.04978 — 0.14934 — 0.22401 
= 0.57687 Ans. 


stion‘is 0.001. 
vill get a bad 
y 2004 Set 3) 


Distributions 2.25 


Example 2.9. Ifthe chance that on of the ten telephone lines is busy at an instant is 0.3 


(Reg. April/May 2004 Set 2) 
1. What is the chance that 5 of the lines are busy? 


2. What is the most probable number of busy lines and what is the 
probability of this number? , 


3. What is the probability that all the lines are busy? 
Solution 


Suppose x = number of busy telephone lines 
Given that p = 0.3, 


n = 10 = number of telephone lines 
1. The probability that 5 of the lines are busy 


p(x =5)= 10, (0.3)° (i- 0.3)" 
= 10, (0.3)° (0.7)° 


= 252 (0.00243) (0 — 16807) 
= 0.102919 Ans. 
2. The most probable number of busy lines 
= mean number of busy lines 
=np=10(.3)=3 
Probability of this 


P(x = 3) = 10,, (0.3)'(1-0.3)°° 
: 10,, (0.3)°(0.7)’ 


= 120 (0.027) (0.082359) = 0.26682 Ans, 
3. The probability that all the lines are busy 


p(x =10)= 10., (0.3) (1-0.3)°"° 
=(0.3)° | 
— = 0.0000059049 Ans. 


Example 2.10. Fit a binomial distribution for the following data and compare the 
theoretical frequencies with the actual ones 


(Reg. April/May 2004) 
(Supple.2004) 


2.26 Problems and Solutions in Probability & Statistics 


Solution 
n=100,n=5 


Mean xX = 


RE 
N 


z 0x24+1x144+2x204+3x3444x22+5x8 
a 24+144+20+344+22+4+8 

_ 144+40+102 +88 + 40 

7 100 


Mean =n p = 2.84 
5 p= 2.84 
P = 0.568 q=1-9=1-0.568 = 0.432 


x= 0, p(x) =n, p'a” = Se, (0.568)° (0.432)° = 0.01504 
x=1,p(I)=n,, pi” | = 5, (0.568) (0.432) ~! = 5 x (0.568\{0.432)* = 0.0989 


x = 2, p(2)= ne, pq"? = 55, (0.568)"(0.432)~? = (0.508) (0.432) 


-= 10x 0.322624 x 0.0806 
= 0.26010 | 
x=3,pB)=n¢, pq"? = 52, (0 568) (0.432)? > ne 568)° (0.432) 
= 10 x 0.1832 x ee 
= 0.341895 
x= 4, p(4)=no, p'g”~* =5¢, 5., (0.568)*(0.432)°~ 4 -=2556 368) (0.432)° 


= 5x ne 
= 0.224826 


x=5,p(5)=ne pq” > =S¢_ (0.568)° (0.432) ~ > = (0.568)° = 0.05912 
5 5 


Expected frequency 
N p(x) = 100 x p(0 
Similarly 

N p(x) = 100 x p(2’ 
N p(x) = 100 x p(3° 
N p(x) = 100 x p(& 
N p(x) = 100 x p(S° 


Example 2.11. Th 
Determine the prob 


1. none” 
2. one and 
3. at least one v 
Solution 
Given that 
The probability that 
p=0.4 
n=5 
l. None will gré 
b(x;n, p)= Ney 
= Sc, 
=(0. 
= 0.( 
2. One will gradu 
b(x;n, p) = 
= Sc, 
tea 
— 5 x 


= 0,2! 


1.0989 


32) 


58)° (0.432)? 


568) *(0.432)° 


3912 
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Expected frequency 

N p(x) = 100 x p(0) = 100 x0.01504=1, Np(x) = 100xp(1) = 100 x 0.0989 = 9.89 
Similarly 

N p(x) = 100 x p(2) = 100 x 0. 26010 = 26.010 

N p(x) = 100 x p(3) = 100 x 0.341895 = 34.189 

N p(x) = 100 x p(4) = 100 x 0.224826 = 22.48 

N p(x) = 100 x p(5) = 100 x 0.05912 = 5.912 

Example 2.11. The probability ‘hat an entering student will graduate is 0.4. 
Determine the probability that out of 5 students (Reg. April/May 2004 Set 1) 
1. none” . 

2. one and 

3. at least one will graduate 


Solution 
Given that 
The probability that on Snteng student will graduate is 0.4. 
p=0.4 
n=5 
1. None will graduate i.e. x =0 
b(x3n, p)=n,, p*q"™ 
a Of 5-0 
=5¢, (0.4)'(1-0.4) 
= (0.6) 
= 0.07776 Ans. 
2. One will graduate i.e. x = 1 


b(x3n, p) =n, p*q"™ 
=5e, yd (i-0.4)*" 


0.4)(0.6)* 
Ses AgZsci! No.6) 
= 5x ae 


= 0.2592 Ans. 
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3. At least one will graduate i.e. at most 5 can graduate 


pil <xs 5)= ea (0.4)" (1 = 0.4)" 


x=] 


>) 5c, (0.4)* (0.6)"* — p(x = 0) 


x=0 
=1.000- 0.07776 
. = 0.92224 Ans. 
Example 2.12 Fit a Poisson distribution to calculate the theoretical frequencies for 
the following data (Supple. Nov/Dec. 2004 Set 2) 


Solution 

N = 200 

Mean of Poisson distribution = A 

4g DaAB, _ 0109 41x 65:+2%22+3x34 4x1 


pie? 109+ 65+22+3+1 
_0+654+444+944 122 _ 9 6, 
200 200 
—A 4x -0.61 0 
sO== A _e°"(0.61) _ 0.5433x1 _ 9 5433 
Zx Z0 


Ff (x)= Nx p(x) 
£(0) = 200 x p(0) = 200 x 0.5433 = 108.66 
f(1) = 200 x p(1) 
f (xt1)=N p(x +1) 


fe+1)=—~ se) 


_ 0.61 4()_ 9-61 498 66) = 
i rere (108.66) = 66.2826 


f@)-= (= 


0.61 
3 


_ 061 
s(ay=% 


{3)=—=—fQ)= 


f(3)= 


Example 2.13. Four 
occur is given below 


Fit a binomial distrib 


Solution 
Probability of getting 


P(x) = 


1 frequencies for 
iec. 2004 Set 2) 


Distributions 2.29 


f(2)= as f= 7M" x 66.2826 = 20.198 


= = 


f(3)=—— (2) = —— x 20.198 = 4.1069 


x 4.1069 = 0.6263 


ie be 
iQ)> 3G) = fj 


Example 2.13. Four coins are tossed 160 times. The number of times X heads 
occur is given below (Supple. Nov/Dec. 2004) 


Fit a binomial distribution to this data on the hypothesis that coins are unbiased _ 


Solution 
Probability of getting a head = 1/2 


x n-x 


Plx)=ne, P*q”* 5 P(x tI)=ng_ pgh 


P(0)=4¢, ie a” e 
Sie (p)'(@)" 
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3 4 
DED = 


4 2 
pl) = (>| ' 12H 434 
1\ 1 4 
(0)= ¥-p(0)=160%{) =160x7-=10 : M442 8 = 
~4+,/) 
2 —_— 
f(i)= (5 ) 160 = 4x x160 = 40 es 
» 44/1 
£2) = $1 ()= 340 60, n=4, x=1 | coca 
9) Ghar 4+6.! 
3 2)=—x60=40,n=4,x =2 = 
1@)=4=3 @)=2 ae 
2 —-446.' 
f(4 <= —= £@)=7.40=10 ; = 
Expected aeee or 10, 40, 60, 40, 10 = - 5.4641 
2 < = 
Example 2.14 If X is a Poisson variate such that ) P(x ~ 2) 
P(x = 0) = p(x = 2) +3 p (x= 4), find 
(Supple. Nov. / Dec. 2004) = 
1. The mean of x 
2. P(x <2) >, 
Solution 7 
Given that = 
P(x = 0) = p(k =2) +3 p(k =4) a 
eth er eth 
= +3x : 
Z0 42 Z4 a! as Example 2.15. If X i: 
et P(x=0)=po 
P (x, A) Lx : Using recurrenc 
RP 3H 
l= > + 34 Solution 
: Given that 


Probability (x = 0) =P 


2. Nov. / Dec. 2004) 


Distributions 2.31 


) 124 +34! 
Oy 
1277 +34‘ =24 
+47 =8 
A+42-8=0 | 
Ze -~4+./16-4x1x(—8) 
2 
pnd tvi6+32 _ 4448 
2 2 
ye 4 #6.9282 
. 2 
g? = 24 +6.9282 ,, - 4 - 6.9282 
2 2 
W= -5.4641 OR + 1.4641 
2 eat 
So a 
= ety eh ev 
ee | [2 
ce grtaear, (1.4641) pas | 4641)" 
' lI [2 
= 0.23132+ 0.3386 +0.24792 
= 0.81784 


Example 2.15. If X is a Poisson variate such that 
P (x =0)=p (x= 1), find p (x = 0) and 
Using recurrence formulae find the Probabilities at x = 1, 2, 3, 4 and 5 
(Supple. Nov/Dec 2004) 


Solution 
Given that 
Probability (x = 0) = Probability (x = 1) 


2.32 Problems and Solutions in Probability & Statistics 


ek _ 

Ze 

Probability at (x = 1) = 0.3679 
Recurrence relation 


a ra “(ly -1 
Probability at (x = 0) =. —+ =e" = 0.367 
i Z0 


A 
1)=—— 
p(x +1)=— px) 
Put x=1 p(2)= : p(l)= 0.3679 = 0.18395 Ans. 
x=2, r@)=5 PQ) = 5% 0.18395 = 0.0613166 Ans. 
x= 3, p(4)= : p(3) = 0.015329 Ans. 


x=4, p(5)= ; p(4) = 0.003065 Ans. 


Example 2.16. In a sample of 1000 cases, the mean of a certain test is 14 and 
standard deviation is 2.5. Assuming the distribution to be normal, find 
(Supple. Nov/Dec 2004 Set 4) 
1. | How many students score between 12 and 15? 
2. How many score above 18 . 
3. | How many score below 8 | 
Solution 
Given that 
Mean of a certain test is 14 
Standard deviation is°2.5 
XxX 


Assuming the distribution to be normal z = 


1. How many st 


p(l2<x<I15 


= Area 
= Area 
= 0.031 
= 0.187 
Number of st 


2. How many 5 
p(x'> 18) = 


= p(z > 1.6) 
= 0.5-area 
= 0.5 — 0.445 
Number of st 


3: How many sc 


P(x <8) =| 


= 0.5 - 
=0 
= 0.008 


Example 2.17. Ifa 


3 
PKI). D> 
Find 
1 P(x21) 
2: p(x <3) 


3. p(2<x<5) 


1. 


pli2<x<13)=P 


Distributions 2.33 


How many students score between 12 and 15 =? 


a 15-14 
5 <Z 


2;5 
= p-0.8<z<0.4) 
= Area from (0 to - 0.8) + Area from (0 to 0.4) -0.8 04 


= Area from (0 to 0.8) + Area from (0 to 0.4) 
= 0.0319 + 0.1554 


367 = 0.1873 yee 
Number of students = 1000 x 0.1873 = 187.3 
= 187 Ans. 
2. How many score above 18 
18-14 
x>18)= pl z> 
Bee ( 2.5 Zi 
: 16 
> Ans. = Pz > 1.6) 
=0.5—area from(0 to 1.6) 
a = 0.5 - 0.4452 = 0.0548 
— Number of students = 1000 x 0.0548 = 54.8 = 55 Ans. 
Ans. 3. How many score below 8 
8-14 
die, p(x <8) = of soo = p(z < -2.4) 
= 0.5 — area from (0 to 2.4) oes 
rtain test is 14 and = 0.5 — 0.4918 
1, find = 0.0082 Ans. 
ov/Dec 2004 Set 4) 
Example 2.17. Ifa Poisson distribution is such that 
3 
P(x=1). > =p(x=3) (Reg. April/May 2005) 
Find (Reg. Nov 2006 Set 1) 
lL =P(x21) 
2. p(xs 3) 
3. p(2<x<5) 


2.34 Problems and Solutions in Probability & Statistics 


Solution 
ey ba 
Given that p(x, A= = 
LX 
3 
p(x = es = p(x = 3) 
eA! sohe e*A 
Zl 2 LZ3 
SA 
2 6 
A=7# 
Ayg-#)=0 
A=0or 9-7 =0 
A=433 
1. p(x = 1) =1- p(x =0) 
-A 4x -3 40 
Ri a OP 
ZX Z0 
» = 0.95019 Ans. 
3 er 
2: x<3)= 
p(x < 3) 2, a 
ea 
= = 20.647 Ans. 
Lx 


5 e7f 2 e*Kz 
a 2<x<5)= - A=3 
p(2<x<5)= 2 zs > eg 
= 0.916 — 0.423 
= 0.493 Ans. 


Example 2.18. A sales tax officer has reported that the average sales of the 500 
business that he has to deal with during a year are Rs. 36,000 with a standard 
deviation of 10,000. Assuming that the sales in these businesses are normally 
distributed. Find 


(Reg. April/May 2005 Set 1) 
(Reg. Nov 2006 Set 1) 


1. The number of 
2. The percentage 
Rs. 30,000/- ar 


Solution 

Given that 

Total number of busi 
Mean = 36,000 
Standard deviation = 


Standard random vari 


1. The number of 


p\ 


5¢ 
2. The percentage 
[Rs. 30,000/- and Rs.4 


p(30,000<x<é 


= p(-0.6<z< 


= Area from (01 


= 0.2258 + 0.15 
= 0.3812 
500 x 0.3812=19( 


Example 2.19. Using 
‘4 and 5. If the mean of 


Solution 


Distributions 2.35 


1. The number of business as the sales of while are Rs. 40,000/- 
2. The percentage of business the sales of while are likely to range between 
Rs. 30,000/- and Rs. 40,000/- 


Solution 
Given that 
’ Total number of business = 500 
Mean = 36,000 
Standard deviation = 10,000 
x-X 


Standard random variable z = 
o 


1... The number of business as the sales of while are Rs. 40,000 


ple> 40,000) pz » 2.000= 36.000) 


10,000 
=p (z > 0.4) 
= 0.5 - 0.1554 
= 0.3446 
500 X 0.3446 = 172.3 Business 
- 2. The percentage of business the sales of while are likely to range between 
ieee [Rs. 30,000/- and Rs.40, 000/-) 
{ = = 
(30,000 Jape 40,000) = i 30,000 — 36,000 ae 40,000 — 36,000 
| 10,000 10,000 
ns. = p(-0.6<z< 0.4) 
= Area from (0 to — 0.6) + area from (0 to 0.4) 
= 0.2258 + 0.1554 - 0.6 0.4 
= 0.3812 
ns. 500 x 0.3812=190.6 Ans. 


Example 2.19. Using Recurrence formula find the probabilities when x = 0, 1, 2, 3, 
‘4 and 5. If the mean of Poisson distribution is 3. 


Solution 


e sales of the 500 
0 with a standard 


sses are normally 
Given that 4 = 3 


e7 ia 


May 2005 Set 1) 4) ie 
z. Nov 2006 Set 1) P\%,A)= 


2.36 Problems and Solutions in Probability & Statistics 
. a 
Recurrence Relation p(x +1)= a p(x) 
x+ 


e 3° 
x=0, p(0)= p(0,3)= ne ets 0.04978 


x=0, p(l)= ae p(0)= 2 p(0)= a (0.04978) = 0.1494 
x+1 1° 1 
A 3 3 rae 
x=1, p(2)= ae p(l)= 5 p(l)= 5* (0.1494) = 0.22404 
x 


x=2 p(3)= ai p(2)= 2 p(2)= ae (0.22404) = 0.22404 
xt 3 3 
x=3 p(4)= AL p(3)= p(3)== x (0.22404) = 0.13442 


x (0.13442) = 0.067212 


Dlw wnlw 


x=4 p(6)=—~ pl4)== lt)= 


Example 2.20. If the masses of 300 students are normally distributed with mean 68 
k.gms. and standard deviation 3 k.gms. How many students have masses? 


(Reg. April/May 2005 Set 4) 
1. Greater than 72 k.gms. 
2. Less than or equal to 64k.gms. 
3. Between 65 and 70 k.gms. inclusive 


Solution 
Mean x = 68 k.gms. 
Standard deviation 0 = 3 k.gms. 
Greater than 72 k.gms. 
_X-X _ 72-68 
- ef oC 
p(x = 72) = p(x 21.333) 
= 0.5 — 0.4082 
= 0.0918 
Number of students = 300 x 0.0918 
=27.54= 28 approx. Ans. 


Zz =1.333 


L. Less than 
X-. 

Co 

P(x s 


z= 


Number o: 
= 30 
= 12 


2. Between 6 


Number of 


Example 2.21. A 
of large batch of s 
guarantees 90% ge 
violate the guarant 


Solution 
The probabi 


A = mean nur 
= 200 x 0.0‘ 


Distributions 2.37 


1, Less than or equal to 64 k.gms. 


XX _ — = -1,333 


Zz 


o 
p(x < 64)= p(Z < -1.333) 
1494 = 0.4082 Ans. 
Number of students 
= 300 x 0.4082 
= 122.40 = 123 Approx. 


2 Between 65 and 70 k.gms. inclusive 
Xo 
Z= 
oO 
_ 65-68 70-68 
a a 
‘z=-l, 0.6666 
eau manos p(65 <x <70)= p(-1<z< 0.6666) 
asses? = 0.3413 + 0.2454 


fay 2005 Set 4) = 0.5867 Ans. __ 
Number of students ; 


= 300 x 0.5867 | 
=176.01=177approx. Ans. 
Example 2.21. A distributor of bean seeds determines from extensive tests that 5% 


of large batch of seeds will not germinate. He sells the seeds in packets of 200 and 
guarantees 90% germination. Determine the probability that a particular packet will 


violate the guarantee. ‘ h. (Nov / Dec 2005 Set 4) | 
Solution 
The probability of a seed not germinating 
= =0.05 | 
100 | 
Let x = R.V = number of seeds that do not germinate | 
A —_=mean number of seeds, ina sample of 200, which do not germinate 
=np 


ns. =200 x 0.05 =10 | | 


2.38 Problems and Solutions in Probability & Statistics 


A packet will violate guarantee if it contains more than 20 non — germinating 
seeds. 
Probability that the guarantee is violated 


p(X > 20) 
=1- p(X < 20) 
a2 37107 
a 2, ZX 
=1- F(20,10) 
= 1-0.998 
= 0.002 Ans. 


Example 2.22. If the mean and S.D. of normal distribution are 70 and 16, find 
p 38 <x< 46) 
(Nov. / Dec. 2005 Set 4) 


Solution 

Given that X = 70 
Standard deviation o = 16 
p38)<x<46=? 


a J 
o UMA 


_ 38-70 46-70 
16° 16 


z=-2, -1.5 . ; 
p(38 <x <46) = p(-2<z<-1.5) 

= area from (0 to -2) ~ area from (0 to -1.5) 
= area from (0 to 2) ~ Area from (0 to 1.5) 


= 0.4772 — 0.4332 
= 0.044 Ans. 


Example 2.23. If X is a normal variate, find the probability 
(Supple. Feb. 2007 Set 2, Set 4) 


1. to the left of z= - 1.78 


2. to the righ 


3. Correspon 

4, to the left. 

Solution 

1. To the left 
A = ( 


2. ‘To the right 
A =0.5 + Area fr 


3. Correspondi 

A = Area from (0 

= Area fro1 

= 0.4370 +.0.28. 
= 0.7251 


4. To the left of 
A= {0.5 —1 


= (0.5 — 0.4! 
= 0.0059 + { 
= 0.0395 


Example 2.24. 1 
respectively find 


Solution 
Given that 


Mean Y =8 


- germinating 


70 and 16, find 


Dec. 2005 Set 4) 


007 Set 2, Set 4) 


Distributions 2.39 


2. to the right of z = - 1.45 
3. Corresponding to -0.80 < z < 1.53 
4. to the left of z=-2 .52 and to the right of z = 1.83 


Solution 
1. To the left of z= - 1.78 
A = 0.5 — (Area 0 to -1.78) : 
= 0.5 — (Area 0 to 1.78) 


z=-1.78 
= 0.5 — 0.4625 
= 0.375 Ans. 
2. To the right of z =-1.45 
A =0.5 + Area from 0 to 1.45 
= 0.5 + area from 0 to 1.45 vr z 
= 0.5 + 0.4265 
= 0.9265 
3. Corresponding to — 0.80 < z < 1.53 
A = Area from (0 to -0.80) 
= Area from (0 to 0.80) + Area from (0 to 1.53) 0.80 153 
= 0.4370 +.0.2881 | 
= 0.7251 Ans. 
4. To the left of z = -2.52 and to the right of z = 1.83 
A = {0.5 — Area from (0 to 2.52)} 
+ [0.5 — Area (from 0 to 1.83)] 
= (0.5 - 0.4941) + (0.5 — 0.4664) Ame beh 
= 0.0059 + 0.0336 
= 0.0395 Ans, 
Example 2.24. The mean and standard deviation of a normal variate are 8 and 4 
respectively find - (Nov. / Dec. 2005 Set 2) 
1. p(S<x<10) 2. p(x > 5) | 
Solution 
Given that 


Mean Y =8 


2.40 Problems and Solutions in Probability & Statistics 


Standard deviation o = 4 


= : 
Ls pls<xsi0)= (= <z<4*3) 


= p(-0.75<z<-l) 
= Area from (0 to 1) — area from (0 to 0.75 
= Area from (0 to 1) — area from (0 to 0.75) 


= 0.3413 — 0.2734 . 
= 0.0679 Ans. 


2. p(x> s)= oz > = 


= p(z >.0.75) 

= 0.5 + Area from (0 to — 0.75) 
= (0.5 + Area from (0 to 0.75) 
= 0.5 + 0.2734 

= 0.7734 Ans. 


-0.75 


Example 2.25. Find the probability that at most 5 defective components will be 
found in a lot of 200 it experience. Show that 2% of such components are defective. 
Also find the probability of more than five defective components. 

(Nov/Dec 2005 Set 4) 


(Supple. Nov.2008) 


Solution Given that, 


Probability of defective components p= ae .02 


100 
n= 200 
mean A = 200 x 0,02 = 4 
1. Probability that at most 5 defective components 
=p(xs5) 
= p(x = 0)+ p(x =1)+ p(x =2)+ pe =3)+ ple =4)+ p= 5) 
pee pe 
P\X, Vx 
40 4) (40% 74(4~ p44 23 
_ tla? ea ety et(a)  e*Ca)t , o*4) 
Z0 Zi 22 43 ZA4 Z5 


=e 


= 0.01832 [ 1 
= 0.7853 

2. Probability of r 
= 1-P(X< 5) 
= 1-0.7853 
= 0.2147 


Example 2.26. If 
3 p(x = 4) = 


1. The mea: 


Solution 
Given that 


Distributions 2.41 


= e[ie4eae 212 2] 
Dn Bale 
= 0.01832 [1+4+8+ 10.666 + 10.666 + 8.5333} 
= 0.7853 . Ans. 
2. Probability of more than five defective components 
= 1-P(X< 5) 
= 1-0.7853 
Ans. = 0.2147 ‘ Ans. 


Example 2.26. If X is a Poisson variate such that (Feb. 2007 Set 3) 


3p(x = 4)= 5 ple =2)+ p(x = 0) Find 


\ 1. The mean of x 2. (X< 2) 
N : Solution 


Given that 
Ans. 1 
—3p(x=4)=— p(x =2)+ p(x =0) 
yonents will be 2 
is are defective. et At _ a eth ety 
Jec 2005 Set 4) “4x 2 L£x 75 
ple. Nov.2008) go 4% ete etd 
| “Ze 2 2e Lx | 
A 1k? ! 
— = — +H 
24 22 
"yt Bp 
Soe Sea] 
8 4 
x R+4 | 
8 4 
ae) A =227 +8 
Ai -~27? ~8=0 


op 2t V4 hx 8) 


2 
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_ 244432 


2 
p-226 
2 
R seo eco 
2 2 
A =4,-2 
A=+2 
N=2 
1. The mean of x 
Mean A = 2 
2: p(x < => ee 3 oe =0.677 Ans. 


Example 2.27. The marks obtained in mathematics by 1000 students is normally 
distributed with mean 78% and standard deviation 11% determine 


. (Supple. Feb 2007 Set 1) 
1. | How many students got marks above 90% 
2. What was the highest mark obtained by the lowest 10% of the student 


Solution 
Let X — marks of the students 


x a 
The standard normal variate is z = a as 
o 
j = Y= 
Given that mean p = 78% = 0.78 7.0909 


Standard deviation o = 11% =0.11 


I. Probability for the students who got marks above 90% 
0.90 — ve) 


P 0.90) = 
(x > )= 02> or 


woe a2) 
caer nh 


= p(z > 1.0909) 
= 0.5 — Area from (0 to 1.0909) 


No. of studi 
2. What was tl 


For the low: 


Means z, m 


Example 2.28. 
board between 2 | 
particular minute tl 


1. 4or few 


Solution 
A= 2.5 


Letx=R.V: 
1. 4 or fewer 


Px 


2. more than 6 c 


P(x > 6)=1- 


j= 


ns. 


its is normally 


»b 2007 Set 1) 


tudent 


1.0909 


Distributions 2.43 


= 0.5 — 0.3621 
= 0.1379 
No. of students = 1000 x 0.1379 = 137.9 = 138 


2. What was the highest mark obtained by the lowest 10% of the student 
X= 
ae 10% Of the students i.e. 100 students. 
o ; 


1 
For the lowest 10% students’ area will be 0.1 [< | 


Means z; must be negative vA 


0.5 — (area from 0 to 0.1) SN 
= 0.5 — 0.0398 
= 0.401 


Example 2.28. | The average number of phone calls / minute coming into a switch 
board between 2 pm and 4pm is 2.5. Determine the probability that during one 


particular minute there will be (Supple. Feb. 2007 Set 1) 
1. 4 or fewer 2. more than 6 calls 
Solution 
N= 2.5 
F(A) = £(%52.5) 
“25yer* 
= aims 


Let x = R.V = number of phone calls / minute during 2 pm and 4pm. 
1. 4 or fewer 


ples 4)= > f(s 25) 


x=0 
= F (4; 2.5) Probe 077 > ate 0.8905} 
= 0.8905 Ans. 


2. moré than 6 calls 
p(x > 6)=1— p(x <6) 


=1-¥' f(x:25) 
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=1-F(6;2.5) [Cee Oe? -0.9855| 
= 1-0.9855 
= 0.0145 Ans. 


Example 2.29 Find the mean and standard deviation of a normal distribution in 
which 7% of items are under 35 and 89% are under 63. (Reg. Nov 2006 
Set2, Set3, Set4) 


(Nov.2009 set 4) 
Solution 
Given that 7% of items are under 35 and 89% of items are under 63 
Mean =? 


Standard deviation =? 


X=35 


1) p(x < 35)=0.07 <> 


=> Z must be negative such that area from 0 to z is 
0.5 — 0.07 = 0.43 
From normal distribution table z = - 1.48 
2) p(x < 63)=0.89< ; 
Z must be positive such that area from 0 to z is 0.89 ~— 0.5 = 0.39 
From normal distribution table z = 1.23 
We have 
x-X 
z= 
o 


Hades e571 M80 S85 ca (A) 
oO 


(936 OF 941935 S63 


o 
By solving (A) and (B) 
Arithmetic mean ¥ = 50.3 ‘Ans. 


Standard deviation o = 10.33 Ans. 


Example 2.30. Thi 
day. The no. of acci 


Calculate 
Solution 


f(x 
PC. 
Example 2.31. A | 


The numbers of 
distribution. Calcul: 


Solution 

A=3, V%=1 
P(x =x) 
P(« =1) 


Example 2.32. On 
the rate of 5 per 
distributed accordin 
exactly 7 emissions 


Solution 


P(x = x) 


P(K=T 


; 


Ans. 


1 distribution in 
‘Reg. Nov 2006 


Nov.2009 set 4) 


Distributions 2.45 


Example 2.30. The traffic police recorded on an average of 4 road accidents per 
day. The no. of accidents is distributed according to a Poisson distribution. 


Calculate the probability in any day of exactly 2 accidents 


Solution 
x -A 


[x 


f (x, A) =P (X=x)= a 


(ay e* 
[2 


018 
- a = 0.1465 Ans. 


Example 2.31. A printing press recorded on an average of 3 mistakes per ‘page. 
The numbers of printing mistakes are distributed according to a Poisson 
distribution. Calculate the probability i in any page of exactly one mistake. 


P (X= 2)= 


Solution 
d= 3, x=] 
x -A 
bsge = off 
[x 
3 e3 
P(x =1 = 
(x =1) T 
7 3e” 
= 3 x 0.0497 
= 0.1493 Ans. 


Example 2.32. On the average, alpha particles, are emitted by ratio active source at 
the rate of 5 per every minute. It is giveh’that the numbers of particles are 
distributed according to the Poisson distribution. Calculate the Devan of getting 
exactly 7 emissions in one minute 


Solution 
-AQx 
P(x = x) = is 7 
-5 7 
PEs). = £2 


0.00673 x 78125 


5040 
= 0.10432 Ans. 
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Example 2.33. 15% of a given lot of manufactured goods are defective what is the 
probability that in a sample of 6 such goods exactly one will be defective? 


Solution 
Given that 
15 % are the detective items 
Probability of the detective item is p=0.15. 
Probability of the non-defective item : q=1-p=1-0.15 


= 0.85 


For finding the probability that in a sample of 6 such goods exactly one will be 
defective, Binomial distribution formula can be used 


b(x; np) = 4, P*q 
b(1; 6,0.15)= 6, (0.15)' (0.85)°" 

= 6(0.15) (0.44) 
0.399 Ans. 


n-Xx 


il 


Example 2.34. Five percent of a given lot of manufactured goods are defective. 
What is the probability that in a sample of five such goods non will be defective? 


Solution 
Given that 
The probability of the defective item is p = 0.05 
For finding the probability that in a sample of five such goods non will be defective, 
Binomial distribution formula can be used 
b(x;n, p)=n, p* q”™* 
b(0; 5, 0.05) = 5, (0.05) (1-0,05)” 


= (0.95)? 
= 0.773 Ans. 


Example 2.35. What is the probability that a candidate selected at random will take 
between 500 to 600 hours to complete the training programme? With a standard 
deviation of 50 hours. 


x-xX 


Solution Z= 
o 


, - 00-500 _ 100 
5050 


=0.5 


The probabilit 
z=0.5 is ¢€ 
Example 2.36. A { 


The plastic bottles ar 
probability of packet 


Solution 
p = 0.02, q 


Example 2.37. If th 


Find P (X = 38 
Solution 
P(X = 38) <X 


=> P(i 
=> Are: 
=> Are: 
=> 0.47 


=> 0.04 


fective what is the 
fective? 


<actly one will be 


iods are defective. 
ll be defective? 


1 will be defective, 


it random will take 
? With a standard 
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The probability from the table for 
z=0.5 is 0.1916 Ans. 


Example 2.36. A firm manufactured plastic bottles of which 2% are defective. 
The plastic bottles are packed in packets each packet containing 5 bottles. Find the 
probability of packet which is having no defective bottles. 


Solution 
p= 0.02, q = 0.98,n=5,r=0 


b(r; np) = ln pg” 


Ir = 
~ o[s—0 = (0. 02)" (0. 98)" 
= (0.98) Ans. 


Example 2.37. Ifthe mean and S.D. of normal distribution are 70 and 16. 

Find P (X = 38) < X <P (X= 46) (Supple. Nov.2008) 
Solution 

P(X =38) <X <P (X= 46) 


ze az 2") <z<7Z, <2) 
16 

=> P(Z, =-2)"<Z<P(Z, =-1.5) 

=> Area from (0 to -2) - Area from (0 to — 1.5) 


=> Area from (0 to 2) - Area from (0 to 1.5) 


=> 0.4772-0.4332 


=> 0.044 Ans, 
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Example 2.38. A population consists of 5, 10, 14, 18, 13, 24 consider all possible 
samples of size two which can be drawn without replacement from the population. 
Find 
(Reg. Nov. 2006 Set 2) 
(Reg. Nov. 2006 Set 4) 


(Supple. Feb. 2007 Set 3) 


a The mean of the population 

b The standard deviation of the population 

Cc. The mean of the sampling distribution of means 

d The standard deviation of sampling distribution of means. 


Solution 
a. Mean of population 
sy 
wm" N 
5+104+144+184+13+424 
lL = 
6 
_& 
~ 6 
=14 Ans. 
b. 


N 


Gee (6-14 +(10—14)? + (14-14)? + (18-14)? + (13-14)? +(24-14) 
6 


2 = + (4)? +0) +4) + CD? +000)" 


6 
214 
o=,|-— 
6 


o = 35.66 
= 5.972 Ans. 


c. Sampling withor 
without replacen 


N. 


cn 


=€ 


Here N = Population si 
n.= Sample size 
Listing all possible sai 
me get 

(5, 10) (10, 14) 
(5, 14) (10, 18) 
(5, 18) (10, 13) 
(5, 13) (10, 24) 
(5, 24) 

The mean for each of tl 
75 12 16 15.5 
95 14 13.5 21 
11.5 11.5 19 

9 17 

14.5 

Sampling distribution 


Sample 
mean 


Freq. 


Mean of the sampling « 
— 75x1+9x14+9.5 


x 


+14.5x14 
_FTIAIEIS +2 
210 
Bene 
15 


d. The standard dev 


ider all possible 
1 the population. 


Nov. 2006 Set 2) 
Nov. 2006 Set 4) 
. Feb. 2007 Set 3) 


1)? +(24-14) 


Ans. 


Distributions 2.49 


c. Sampling without replacement finite population the total number of samples 
without replacement is 


a ee: £6 6xSL4 _ 
CN Nae AGO 2. SAS Oo A 


Here N = Population size 


15 


n= Sample size 
Listing all possible samples of size 2 from given population without replacement 
me get : 

(5, 10) (10,14) = (14, 18) (18, 13) (13, 24) 

(5, 14) (10,18) = (14, 13) (18, 24) 

(5, 18) (10,13) = (14, 24) 

(5, 13) (10, 24) 

(5, 24) 

The mean for each of these samples 

75 12 16 15.5 18.5 

95 14 13.5 21 


11.5 11.5 19 
9 17 
14.5 


Sampling distribution of the mean 
1 


= pape ppp 
sample ]¥ os) 9 os [ins] 12 iss! 14 lrssliss| 16 17 185] 19 2 
mee oe Rie STE wie oes eens We 

Peg he php kd de Soph pa eye Pek be oe eal 


Mean of the sampling distribution of mean 
7T.5xX14+9x14+9.5x14+11.5x2412x1413.5xi414xi 


ia 


Hy ~ ; a j 5 ‘< ee, 
+14.5x1415.5x1416x14 417 x14 185x119 x it i xk 
_ 7.54+949.5+23412413.5414414.5415.54+16417+18.54+19+421 
15 
= ay) =14 Ans. 
15 
d. The standard deviation of sampling distribution of mean 


YA =a) 


oO = 


x N 
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2  MIS= Nay 410-14’ + 10.514)’ + 2011.5 18)’ + 102.14)" +103.5— 14) { 


4 15 


+1(14— 14) +1(14.5 — 14) + 1(15.5 - 14) +1016 - 14f +1(17 - 14) +1(18.5 - 14) + 1019.14 ’ 


15 
52 - 6s +5) + (4.5)° + 2(2.5¥ +(-2) + (~0.5) +0)” 
—~ 15 : 
+ (5% + (1.5) +2) +) +457 + 6Y 
15 
42.25 +25 + 20.25 +12.5+4+0.25 + 0.25 + 2.25 +4+9 + 20.25 +25 
= 15 


oa, =3.3166 Ans. 


Example 2.39. Samples of size two are taken from the population of 1, 2, 3, 4, 5, 6 
without replacement find 
. (Supple Nov. 2008 Set 4) 
The mean of the population 

The standard deviation of the population 

The mean of the sampling distribution of means 

The standard deviation of sampling distribution of means. 


=m mo 


Solution 
e. Mean of population 


2 
oe | 


1424+3+4+5+6 


f. The standard 


17.5 

oOo = .J-— 
6 

ao =V2.91 
= 1.707 


g. Sampling wit 
without replac 


Nen : 
Here N = Pop 
n= Sample si: 
Listing all p 
replacement wv 


(1, 2) (2, 3) 
(1, 3) (2, 4) 
(1, 4) (2, 5) 
(1, 5) (2, 6) 
(1, 6) 


The mean for each o: 
15 2.5 3.5 4.5 
2 3 4 5 


25 3.5 4.5 
3 4 
3.5 


12.14) +1(13.5-14)" 


~1(18.5 - 14) +1(19.14)° 


(yr 


20.25 + 25 


Lof 1, 2, 3,4, 5,6 


: Nov. 2008 Set 4) 
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f. The standard deviation of the population 


(1 -3.5)? +(2-3.5)? + (3-3.5)? +(4—3.5)? +(5-3.5)? +(6-3.5)? 
ee A) ey O95) 
6 


o= | 25" + (-1.5)? +(-0.5)? + (0.5)? + (1.5)? + (2.5)? 


6 
17.5 
o=|— 
6 


o=V2.91 
= 1.707 Ans. 


g. Sampling without replacement finite population the total number of samples 
without replacement is 


Ney 56s 6 _ £6 6x524 _ 
2 £2 26-2 
Here N = Population size 
n= Sample size 
Listing all possible samples of size 2 from given population without 
replacement we get 
(1, 2) (2,3) (3, 4). (4, 5) (5, 6) 
(1, 3) (2, 4) (3, 5) (4, 6) 
(1, 4) (2, 5) (3, 6) ; 
(7,5) (2, 6) 
(1, 6) 


The mean for each of these samples 
EDS ° 25. 3:5 8S 5.5 

2 eB. ae os 

20° 3.5.45 


3 4 
3.5 
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Sampling distribution of the mean Solution 
X jis} 2 [25] 3 [35] 4 [45] 5 [55 The thirty s 
-4, -4, -4, =f 
fat eas 2 esa eer a Pre 
Mean of the sampling distribution of mean Soca 
15x] 42%142.5%243X243.5x344x244.5x24+5x145.5x1 ae ie 
H¢ = > > ? 
15 0,0 
1.54+24+54+6+10.5+84+94+5+5.5 : 
15 q 
= =3,9 Ans. 4 Probability 
h. ie standard deviation of sampling distribution of mean , : Probability 
2 
yA) 
o2 = -l Probability 
N 
pa 1(1.5 3.5)’ + (2—3.5)° +2(2.5-3.5)° + 2(3-3.5) +3(3.5.-3.5) Probability 
x 15 
+2(4—3.5)? +2(4.5-3.5)? +1(5-3.5)° +16.5-3.5)° Probability 
15 
ba IG 2)? + (-1.5)? + 2(1)? +2(- 0.57 +3(0) +2(0.5)" + 2)" +105)’ + 1(2.0)? . Probability 
: tS 
_442.254245.04045.042+2.25+4 Probability 
15 
2 26.45 Probability : 
1D ; 
; Probability : 
o. = 1.763 
xX 
o, =1.327 Ans. 
p(x =x 
Example 2.40. Take 30 slips of paper and label 5 each -4 and 4, four each -3 and 3, 
three each -2 and 2 and each -1, 0 and 1, if each slip of the paper has the same Mean fz = bp 
probability of being drawn find the probabilities of getting -4, -3, -2, -1, 0, 1, 2, 3,4 
and find the mean and variance of this distribution of means. = >. ( 


(Reg. Nov. 2006 Set 3) 
(Supple. 2007 Set 2) ie 
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Solution 
The thirty slips are 
a -4, -4, -4, -4, -4, +4, +4, +4, +4, +4 

1 ; — -3, -3, -3, -3, +3, +3, 43, +3 
: -2, -2, -2, +2, +2, +2 
-1,-1, +1, +1 
0,0 
Probability of diss 4= 2 = 

y org g 30 6 


_ 2 
Probability of getting — 3 = — 
ee a Bie 


3 
Probability of getting —-2 = — = — 
BET BG IG 


2 
Probability of getting —1 = —- = — 
een Ae a aa a 


2 
0 Probability of getting 0 = —- = — 
(3.5.—3.5) y of getting 0 = <= — 
1 


Probability of getting 1 = = ec 
-1(1.5)? + 1(2.0)” | Probability of getting 2 = ae sal 
| , 30 «(10 

Zz 


4 
Probability of getting 3 = —- = — 
a eal eae 


5 
Probability of getting 4 = —- =— 
y or g g 30. 


Probability distribution of the sample * 


fa fafatato 


p(X = x) a 
15 15 15 15 rm 15 
yur each -3 and 3, 


ger has the same Mean fz = =x Aa) ) 


| 

2, -1, 0, 1, 2, 3,4 | 5 ; a ’ 4 | 

=) (-4x=)+(-3x =) + (-2x—) + (-Ix—) + (0x —) +(x) | 

Nov. 2006 Set 3) : = 10 15 15 15 | 

pple. 2007 Set 2) +(2x—)4+ 3x) 4+(4x= 
( 10? ( 15) ( 6 
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Variance o- = v(x - uz} p(X) 


216x449 Ft dt pix Saxe 4 de $9 HOTS 


21 22 2 1 2 1 

=F 64-07% £+3-0f £+(-2-0) x +(-1-0) x 

(- 4-0) gua an eran oY x= 
+(0-0) x4 +(1-0)? x5 + 2-0) x +G-0) x5 


1 
4-0) x=: 
+( xe 


1 
10 Is 15 10 15 16 


= 2.666 +1.2+0.4 + 0.060 + 0.066 + 0.4 +1.2 + 2.666 
= 8.664 Ans. 


Example 2.41. If the population is 3, 6, 9, 15. 27 


a. 
the finite population. 
b. Calculate the mean of each of the sampling distribution of means 
c. Find the standard deviation of sampling distribution of means. 
(Supple. Nov./Dec. 2000 Set 2 ) 
(Supple. Feb. 2007 Set 1) 
(Supple. Nov 2008.Set.2, 3) 
(Nov.2009 set 4) 
Solution 


List all possible samples of size 3 that can be taken without replacement from 


Given population is 3, 6, 9, 15, and 27 


a. 


List all possible samples of size 3 that can be taken without replacement from 
the finite population i.e. 
ZS 
5 = 
3) 623 £5-3 
. é 
£322 
_ 5x4x Z3 
Z23x2x!1 
= 10 


Total number of samples 10. 
(3, 6, 9) (3, 6, 15) (3,6,27) (6,9, 15) 


(6, 9, 27) 

(9, 15, 27) 
b. Calculate th 
Mean of the 
1. (3, 6, 9) me. 
2. (336, 15)m 
3. (3,6,27)m 
4. (6, 9, 15) m 
5. (6,9, 27) m: 
6. (3, 9, 15) mi 
7. (3,9, 27) m 
8. (9, 15, 27) n 
9. (6,15,27)n 
10. (3, 15,27) n 
Sampling distribt 


Sample mea 
Frequency f 


Mean of the samp! 


(6x1) + (8> 


x 


2420) 
4a ae 
2 
2 
—0) ar 
1 
xO 
16 


placement from 


ans 


rec. 2000 Set 2 ) 
Feb. 2007 Set 1) 
iv 2008.Set.2, 3) 


Nov.2009 set 4) 


placement from 
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(6, 9, 27) (3, 9, 15) (3,9, 27) 
(9, 15, 27) (6, 15,27) (3, 15, 27) 


Ans. 
b. Calculate the mean of each of the sampling distribution of means 
Mean of the samples 
1. Geico a oe 
3 3 
2... 856,15) aap eS 
3 3 
4-4 Yan meNe 9 
3 3 
4, (6, 9, 15) mean = Soe Ee 6 
3 3 
& 4éOonnesn= Oo eee og 
3 3 
6. esse Sa ee 
3 3 
7. (3, 9, 27) siege ays 
3 3 
8. (O18 or eens a7 
3 3 
9. (6, ome 
oa 3 
10. (15,27) mean = =O 227 P15 


Sampling distribution of the mean 


smocmn® [eo _[ep>folals[ w]e] ope 
Feanyé it Polit ff fr] 


Mean of the smnplind distribution of mean 
(6x1) +(8x1)+ (9x1) +(10x1)+ 2x1) +d3x1)+04x1) 
+(15x1)+(16x1)+7x1) 


i 10 


2.56 Problems and Solutions in Probability & Statistics 


64849410412 4+13 414415416417 


10 
= ie =12 Ans, 
10 
C. Standard deviation of sampling distribtition of means 
Variance 
it 2 
YA, < hu) 
o2 = sels 
x N 
(6-12)? +1(8-12)° + 19-12) +1012)" +112 - 12)? +113 - 12° 
sh = +$1(14-12)° +115 - 12) +116 -12)° +117 - 12)’ 
a 10 
6) + (4h +03" +27 +)? +0)? + 2)? +6) +4)" +6)" 
10 
Variance oF = pe =12 
10 
S.D. Og = 3.464 “Ans. 


Example 2.42. A population consists of five numbers 2, 3, 6, 8, 11. Consider .all 
possible samples of size two which can be drawn without replacement from the 


population. Find 
(NR/OR June 2002) 


(Supple. Nov. /Dec. 2004) 
(Reg. April/May 2005 Set 3 Set 4) 
(Supple. Nov 2008.Set.1) 


a The mean of the population 

b. Standard deviation of the population 

c. The mean of the sampling distribution of means 

d The standard deviation of the sampling distribution of means. 
Solution 

a. The mean of the population 


pee 30, ron 


5 5 


b. Standard d 


= 3.3 


C. Sampling w 
without rep 


Here N = pc 
n = sample s 
Listing 
replacement 
(2,3) (3, 
(2,6) = (3, 
(2, 8) GB, 
(2, 11) 
The mean of each c 
2.5 4.5 7 
4 5.5 
5 7 


Sample n 


Frequenc 


The mean of the san 
_ 2.5x1+4x 


x 


P +113 -12)° 


+ +6P 


11. Consider all 
sement from the 


JOR June 2002) 
Nov. /Dec. 2004) 
1005 Set 3 Set 4) 
Nov 2008.Set.1} 
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b. Standard deviation of population 
N ; 5 
De 
r=] 
N 
oy ee + (3-6) +(6~6) +(8-6) +(11-6) 
5 
9+0 5 4 
S [16+ +0+4+2 7 5 -Ji08 =3.28 
5 5 
= 3.3 Ans. 
Cc. Sampling without replacement (finite population, the total number of samples 
without replacement is 
Z Z 
Nie 6 6 a ES 2, 
ig 2 22 Z5-2 223 


Here N = population size 
n= sample size 
Listing all possible samples of size 2 from given population without 
replacement we get ‘ 
(2,3) (3,6) (6, 8) (8, 11) 
(2,6) (3,8) (6, 11) 
(2,8) (3,11) 
(2, 11) 
The mean of each of these samples 
2.5 4,5 7 9.5 


4 5.5 8.5 
> 7 
6.5 


Sample mean X, | 2.5} 414.5/515.5 1651/7] 8.5 los! 
Frequency f; I 1} 1 1} 1 1] 1 1 | 


The mean of the sampling distribution of mean 
_ 25x14 4x14+4.5x145x145.5x146.5x14+7x248.5x14+9.5x1 


XxX 10 
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eo 2.5 4444.54545.546.54+1448.549.5 Sotution 
10 Given that 
eS 60 _ 6 ‘ane Sample size n = 10 
10 Mean of populatior 
d. The standard deviation of sampling distribution of mean Variance of popula 
N 3 a 
Sia) | =16 
G: = ist xX, =r 
N — 
Das (3.5) +(-2) +15) + 1° + (40.5) +05) +2x() +2.5) + (3.5 za 
x 10 ‘ a 
is, 12.25+442.25+140.25+0.25+2+6.25 +12.25 2) =- 
10 P75 <x<78)=, 
_ 40.5 = 
10 = 
oy = 4.05 ss 
oz = 2.01 Ans. Example 2.45, A 1 
all sam i 
ear 4.43. Find the value of the finite population correction factor for n= 10 and seer -~ 
(JNTU 1999), (2000/S) 
Solution 
N —> population size - The populatio 
n—> sample size 2, The populatio 
Given that _ 3. The mean of t 
N = 1000 4. The standard « 
n= 10 Verify (3 
Correction factor for finite population = ie 1 Solution 
| = 1. Mean of 
Correction factor = WU = eal = 0.99 Ans. popu 
1000-1 999 
Example 2.44. What is the probability that X will be between 75 and 78 if a r 
random sample of size 100 taken from an infinite population has mean 76 and 


variance 256. 


(Reg. Nov. 2006 Set 1) 
(Supple. Nov. 2004 Set 3) 
(NR / OR 2001) 


=] 
2. Population stan 


‘or for n = 10 and 


1 1999), (2000/S) 


1 75 and 78 if a 
has mean 76 and 


Nov. 2006 Set 1) 
Nov. 2004 Set 3) 
(NR / OR 2001) 


BP RNS 
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Solution 

Given that 

Sample size n= 100 

Mean of population = 76 
Variance of population o” = 256 


o=16 

X, =75 

eee! », 15-16 "  _ 78-76 
olJn "16/100 > 16/¥100 

z; = -0.0625 2) =1.25 


(7S < x $ 78) = p(-0.625 < z < 1.25) 
= Area (from 0 to -0.625) + Area (from 0 to 1.25) 
= 0.2340 + 0.3944 
= 0.6284 Ans. 


Example 2.45. A population consists of six numbers 4, 8, 12, 16, 20, 24 consider: 
all samples of size two which can be drawn without replacement from this 
population. Find 


(JNTU 2000) 
(Supple. Feb. 2007 Set 4) 


The population mean 
The population standard deviation 
The mean of the sampling distribution of means 
The standard deviation of the sampling distribution of means. 
Verify (3) & (4) from (1) & (2) by the use of suitable formulae. 
Solution 


x; 
1. Mean of population 4 = 24 


_ 44+84+12+16+204+24 


6 
ost 
6 
=14 Ans. 


2. Population standard deviation 
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= [ei- Hy 
N 


_ eur + (8-14)? + (12-14) + (16-14)? + (20-14)? + (24-14) 


6 
e 100 +36+4+4+4+36+100 
{oe 6 | 


[980 
= oe = 746.67 
6 
o =6.8313 Ans. 
3. Sampling without replacement (finite population) 


The total number of samples without replacement is _ 
26 _ 6x5x 24 


No, = 6c, => = =15 
n "2" 22 L£6-2 2x LA 


Here N = population size, n= sample size 
Listing all possible samples of size 2 from given population without replacement we 
get 
(4,8) (8,12) (12, 16) (16, 20) (20, 24) 
(4,12) (8,16) (12, 20) (16, 24) 
(4,16) (8,20) (12, 24) 
(4,20) (8,24) 
(4, 24) 


The mean for each of these samples: 
6 10 14 18 22 


10 14 18 
12 16 
14 


peo [oP Lelnf fa fe 
TFrequeneyf | 1 Jif 2]2[3]2]2]1| 


Mean of the sampling distribution of mean 
ise 6x14 8x1410x24+12%24+14x%34+16x24+18x2+20x1+22x1 
— 15 : 


_ 8) +6) 


3 644+ 36+ 32. 


o% = 18.666 
oz =4.3204 


Varification 


Example 2.46. A no! 
400 is collected for 
distribution. 


Solution 
Given that 


it replacement we 


aT 
{1 | 


0x1+22x1 
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=14 ARS. 


4. The standard deviation of the sampling distribution of mean 


— DAK - a 


0, = 
x N , 


2 _ 6-14)’ + 8-14)’ +3(10=14) +2(12-14) +3(14 +14) 
al 15 
+ 2(16 —14)° + 2(18- 14) +.1(20-14) + 1(22- 14) 
: 15 : 
(68 +6)? +4) +2(- 2) +300 422)? +264" +6)? +8)? 
15 
_ 644 364324848432 +36 +64 
15 
_ 280 
15 
o% = 18.666 
Ox =4.3204 Ans. 


Varification 


6.831 
2.449 
oz =2.494 Aus. 


x 0.8944 


Example 2.46. A normal population has a standard deviation of a sample of size 
400 is collected for testing, find the standard error of the mean of sampling 
distribution. 


Solution 
Given that 
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Standard deviation of the population o = 2 
Sample size n = 400 
oO 


Standard error S.E. = —= = ges! = =—=-0.01 Ans. 
n 400 20 10 


Example 2.47. Find the value of correction factor if n = 4 and N = 100 


Solution 
Given that 
The size of population N = 100 
Size ofsamplen=4 0° 
N-n 100-4 96 


Correction factor = ———— = = — = 0.9696 Ans. 
N-1- 100-1 99 


Example 2.48. How many different samples of size 2 can be chosen, from a finite 
- population of size 50? 

Solution 

Given that 

The size of population N = 50 

Size of sample n = 2 

The total number of samples without replacement (infinite population) is 
£50 ‘250 _ 50x 49x 248 


= —————_—_ = = 1225 Ans. 
2 £2 £50-2 2x 248 


N 


Cn 


Example 2.49. Determine the mean and s.d. of the sampling distribution of means 
of 300 random samples each« size n =36 are drawn from a population of N = 1400 
which is normally distributed with mean p = 21.5 and s.d. o = 0.058, if sampling is 
done ‘ 

a. with replacement and b. without replacement 
Solution 
Given that 
Size of population N = 1400 
Size of sample n = 36 
Mean p= 21.5 
s.d. o = 0.058 
a. With replacement (infinite population) 

Mean of the sampling distribution of means 


Standard deviati 


y 


b. Without replace: 


Example 2.50. Detern 

a. _—_ Lies betwe: 

b.. is less than 

If normal populai 

3 and number of 
Solution Given that 
population 


population sti 


a 

o/Nn 

He 66.8 - 

3/4 

J eh2 

0.6 

a. Lies between 66.8 
p(66.8< X <6s 

= Area (from 

= 0.4772 + 0. 


= 0.9759 


00 


in, from a finite 


n) is 


Ans. 


bution of means 
‘ion of N = 1400 
8, if sampling is 


cement 
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Hz =H=215 
Standard deviation of the sampling distribution of means 
pee R poe ate 
n 36, 
b. Without replacement 
Hz = M=2155 


Pe Non aie 8 oa=36 
“ — NnVN 1400-1 
, coef 


= 0.0096 x 0.9874 
= 0.009479 _ Ans, 
Example 2.50. Determine the expected number of samples whose mean 
a. Lies between 66.8 and 69.8 
b.. is less than 67.4 
If normal population mean is 68 and standard deviation is 
3 and number of samples 70. 
Solution Given that 
population mean p = 68 


population standard diviation o =3 


22H 
ee TY 
i _ 66.8-68.0 ‘| _ 69.8- 68.0 
Bhs = Sp/O5 
_=12 _18 
0.6 0.6 
=.2 =3 


a. Lies between 66.8 and 69.8 
p(66.8 < ¥ < 69.8) = p(-2.0<z <3) 


= Area (from 0 to -2.0) + Area (from 0 to 3) 
= 0.4772 + 0.4987 
= 0.9759 
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Expected number of samples with mean between 66.8 and 69.8 is 4 c. Me icy 
= number of samples x probability q | 
=70 x 0.9759 
= 68.313 Ans. 

d. Hy, -u, = Hu, 


X-p  674-68.0 


b. is less than 65.4 Z= = ——_——=—_ 
| olin 3/425 
: - 1.0 
- 706 __, L e. oy, =? , 
6 4 
p(X < 65.4) = p(z <-1.0) 
= 0.5 — 0.3413 
= 0.1587 
Expected number of samples = number of samples x probability 
= 70 x 0.1587 
= 11.109 Ans. 

Example 2.51. Let U, =(1,3.5),U, = (3,8) find 

a. Hy, b. Hy, = Puy, d. Puy-u, 

& Oy, f. Oy, 8. Oy su, h. Cu,-U, 
Verify that 

i. Hy su it al a f Oy, =? 

2 1 in 
: oy =) 
J. Hy -u. =#,, ~# ? 
12 “a 

k. Oysu, = 4%, + Oy, 

Solution 


Given that U, = (1,3,5),U, = (3,8) 
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69.8 is ‘ C. Hy .u, Hy + Hu, 


=3+5.5 

= 8.5 Ans, 
d. My,-v, =Hu, Fu, 

=3-5.5 

=.25 Ans. 


a 
| 


= Variance of the population U; 


_ (1-3 +6-3)7 +(5-3) 


ability (2) + (0) +(2) 


Oy, =1.6329. Ans. 


Oy, ” = Variance of the population U; 


_ G-5.5)? +(8-5.57 
. 2 

_— 2.5) +(2.57 
—e 

_ 6.254 6.25 

~~ 9 


12.5 
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oy, = 6.25 ‘ _ 


Oy, =2.5 * Ans. 


& Fun “4 _ i oe 
= (G.66)+ 6.25 i es Z 
dear | ’ 4U,= 
Oya, = 2.985 AMS. . 6 (4-85 
oe | “% nie ( 

= 18.916 = 


= 2.985 Ans, ; 53.5 
i. Verification 7 — 
Ousw, = + =34+5.5=8.5 
uu, = Hy, * Hu, ‘ o} wu, =8! 
Hu, +0, =? acta, : 
U, =(1,3,5) U, =(@,8) le 
Uj + Up = (143, 343, 5+3, 148, 3+8, 5+8} U,-U, =4 
= {4, 6, 8,9, 11, and 13} | Ou-u, = 
44+6+84+9+114+13 2 3 
Biggs so ee [-2-(2.5)PL-o-( 
6 
=8.5= My +My, Ans. 2 (0.5) + (2.5) - 
j. Hy,-u, = Hu, ~ Pu, 
U, =(1,3,5), U, = (3,8) | _ 0.2! 
U, -U, = {1-3, 3-3,5-3,1-8,3- 85-8} ea 
= {-2, 0, 2, -7, “5, -3} | Se ms 
_ €2)+0+2+67)+E5+C3) 2 
. Ty,-u, 


Hy,-v, | 6 


Distributions 2.67 
ne hs 
6 
= —-2.5 = My, ~ Hy, Ans. 


= | 2 2 
k. Ou,su, Hye U, +o U2 


U, +U,={ 4,6, 8, 9, 11, 13} 


2 _ (4-8.5)' +(6-8.5)’ +(8-8.5) +-8.5) +(11-8.57 +(13.8.57 


Ou, su, 6 


_ 45)? +257 +(0.5) +05)? + (2.5) + (4.57 
pe a age ap 
= 20.25 + 6.25 + 0.25 + 0.25 + 6.25 + 20.25 
6 
_ 33:5 


6 
Ov,.y, = 8.9166 


Ov,.u1, =2:986= Jo? +07, 
U, -U, = {-2, 0, 2, -7, -5, -3} 


Tet), = 

[-2-(-2.5)?[-0-(-2.5)P +[2-(-2.5)P +[-7-(-2.5)f +[-5-(-2.5)P +[-3-(-2.5)P 
6 
_ 242.57 2.57 + (242.5) +(-742.5)P +5 42:5" +3 42.57 
6 
(0.5) +(2.5) + (4.5) +(—4.5)7 +(— 4.5) +(-2.5) +(-0.5) 
Se ae 
_ 0.25 + 6.25 + 20.25 + 20.25 +6.25 +0.25 
6 


_ 53.5 
6 
Oy, -y, = 8.9166 


6 1) 1), = 2.9860 = Jo? +05, Ans. 
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Example 2.52. Explain norma! distribution. Find the probability that a random - 
variable having the standard normal distribution will take on a value between 0.87 


and 1.28. e. 7 No. of stud: 
: (NR / OR 2001) 

Solution 

P (0.87 < z< 1.28) * iii. Between 65 
= Area from (0 to 1.28) — Area (from 0 to 0.87) : P(65<x< 
= 0.3997 — 0.3078 : 65—¢ 
= 0.0919 Ans. - z,=—— 

0.87 1.28 ; 3 
=. 1] 


Example 2.53. If the masses of 300 students are normally distributed with mean 


68kg. and standard deviation 3 kg., how many students have masses. P(65>X< 
i. . Greater than 72kg = Arei 
ii. Less than or equal to 64kg = 0.34 
iii. | Between 65 and 71kg (inclusive) = 0.68 
~~ WS The number 
olution fe) 
= = 300 
Given that aris 
The masses of 300'sttidents are normally distributed with mean Decal ans De 
oe! sample of 40 of 1 | 
Li. = 68 Kems. = 1 liter of such pail 
Standard deviation o = 3 kgms. 31.5 square feet. 
i. Greater than 72 kgms. Solution 
72 68 Given that 
Z=— = 1.33 * Sample of 40 of 11 
; Between 510 to 521 
D(X > 72)=0.5-(Area z= 1.33) Mean = $13.4 sans 
= 0.5 — 0.4082 Standard deviation 
= 0.5 — 0.4082 We know that 
= 0.0918 
No. of students whose weight > 72 
0.4082 
= 0.0918 x 300 
=28 
ii. Less than or equal to 64 p(X < 64) Z7=-1.33  O 
64 - 68 
z= = 1,33 


2 
a) 


P(x < 64) = 0.5 — Area z= -1.33 
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y that a random ‘ = 0.5 - 0.4082 
ilue between 0.87 a = .0918 
No. of students whose weight is less or equal to 64 kgms 
(NR / OR 2001) = 0.918 x 300 


= 28 
ili. | Between 65 and 71 k.gms. (inclusive) 
P (65 <x <71) 


65-68 71-68 
i 22> 
87 = 1.28 ; ‘ 
| 0. e a _ 
ibuted with mean P(65 > X <71)=p(-l<z<1) 
se = Area 0 to -1 + area 0 to +1 
= 0.3413 + 0.3413 7=-1 Z =+] 
= 0.6826 
SNS The number of students whose masses lie between 65 and 71 k.gms. is 
a = 300 x 0.6826 =205 Ans. 
aii Example 2.54. Determine the probability that the sample mean area covered by a 
sample of 40 of 1 liter paint boxes will be between 510 to 520 square feet given that 
I liter of such paint box covers on the average 513.3 square feet with standard of 
31.5 square feet. (Reg. 2004 April/May Set 3) 
Solution 
Given that 
’ Sample of 40 of 1 liter paint boxes n = 40 
Between 510 to 520 square feet 
Mean = 513.3 square feet 
Standard deviation = 31.5 square feet "0.66 13952 
We know that 
pee 
ola 
XX : 310 -513.3 2 520 —513.3 
bea Se Do en ete fae 
—-= 31.5/¥40 31.5/¥40 
—3.3 6.7 
2} 43 


~ 4.9806 ~ 4.9806 


= - 0.66257 z2 = 1.3452 
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p(x, <x*< x5)= p(510<x< 520) 
= p(z,<z<z,)= p(-0.66 < z < 1.3452) 
= area (from 0 to — 0.66) + (area from o to 1.3452) 
= 0.2454 + 0.4099 
= 0.6553 Ans. 


Example 2.55. 

A population random variable X has mean 100 and standard deviation 16. 
What are the mean and standard deviation of the sample mean for random samples 
of size 4 drawn with replacement. (Reg. April / May 2004 Set 1) 


Solution 

Given that 

Mean 2 = 100, Standard deviation o = 16,n=4 
Mean & standard deviation of the sample mean =? 


With replacement 
- =p and o; =a/vn 


16 16 
= =u=100 and 0. =—= =— =8 
Ly HL ¥ V4 a 


Ans.| “4; =100 ‘Ans. | o; =8 
Example 2.56. 


Let S = {1, 5, 6, 8} find the probability distribution of the sample mean for 
random sample of size 2 drawn without replacement. , 
(Reg. April / May 2004 Set 1) 


Solution 
The total number of samples without replacement is 
Z4 
Non =4¢, = Fy Zqn2 
ee 
Oat) 
4x3xZ2 
ae ee: 


The number of 


qd, 


Mean of the ea 


(1,5) mean 
(1,6) mean 
(1,8) mean 
(5,6) mean 
(5,8) mean 
(6,8) mean 


Mean of sample 


Sampling distrit 


Population 


Example 2.57. 


having the mean 
72 and 77? 


Solution 
Given that 
n= 144 


a Distributions 2.71 
7 The number of samples = 6 
‘ (1, 5) (1, 6) (1, 8) (5, 6) (5, 8) (6, 8) | 
Mean of the each sample | 
2 1+5 6 | 
(1,5) mean =——~=—=3 
2 2 | 
(1,6) mean = ne =e =3.5 
fd 2 3 
lard deviation 16. 
r random samples , (1 8) alse at 1+8 a9 -45 
May 2004 Set 1) , ae: 
(5,6) mean = eam es 5.5 
2 2 
(| 
(5,8) mean = Sh eee | 
Z 2 | 
(6,8) mean Oe 
2 2 rf 
Mean of samples 
= 3, 3.5, 4.5, 5.5, 6.2, 7 
Sampling dist PuuON mean (without replacement) 
: sample mean for Population mean = ae a = = 
! May 2004 Set 1) wee 3x +3:5x1+4.5x1+5.5x1+6.5x1+7x1 
- My = F 
= = =5 Ans. 
6 


Example 2.57. A random sample of size 144 is taken from an infinite population 
having the mean 75 and variance 225. What is the probability that X will be between 
72 and 77? (Supple. Nov. /Dec. 2005 Set 3) | 
Solution | 
Given that | 
n=144 | 


. 272 Problems and Solutions in Probability & Statistics 


_ Mean X =75 
Variance o = 225 % 
The probability that X will be between 72 and 77 =? 


We have 
_ X-X 
ae alNn 0.1066 0.16 
ae 72-75 — 771-75 
225//144 ” > 225/144 
-3 2 
z= Zz, =—— 
18.75 18.75 
Zz, =0.16 Z7 = 0.1066 


p(x, < X <x,)= p(72< X <77) 
= ple, zs zy) 
=p (0.16 <z< 0.1066) 
= Area (from 0 to 0.16) - Area from (0 to 0.1066 
= 0.0636 — 0.0398 
= 0.0238 . . Ans. 
Example 2.58. Find the mean and standard deviation of sampling distribution of 
variances for the population 3, 4, 5, 6 by drawing samples of size two with 
replacement. 
Solution 
The total number of samples with replacement is 
N° =4? = 16 
Here N = population size and n= sample size 
Total number of samples = 16 


(3, 3) (4,3) (5,3) (©,3) 
3 3.5 4 4.5 
(3, 4) (4,4) (5,4) (6,4) 
3.5 4 45  . 5 

(3, 5) (4,5) (5,5) (6,5) 
4 4.5 5 5.5 
(3, 6) (4,6) (5,6) (6,6) 


4.5 5 5.5 6 


Variance of each 
Variance for the : 


Variance for the ; 


_ (4-35 


Variance for the ; 


7 (5-4) 


Variance for the s 


_ (6-448 


Variance for the s 


7 (3-3.5 


Variance for the s 


(4-4) 


Variance for the s 


_ (6-45) 


Variance for the s 


Variance for the s 


Variance for the s. 


_ (4-4.5 
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Variance of each sample 
Variance for the sample (3, 3) with mean 3 


_ B~3)P +63)? | ‘ 
2 
Variance for the sample (4, 3) with mean 3.5 


0.16 _ 4-35)! +B-35P 054052 0.25405 aoe 
i —eeee——————— ee % 
2 2 2 
Variance for the sample (5, 3) with mean 4 
_ 5-4? +6-4 | OO? 2, 
2 2 2 
Variance for the sample (6, 3) with mean 4.5 
_ 6-457 +8-45" (15) +(-1.5)P — 2.2542.25 se 
a ee ee =————- = 2. 
2 2 2 
Variance for the sample (3, 4) with mean 3.5 
_ B-3.5)° +(4-3.5P (0.5 + (0.5)  0.25+0.25 ee 
a ~_—_—oeoOCOo- => = : 
| 2 Zz. 2 
Ans. | Variance for the sample 4, 4) with mean 4 
2 2 
listribution of _ (4-4) +(4-47 a, 
ize two with 2 
Variance for the sample (S, 4) with mean 4.5 
(54.5) +(4-4.5) (0.5) +(-0.5) 0.2540.25 638 
oe NE = ——————_ = 0, 
2 , 2 2 
Variance for the sample (6, 4) with mean 5 . 
_ (6-5) +(4-s? 2 +1) el2 
2 2 2 2 
Variance for the sample (3, 5) with mean 4 
_ B-4)'+6-4P 1h +)? 41 2_, 
eS ie a = ee a 
Variance for the sample (4, 5) with mean 4.5 
(4~4.5)°+(5~4.5)  (—0.5)? + (0.5)° _ 0.25+0.25 ae 
= eh ee = ———__— = 0, 
Z 2 2 
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Variance for the sample (5, 5) with mean 5 
_G-5P +6-5)' _, 
2 
Variance for the sample (6, 5) with mean 5.5 
_ 6-552 + 5-557 _ (0.5) +05)" _ 0.254+0.25 _ 495 
7 2 2 2 
Variance for the sample (3, 6) with mean 4.5 
_ 6-45) +6 -4.5) _ (E15) + (5) _ 2.25+2.25 
7 2 2 
Variance for the sample (4, 6) with mean 5 
_ (4-57 46-5 _ CIP +? +0. 1+1_ 
> 2 “2 
Variance for the sample (5, 6) with mean 5.5 
_ (5-5.5)? +6-5.57P _ (0.5 +05)? _ 
7 2 2 
Variance for the sample (6, 6) with mean 6 
_ 6-6) +(6-6) | ‘4 
2 


Thus the variance for each of the 16 samples 


= 2.25 


0.25 


Mean of the sampling distribution of variance 


_ 0x440.25x6+1x4+2.25x2 
16 
10 


~ 16 


Variance of samplin; 


_ 4(0- 0.62: 
__ 4x (0.625) 


_ 1.5625 +0. 


16 
Variance = 0.5 
Standard deviation o: 


=V0.5 


Example 2.59. Finc 
variances for the po 
replacement. 


Solution 
The total number of s 


Here N= population 
Total number of sam] 
(4,5) (4,6) 4, 
4.5 5 5. 
Variance of each sar 
Variance for the samy 
_ (4-45) + 

2 

Variance for the samg 
_@- 5)? +( 

2 

Variance for the samr 
_ (4-55) + 

2 
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Variance of sampling distribution of variance 


4(0— 0.625)" + 6(0.25 - 0.625) + 4(1 - 0.625)" + 2(2.25- 0.625)? 


16 
_ 4x (0.625) + 6x (0.140625) + 4 x (0.140625) + 2 x (2.640625) 
eee 
0.25 _ 1.5625 + 0.84375 + 0.5625 + 5.2825 
age 
_ 8.25 : 
2.25 . 16 


Variance = 0.515625 - 
Standard deviation of samples distribution of variance 


=¥0.515625 = 0.71807 Ans. 


Example 2.59, Find the mean and standard deviation of sampling distribution of 
variances for the population 4, 5, 6, 7 by drawing samples of size two without 
replacement. 
Solution ; 
The total number of samples without replacement is 
ZA4 ZA4 4x3x ra a 

No, =4¢. = = ———_ = 
a 2 £2 44-2 2222 2xixZ2 
Here N = population size and n = sample size 
Total number of samples = 6 
(4,5) (4,6) (4,7) (5,6) (5, 7) (6, 7) 
4.5 5 5.5 5.5 6 6.5 


Variance of each sample 3 
Variance for the sample (4, 5) with mean 4.5 
_ (4-457 +6-4.57 _5P +05! _ 0.254+0.25 
2 . 2 7 
Variance for the sample (4, 6) with mean 5 
_ (4-5)'+(6-5? _ iP cy 


Z 


= 0.25 


eal ee 
2 


Variance for the sample (4, 7) with mean 5.5 
_ 4-557 +(7-5.5P (5% +(0.5) _ 2.2542.25 
AE oe REE ee 


= 2.25 
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Variance for the sample (5, 6) with mean 5.5 
_ (5-55) +(6-5.5) _ (0.5) + (0.5) _0.25+0.25 _ 445 
2 2 2 
Variance for the sample (5, 7) with mean 6 
_ (5-6 +(7-6) _ (1) +1) 141, 
2 ee 2 
Variance for the sample (6, 7) witli mean 6.5 


_ 6-65) +(7-6.5)" _ (0.5) +057 _ 0.25+9.25 _ 94. 
Se eee ne SE 


2 Z 
Thus the variance for each of the 6 samples 
0.25 1 2:20 
0.25 1 0.25 
Thus the sampling distribution of variances (without replacement) is 
S? 0.25 | 1 2:25 


[Frequency [3 [2 [1 
Mean of the sampling distribution of variance 
= 0.25x341x24+2.25x1 


6 
JOSE 2 ERIS Fe 
6 6 


Variance of the sampling distribution of variance 
_ 3x (0.25 - 0.8333)? + 2(1- 0.8333) +1(2.25 - 0.8333)” 
a ey eee 
_ 3x 0.34023 + 2.x 0.1667 + 1(2.007038) 
7 6 
_ 1,02071+ 0.05557 + 2.007038 
7 6 
_ 3.083318 
6 
‘Variance = 0.513888 
Standard deviation of S.D of variance = ¥0.513888 
=0.71685 Ans. 
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Binomial! Distribu 


1) The probabili 
10 cars are ex 


(a) None wil 
(b) Exactly { 
(c) At least t 


[Hint: (a) P(x=0 
(b) P(x 


Soft wares are 
software does n 
computer, find t 


(a) Exactly tw: 
(b) Atleast tw: 
(c) Al! will wo 


(Hint:(a) P(x=2)=b(2; 10; 


(b) P(x>2)= 1- P(x: 
=1-'5 

x= 

= 1-01 

(c)P(AII will work | 


Poisson distribution 


3) 


2% of total prii 
books are kept it 


1) Two books w 
2) At least three 


3) 2<books has 1 
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: EXERCISE 
: Binomial Distribution 


= 0.25 1) The probability that a car manufactured by a company is defective is 0.5. if 
10 cars are examined, find the probability that 


(a) None will be defective 
(b) Exactly five will be defective 
(c) Atleast three will be defective 


(Hint: (a) P(x=0)=b(0;10;0.5) = 0.0010 Ans. 
(bd) P(x=5)=b(5;10;0.5) 
= 0.25 i ; 


= ¥ b(x;10,0.5)- ¥ b(x;10;0.5) 
n=O ‘ x=0 
= 0.6230-0.3770 = 0.2460 Ans. 
(c)  P(x=3) =1-P(x<3) 


=1- *Y b(x; 10; 0.5) 
x= 


= 1-0.0547 = 0.9453 Ans.] 


2) Soft wares are developed by a software company, the probability that 
software does not work properly is 0.4. if 10 such soft wares are Installed ina 
computer, find the probability that 
(a) Exactly two does not work properly 
(b) At least two does not work properly 
(c) Al! will work properly 


[Hint:(a) P(x=2)=b(2;10;0.3)= 75; b(x;10;0.3) - 'F, b(x;10;0.3) 
x= x=0 
= 0.3823-0.1493= 0.2335 Ans. 
(b) P(x2>2)= 1- P(x<2) 
= 1-'S b(x;10;0,3) 
x=0 
= 1-0.1493 = 0.8507 Ans. 
(c)P(AIl will work properly)= P(zero software does not work properly) =P(x=0) 
=b(0;10;0.3) =0.0282 Ans.] 


Poisson distribution 


3) 2% of total printed books in a printing press have printing mistakes, 100 
books are kept in a box. What is the probability that there will be 


1) Two books which has printing mistakes 
2) At least three books which has printing mistakes 
3) 2<books has printing mistakes<5 
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4) 


5) 


6) 


(Hint: p= np=0.02x100=2 


(1) P (2, 2)=0.272 Ans. 

(2) P (x23) =1-P(x=0)-P(x=1)-P(x=2) 
= 0.320 Ans. 

(3)P (2<x<5) = 0.272 Ans.] 


If x is a poisons variate such that 
P(x=1) =14 P(x=3) find the probability P(x=0) 


[| Hint: PQx=1)=14 P(x=3) 
p=V3/7 = 0.654 
P(x=0) = (e* p*)/x! = e# =0.5199 Ans, } 


If x is a poisons variate such that P(x=1) = 7 P(x=3) find p. 


| Hint: P(x=1)=7 P(x=3) 
p=V6/7= 0.9258 Ans.] 


If two cards are drawn from a pack of 52 cards, which are hearts. Using 
Poisson distribution, determine the probability of getting two hearts at least 
three times in 51 consecutive trials of two cards drawing each time. 


[ Hint: p=np= 51 (13¢,/52c,)= 3 
P (x23) = 1-P(x=0) - P(x=1) - P(x=2) = 0.5767 Ans. 


’ Normal Distribution: 


7) 


8) 


If x is a normal variate with mean 30 and standard deviation 5. Find the 
probability that 
1) 26< x < 30 2) X>45 
{ Hint: 1) Z=(x-pyo , Z=-0.8,Z.=0 
P (-0.8<z<0) =0.2881 Ans. 
2) P(x>45)=P(z>3)=0.0013 Ans.] 


The marks of students of an engineering college were found to be normally 
distributed with mean 50 marks and standard deviation 5 marks. Find the 
number of students who got the marks more than 60. If no of students are 700. 
| Hint: P(x>60) = P(z>2) = 0.5-Area from 0 to 2 
= 0:5-0.4772= 0.0228 
The no of students who got more than 60% of marks 
= 15.96 x 700 
= 16 students Ans.] 


Sampling Distribu 


9) 


A populatior 
samples of : 
population. F 


a) The mean 
b) The stande 


[Hint: a) Mean« 


b) The s 


a [is - 12.5)? +( 


10) 


A population 
samples of s 
population. Fi 


a) The mean ¢ 
b) The standa 
c) The mean ¢ 
d) The standa 


(Hint: a) Meano 


b) The sta 


ee [(G-12.8 
= J42.96 = 


c) The total numbe 


Here N = Pop 


Listing all pos 


are hearts. Using 
wo hearts at least 
1 time. 


iation 5. Find the 


nd to be normally 
} marks. Find the 
‘students are 700. 
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Sampling Distribution 

9) A population consists of four numbers 5, 10, 15, 20 consider all possible 
samples of size two which can be drawn without replacement from the 
population. Find 


a) The mean of the population 
b) The standard deviation of the population 


2s _5+10+15+20 50 _ 15, Ans, 
N 4 4 


[Hint: a) Mean of population 4d = 


¥,-1) 


N 


2 2 2 2 
ae (S - 12.5) + (10 -12.5) aaa +(20-12.5)" _ 31.25 =5.590 Ans 


10) A population consists of five numbers 5, 8, 12, 15,24 consider all possible 
samples of size two which can be drawn without replacement from the 
population. Find 


a) The mean of the population 

b) The standard deviation of the population 

c) The mean of the sampling distribution of means 

d) The standard deviation of sampling distribution of means. 


b) The standard deviation of the population = 


Dx _5+8+124154+24 64 
N 


[Hint: a) Mean of population LZ = =—=12.8 Ans. 
i 5 


b) The standard deviation of the population = 


us [(6-12.8)? +(8-12.8)? +(12-12.8)? +(15 ~12.8)? +(24~12.8)? 
5 ; 
= ¥42.96 =6.5543 Ans. 


c) The total number of samples without replacement is , N. cy = ae =10 ; 
2 


Here N = Population size, n = Sample size 


Listing all possible samples of size 2 from given population without replacement me get 
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11) 


a Ly ee. Ans., bly = 
1 3 2 


(5, 8) (5, 12) (5, 15) (5, 24)(8, 12)(8, 15) (8, 24\(12, 15)(12, 24)(15, 24) 
The mean for each of these samples,6.5,8.5,10,14.5,10,1 1.5,16,13.5,18,19.5 


Sampling distribution of the mean 
aS el | PalPol Topo 
i He 


128 


Mean of the sampling distribution of mean My == 12.8 Ans. 
10 


d)The standard deviation of sampling distribution of mean 


N 

> AX, - 1) y 
o fT 2022 6. 1] 
‘| N 10 


oO, = 4.0136 Ans, 


Let U, =(1,7,8),U, = (3,4) find 
a. Hy, b. fy, C. Buy-u, 


d. oy, &. Oy, i Fu,-U, 


| Hint: Uj-U2={-2,-3,4,3,5,4} 


7 
& My uv, =u, ~ BU ao 6 Ans. 


(1-5.33) +(7-5.33)° +(8- 5.33)’ 


do a = Variance of the population U, = 3 
a2, =95555, Ty =3.0912 Ans. 
1 1 


(-3.5) +(4-3.5) 


2 
& Oy, = Variance of the population U2 = 5 


Oy, =0.25, oy, =0.5 Ans. 


f Oyu, =\ Fu, + Fu, =VIS555+0.25 — =3.1313 Ans) 


OBJECTIVE TY! 


The mean of tl 
(a) np 


Ans. (a) 

2. If n and p a 
deviation of th 
(a) np 

Ans. (b) 

3. The distributio 
(a) Normal disi 
(c) Poisson dis! 

Ans. (a) 

4, The mean and: 
(a) Equal 
(c) Not Equal 

Ans. (a) 

5. The mean ofa] 
(a) e” 

Ans. (b) 

6. The variance of 
(a) 3 

Ans. (a) 

7. If P (1) =P (2), 1 
(a) 3 

Ans. (c) 

8. If the variance o 
(a) e 

Ans. (a) 


(8 — 5.33)" 


ns.} 
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OBJECTIVE TYPE QUESTIONS 


The mean of the binomial distribution is 
(a) np (b) p/q (c) npq (d) none of these 


. (a) 


If n and p are the parameters of a binomial distribution, the standard 
deviation of this distribution 


~ (b) 


. (a) 


- (a) 


. (b) 


. (a) 


(a) np (b) Vnpq (c) npq (d) none of these 
The distribution in which mean, median and mode are. equal is 

(a) Normal distribution (b) Binomial distribution 

(c) Poisson distribution (d) none of these 

The mean and variance of a Poisson distribution is 

(a) Equal (b) Some times may be equal 

(c) Not Equal (d) none of these 

The mean of a Poisson variate X is one then P(X=1) is 

(a) e? (b) e" (c)e? (d) none of these 
The variance of a Poisson distribution with parameter A=3 is 

(a) 3 (b) 4 (c) 2 (d) none of these 
If P (1) =P (2), then the mean of a Poisson distribution is 

(a) 3 (b) 4 (c) 2 (d) none of these 


. (c) 


If the variance of a Poisson variate is 2 then P(X=0) is 
(a) e” (b) e”! (c) e? (d) none of these 
- (a) 
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9. The area under the whole normal curve is 
(a) Unity (b) more than unity (c) Less than 
(d) none of these 
Ans. (a) 
10. In the standard normal curve the area between z= -1 and z= 1 is nearly 
(a) 68% (b) 80% (c) 70% -  (d) none of these 
Ans. , (a) 
11. The Probability of getting one girl in a family of 5 children is 
(a) % (b) 2/3 (c) 1/5 (d) 1/4 
Ans. (c) 
12. Mean of the Binomial Distribution is 6 and variance is 3, then n = 
(a) | (b) 3 (c) 9 (d) 12 
Ans. (d) 
13. The Probability of getting 3 heads in tossing 5 coins is 
(a) 1/16 (b) 3/16 (c) 5/16 (d) 3/32 
Ans. (Cc) 
14. A coin is tossed n times the probability at x = 2 = 3/8 
(a) 1 (b) 2 (c) 3 (d) 4 
Ans. (d) 
15. Avcoin is tossed 5 times then p(x = 2) = 
(a) 1/8 (b) 5/16 (c) 5/8 (d) 7/8 
Ans. (b) 
16. Collection of all objects, under study is known as. 
(a) Population (b) Sample (c) Parameter (d) none of these © 
Ans. (a) 


17. The statistical 
(a) Sample 
Ans. (c) 
18. The probabilit 
(a) Normal dis 
(c) Poisson di 
Ans. (d) 
19. A finite subset 
(a) Sample 
Ans. (a) 
20. The total num! 
be drawn from 
(a) Ne, 
‘Ans. (a) 
21. The total numt 
be drawn from 
(a) V C. 
Ans. (b) 
22. The finite popt 
nh — 
(a) 
N-1 
Ans. (b) 
23. If Sampling is « 
(a) Hy a #H, 
(c) Hy =H, 
Ans. (b) 


vess__ than 
s nearly 

ne of these 
4 

n = 

32 


me of these — 


1 
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17. The statistical constants of the population are called 
(a) Sample (b) Population Statistic (c) Parameter(d) none of these 
Ans. (c) 
18. The probability distribution of mean is called 
(a) Normal distribution (b) Binomial distribution 
(c) Poisson distribution (d) Sampling distribution 
Ans. (d) 
19. A finite subset of the population known as sample. 
(a) Sample (b) Population Statistic (c) Parameter(d) none of these 
Ans. (a) 
20. The total number of all possible samples each of the same size n, which can 
be drawn from the population of size N without replacement, is given by 
(a) Ne, (b) N (c) 1/ No, (d) none of these 
‘Ans. (a) 
21. The total number of all possible samples each of the same size n, which can 
be drawn from the population of size N with replacement, is given by 
(a) No, (b) N (c) 1/ Ne, (d) none of these 
Ans. (b) 
22. The finite population correction factor is known as. 
n-N N-n n—- 
a b c d) none of these 
Gag aa O (d) 
Ans. (b) 
23. If Sampling is done with replacement then 
o o 
(a) My =H, Of = (b) My =, Oz == 
¥ x VN X ¥ Sh 
oS? 
(C) My =H, Op == (d) none of these 
n 
Ans. (b) 
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24. 


Ans. 


26. 


Ans. 


27. 


Ans. 


28. 


Ans. 


29. 


Ans. 


30. 


If Sampling is done without replacement then 


ao |N-n ao’ |N-n 
oad ea hed Saar | Vaan OP, Tee Te Vol 


oO 
© Me on Te Va 


(c) 


Sample of size 2 taken from the population 62,57,63,58 Variance of the mean 
of sampling distribution is 
(a) 1.17 (b) 2.17 (Vu 7 (d) 4.17 


(b) 


If sample of size 2 are taken with replacement from the population 2, 4, 6, 8, 
10 then the mean of the mean of sample distribution is 


(a) 1 (b) 3 (c) 5 (d) 6 
(d) 


In above question, the sample of size 2 are taken without replacement, then 
mean of means of sampling distribution is 


(a) | (b) 3 (c) 5 (d) 6 
(d) 


If a sample of size 64 is taken from a population whose standard deviation is 
4, then standard error & Probable error is 


(a) 0.5,0.352  (b)0.5,0.337 — (c) 0.5, 0.321 
(b) 


@ 0.49, 0.337 


If the size of the sample is 5 and size of the population is 2000. The correction 
factor is 


(a) 0.555 (b) 0.888 (c) 0.444 (d) 0.127 


“Th 
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TESTING OF HYPOTHESIS-I 


“Things don’t change you change your way of looking, that’s all.” 


3.1 ESTIMATE 


To find an unknown population parameter, a statement is made which is an 
estimate. (Nov.2009 set 1) 


3.2 ESTIMATOR 
The method or rule to determine an unknown population parameter is called an 
estimator. 


(Nov.2009 set 1) 

For example sample mean is an estimator of population mean because sample 
mean is a method to determine of determining the population mean. 

A population can have many or one, or two estimators. The estimators should 
be selected such that they are nearer to the parameter value. The estimation can be 
done in two ways. 

1. Point estimation (Nov.2009 set 1, set 3) 
2. Interval estimation (Nov.2009 set 3) 


An estimate of a population parameter given by a single number is called a 
point estimate of the parameter. An estimate of a population parameter given by two 


3.2 Problems and Solutions in Probability & Statistics 


numbers between which the parameter may be considered to lie is called an interval 
estimate of the parameter. 

Example: If we say that the cost of bike is 25,000, we are giving a point estimate. 
If, on the other hand, we say that the cost of bike is 25,000 to 35,000 i.e. the cost 
lies between 25,000 to 35,000, we are giving an interval estimate. 


3.3 UNBIASED ESTIMATOR 
A statistic @ is known as an unbiased estimator of the corresponding 
parameter 0 if 
E (6) =E (statistic) = parameter = 0 
i.e. the mean of the sampling distribution of estimator equals to 0. 


3.4 MAXIMUM ERROR OF ESTIMATE E 
Since the sample mean estimate.is not always equals to the mean of population 
ut. The error, x -p1, is the difference between the estimator and the quantity which is 
supposed to estimate. 
To examine, this error let us make use of the fact that for large n 
X-H 
olvn 
Is a random variable having approximately the standard normal distribution? 
We can assert with probability (1 — a) that the inequality 
X7H 


al Nn 


— 24/28 SZa/2 


Will be satisfied or 

\X-pls$z,,0/4n 
_E stand for the maximum of these values of|x— «|, the maximum error of 
estimate 


E=z,,,0/Vn 


3.5 CONFIDENCE INTERVAL FOR 
A (1 — a)100% confidence internal for 1 is given by 


Fee oldn<u<%¥+z,), ol n 


Thus with the po 
One can assert wv 
Zaj. olAn for: 


The maximum err 


With (1 — a) prob: 
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Testing of Hypothesis-! 3.3 


Thus with the population mean pt, sample mean X for a large sample (n > 30). 
One can assert with probability (1-«) that the errors |x — | will be less than 
Z,;. &/<n for the small samples if o is unknown or (n < 30), is replaced by S. 
The maximum error estimate 

Beat acSi vn 
With (1 — a) probability, t-distribution is with (n-1) degrees of freedom. 


3.6 SAMPLE SIZE 
The formula for maximum error can also be used to determine the sample size 
B=Z 35 olvn 


Solving this equation for n, we get 


Zz Oo ; 
n= a/2° 
E 


3.7 INTERVAL ESTIMATION 


Point estimates can not be expected to coincide with the quantities they are 
intended to estimate, it is sometimes preferable to replace with interval estimates. 
Which determines an interval in which the parameter lies. Consider a large random 
sample of size (n > 30) from a population with unknown mean pt and known 
variance o”. Then the large sample confidence interval for pL. 


¥-2,,0/Nn<pU<¥+z,,, olvn 
Confidence interval for 42 for small samples 
When (n < 30), assuming sampling from normal population 


¥-t,,)8/Vn<pU<¥ +t, s/Nn 


3.8 STATISTICAL HYPOTHESIS 


We know that to find an unknown population parameter, the method is called 
estimation but to decide about population parameter on the basis of simple statistic, 
we make certain assumption about the populations. These assumptions which may 
be true or may not be true are called statistical hypothesis. 


To estimate the value of a parameter we must test a hypothesis about a 
parameter. The hypothesis being tested is referred as H. 


3.4 Problems and Solutions in Probability & Statistics 


3.9 NULL HYPOTHESIS 

The hypothesis formulated for the rejecting it or hypothesis which is tested 
for possible rejection under the assumption that it is true is called the null 
hypothesis and is denoted by Ho. 


3.10 ALTERNATIVE HYPOTHESIS 

Any hypothesis which is complementary to the null hypothesis is called an 
alternative hypothesis and is denoted by H; when we test a hypothesis, there are two 
possibilities, H is true or false. If Hypothesis H is true and accepted or false and 
rejected in both cases decision is correct. 


3.11 TYPE —-I ERROR (Nov.2009 set 3) 

(R05, Supple.Feb.2010 Set.3) 

If the hypothesis H is true but rejected, it is rejected in error and it is called 

type — I error or we can say rejection of the null hypothesis when it is true is called 
a type | error. 


3.12 TYPE — II ERROR (Nov.2009 set 3) 

(R05, Supple.Feb.2010 Set.3) 

If the hypothesis H is false but accepted, it is accepted in error and it is called 

type — II error or we can say acceptance of the null hypothesis when it is false is 
called a type II error. 


3.13 LEVEL OF SIGNIFICANCE (Nov.2009 set 1, set 3) 

The probability level below which we reject the hypothesis is known as the 
level of significance or the probability of the value of the variate falling in the 
critical region is the level of significance. 


3.14 CRITICAL REGION 


The critical region is that in which a sample value falling is rejected. Usually 
we take two critical regions which cover 5% and 1% areas of the normal curve. 


Critical 
Region 2.5% 


Critical 
Region 2.5% 


Za =~ 1.96 Za = 1.96 


3.15 TWO TAILED TEST 
If the alternative hypothesis H, is the type of not equal to then the critical 
region lies on the both sides, right and left, as shown in figure. 
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Critical Region Critical Region 
Or Critical 13) 
Regionar/2 Critical Region 01/2 


3.16 RIGHT ONE TAILED TEST 
If the alternative hypothesis H; is the type of greater than, then the critical 
region lies on the right side, as shown in figure. 


Rejection Region 
or 
Critical Region a 


3.17 LEFT ONE TAILED TEST 
If the alternative hypothesis H, is the type of less than, then the critical region 
lies on the left side, as shown in figure. 


Rejection 
Region @ 


3.18 TEST OF THE HYPOTHESIS (Nov.2009 set 4) 


“Working Procedure 


1. Null Hypothesis Ho 

2. Alternative Hypothesis H; 

3. Level of significance : a 

4. Critical region: Critical region is decided, according to the alternative 
Hypothesis which is the greater than type or less than type or not equal to type, 
if it is greater than type then test will be right one tail test. If it is less than type 
then test will be left one tail test. If it is not equal to type, test will be two tail 
test. Critical region will be taken according to, level of significance (a). 

5. Test of Statistics: For the large samples and for the small samples, different 
statistics can be used. 


3.6 Problems and Solutions in Probability & Statistics 


6. Decision: Null Hypothesis is accepted or rejected it can be decided by relation 
between Z and Z, (orZ,,,) for large samples or t and t, (ort,,.) for small 


samples. 


3.19 TEST OF HYPOTHESIS (LARGE SAMPLES) 
1. Single population mean 1, with known variance o 


Working procedure 

For the large sample (n > 30), to test whether the population mean p: equals to 
a constant py or not, formulate 

Null Hypothesis Ho : pp = [Ho 

Alternative Hypothesis H, : p 4 Ho OF W> Ho OF HW < po 

Level of significance : o 


F&F WN 


Critical region : 
a. If 1 # po test is two tail test for given a, critical values are—z,,, and +2,,5 


from the normal distribution table. 


Rejection 
Region o/2 


Rejection 


-Za/2 Za/2 


b. If j1 > po test is right one tail test for given a, critical values is Z,, from the 
normal distribution table.. 


c. If pt < po test is left one tail test for given a, critical value is— z, , from the 


normal distribution table. 


Rejection 
Region 


5. Test of statis 


Z= 


Where *¥ i: 
Lis p 
oisp 
nsam 


For the larg 
deviation. 


6. Decision 


a If—z 

Hypot 
Be 2S 
Cc Z>- 


3.20 TEST OF H 
Concerning two m 


Working Procedu 
For the large samy 
whether 


L 
I]. Null Hypothesi 
2. Alternative Hy; 
3. Level of signifi 
4. Critical region 
ar Tf pp. #0 th 


Za) from the 


led by relation 
v2) for small 


n pt equals to 


and +Z4/5 


3 Zy, from the 


Zz,» from the 


5. 
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Test of statistic 


XH 
or o/Nn 
Where * is mean of the sample 
1 is population mean 
o is population standard deviation 
n sample size 


For the large sample if o is unknown, it is replaced by sample standard 
deviation. 


Decision 
ae ME 25 <2 SZ ols 
Hypothesis is accepted for T.T.T. otherwise rejected. 
bs 2 y> 2 Hypothesis is accepted otherwise rejected for R.O.T.T. 


c. Z>—Z, Hypothesis is accepted otherwise rejected for L.O.T.T. 


3.20 TEST OF HYPOTHESIS (LARGE SAMPLES) 


Concerning two means, with known variances 0; and o> (Nov.2009 set 1) 


Working Procedure 
For the large samples (n), np >30) to test the hypothesis for difference of means, 


whether 
Hi. Ly = 6 = constant = 0 or not. Then formulate 
1. Null Hypothesis Ho : py) - py = 5 =0 
2. Alternative Hypothesis Hy : py) - bo #0 or py -py > 0 or Hi- bo <0 
3. Level of significance : a 
4. Critical region : 
a. If }-p2 # 0 test is two tail test. For given a, critical values are — Ze/. and 


Z,/2 from the normal distribution table. 


Rejection 


Rejection : 
Region a/2 


Region a/2 
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b. If py - p> O test is right one tail test, for given a critical value is z, from the 


normal distribution table. l-a 


Rejection 
Region & 


c. [1 - Ha <0 test is left one tail test, for given a. Critical value is -z, from the 
normal distribution table. ie 
. Rejection 
Region 


5. Test of statistic 
The statistic for test concerning difference between two means 


ies (% -%,)-5 


2 
71 _» First population variance 


2 
2 _» Other population variance 
*| _» First sample mean 


*2 _» other sample mean 
n, — first sample size 
ny —» second sample size 
For the large samples (”,,”, 2 30) o? and o} are unknown, it can be replaced 


by sample variances S? and S3 then the statistic is 
(%, -¥))-6 


6. Decision 
a. If —Z,);7 <Z<Zy)/2. Hypothesis is accepted for two tail test otherwise 


rejected. 
b. Z, >2Z Hypothesis is accepted for right one tail test otherwise rejected. 


c. z>-—z, Hypothesis is accepted for left one tail test otherwise rejected. 


Example 3.1. It is 
continuous use until 
assumed that o= 48 h 
to assert with 90% col 


Solution: Given tl 
o=48h 
Zqi2 =1 
a = 90% 
Maximu! 
Sample s 


n= 


Ul 
Ton 
at 


Example 3.2. In a 
of 80 body repair cost 
62.35. If x is used as 
confidence we can ass 
the confidence internal 


Solution: Given that 
Mean of ti 
Standard d 
Maximum 


Maximum 
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le is Z. from the SOLVED EXAMPLES 


Example 3.1. It is desired to estimate the mean number of hours of 
continuous use until a certain computer will first require repairs. If it can be 
assumed that o= 48 hours, how large a sample be needed so that one will be able 
to assert with 90% confidence that the sample mean is off by at most 10 hours. 
(Supple. Nov. / Dec. 2004 Set 3) 
2 is -2 from the Solution: Given that 
o = 48 hours 
Zy)/2 =1.645 For confidence level 
a = 90% 
Maximum error E = 10 hours 
Sample size n=? - 


vs (ox ? 
n= a/2 
Pe] 


os : 
10 


_ [78.9677 
10 
= (7.896) = 62.3464 = 63 . Ans. 


Example 3.2. In a study of an automobile insurance a random sample 
of 80 body repair costs had a‘mean of Rs. 472.35 and a standard deviation of Rs. 
62.35. If x is used as a point estimate to the true average repair costs, with what 
confidence we can assert that the maximum error does not exceed Rs.10? Find also 
the confidence internal with that confidence. 


t can be replaced 


(Supple. Feb.2007 Set 4) 
Solution: Given that , Sample size = 80 
Mean of the sample x = 472.35 
Standard deviation of the sample S = 62.35 
Maximum error E = 10 


ail test otherwise Maximum error E = z,,,.0/Vn 


62.35 


80 


herwise rejected. 10=z,,, 


lerwise rejected. 
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108.944 _ 
62.35 pe 
1.43 = 2 )5 


With 85% confidence we can assert that the maximum error doesn’t exceed is 10. 


vn 
the population mean. 
X¥-Za)9 (o1Vn) << ¥+2,,,(o/Va) 


(1.44 (62.35) (1.44\(62.35) 


x= tan) and x + z,2(/ vn) is the (1 -a) 10 %. Confidence interval for 


472.35 - : << 472.354 
80 /80 
472.35 —- 89.784 << 472.354 89.784 
4/80 80 
472.35 - Bo 188 << 472.35 + oaths 
8 8.9442 


472.35 — 10.0382 < pu < 472.35 + 10.0382 
462.311 < p< 482.388 
Confidence interval is (462.311, 482.388) Ans. 


Example 3.3. A research worker wishes to estimate mean of a population by 
using sufficiently large sample. The probability is 95% that mean will not differ 
from the true mean by more than 25 percentage of the standard deviation. How 
large asample should bei. 1? (JNTU 1999) 


Solution: Given that z,,, = 1.96 for confidence level a = 95% 


X= H|_ ; 
o/Nn as2 
77H) =1.96 
ol/vn 
ep H196 CIV eee (1) 
Given that mean will not differ from the true mean by more than 25 percentage 
‘means 
|x - yl SOLA se iececsi (2) 


From equation (1) and (2) 


£662 2% 


vn 
196<M 
4 


1.96x4< 


7.84 <+¥ 
61.46 <n 
n> 62 ap 


Example 3.4. A rai 
can you say about the 


Solution: Given th 
n= 100 
Standard 
Maximur 


Zq/2 =1. 


Maximur 


Example 3.5. Find : 
there should be 99% c 


Solution: | Given th 


7’t exceed is 10. 


fidence interval for 


Ans. 


f a population by 

ean will not differ 

rd deviation, How 
(JNTU 1999) 


i% 


than 25 percentage 
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(06-252 
4 


ae 
vn 


1.96< 
4 


1.96x4<Jn 


7.84<An 
61.46 <n 
n> 62 approximately Ans. 


Example 3.4. A random sample of size 100 has a standard deviation of 5. What 
can you say about the maximum error with 95% confidence? 


(Supple. Feb. 2007 Set 3) 
(Supple. Nov. 2006 Set 1) 
Solution: Given that 
n= 100 
Standard deviation o = 5 
Maximum error =? 


24). =1.96 For 95% confidence interval 


o 


An 


ibe 2 


7100 


ope 
10 


= 0.98 Ans. 


Maximum error = Z,,> 


Example 3.5. Find the size of the sample if the S.D. of the population is 9 and 
there should be 99% confidence that the error of estimate will not exceed 3. 


. (Nov. 2006) 
Solution: | Given that 


o=9 


n=? 
M.E. =3 
24/2 = 2.58 for confidence level a = 99% 


3.12 Problems.and Solutions in Probability & Statistics 


_ | Za/2 o ; 

-( E 

_(2.58x9) 

-( 3 

= (7.749 

n= 59.907 Ans. 


Example 3.6. A random sample of size 81 was taken whose variance is 20.25 and 
mean 32 construct 98% confidence interval. (Supple. Nov. /Dec. 2005 Set 2) 


Solution: Given that 
"Sample size n= 81 
. Variance o” = 20.25, o = 4.5 
Mean X = 32 
= 2,33 for 98% level of significance 


Za/2 


Confidence interval =? 


oOo 
2a/2 77 ans 
39 — 23345 © 1) 239 4 233%45 


V81 V81 


oe Me << 32-4 10-485 


<UM<X4+2Z 


32 —- 1.165 <p <32 + 1.165 
30.835 <p < 33.165 
Confidence interval (30.835, 33.165) : Ans. 


Example 3.7. The mean and the standard deviation of a population are11,795 and 
14,054 a e If n= 50 final 95% confidence interval for the mean. 
(Reg. April/May 2005 Set 4) 


Solution: ‘Given that 
Mean of the population p= 11,795 
Standard deviation of the population o = 14,054 n= 50 
Z,/7 = 1.96 for a = 95% confidence level 


al2 


Confidence interval = 


11795 - 
117¢ 
11 
Conf 


Example 3.8. What 
probability 0.90 when i 
the mean of a populatio 


Solution: Maximum eri 


Za) 1.64 
* = 2.56 

o = 12.56 
E =1.645; 
E =0.329 


Example 3.9 An ocean 
ocean in a certain regio 
can be conclude at the 
random locations in th 
standard deviation of 5.2 


Solution 
1. Null hypothe: 
Alternative h: 


2 
3. Level of signi 
4 


Critical regio 
T.T.T. 


Ans. 


jance is 20.25 and , 


/Dec. 2005 Set 2) 


Ans, 


ion arel1,795 and 
‘the mean. 
May 2005 Set 4) 
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Fi peer 
cee LS 
V50 


50 


[1795s eae tose 
7.0710 7.0710 


11795 — 3895.60 < 4 < 11795 + 3895.60 


7899.39 << 15690.60 
Confidence level (7899.39, 15690.60) Ans, 


Example 3.8. What is the maximum error one can expect to make with 
probability 0.90 when using the mean of a random sample of size n = 64 to estimate 
the mean of a population with o” = 2.56? 


(Supple. Noy. /Dec. 2004 Set 4) 


: : oO 
Solution: Maximum error E = 24/33 = 


n 
24/2 = 1.645 for 90% confidence 
oa? =2.56 
o = v2.56 =1.6 
E=1.645x 1.6 _ 2.632 
J64 88 
E = 0.329 Ans. 


Example 3.9 An oceanographer wants to check whether the average depth of the 
ocean in a certain region is 57. 4 fathoms, as had previously been recorded. What 
can be conclude at the level of significance a = 0.05 if soundings taken at 40 
random locations in the given region yielded a mean of 59.1 fathoms with a 
standard deviation of 5.2 fathoms? 


(Reg. April / May 2004 Set C) 
Solution 


1. Null hypothesis: pp = 57.4 
2. Alternative hypothesis: 1: # 57.4 
3. Level of significance: a = 0.05 


4, Critical region: Z,,, =1.96 for a = 0.05 level of significance. Test is 
fa hea be 
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5. Test of statistic: 


Mean of sample x = 59.1 
n=40 


standard deviation of sample : S = 5.2 
OILS S74 2.067 


~ 5.2/4140 
7. Decision: —z,,) <2 <2Zq)2 then Null hypothesis is accepted 


— 2.067 < 1.96 < +2.067 Null hypothesis is accepted 


Example 3.10. | According to the norms established for a mechanical aptitude 
test. Persons who are 18 years old have an average height of 73.2 with a standard 
deviation of 8.6. If 45 normally selected persons of that age averaged 76.7. Test the 
null hypothesis j1 = 73.2 against the alternative hypothesis j1 > 73.2 at the 0.01 level 
of significance. 


(Reg. April / May 2005) 
Solution 
1. Null hypothesis: pp, = 73.2 
2. Alternative hypothésis: pp > 73.2 
3. Level of significance: a = 0.01 . 
4, Critical region: Z,,, =2.33 for a = 0.01 level of significance. Test is 


T.T.T. 


5. Test of Statistic: 
X~H 


zZ= 


Sample m 
Populatio1 
‘Standard « 
Sample si: 


6. Decision: 
Null hypo 


Example 3.11. A: 
be regarded as a se 
standard deviation 25 


Solution 
1. Null hypot 
2. Alternativ: 
3. Level of si 
4 Critical re; 
ar at 
For a=0. 
5. Test of sta 
Sample mc 
Population 
Standard d 


X—f 


a 
oli 


_ 10-6 


25/71 


= 1.673 


6. Decision: 
- 1.9¢ 


Example 3.12. A lad 
118 words per minute 
demonstrates a mean 


ed 
d 
nechanical aptitude 
3.2 with a standard 
raged 76.7. Test the 
3.2 at the 0.01 level 


April / May 2005) 


significance. Test is 


Testing of Hypothesis-/ 3.15 


Sample mean xX = 76.7 
Population mean pt = 73.2 


‘Standard deviation o = 8.6 


Sample size n = 45 


_ 76.7-73.2 3.5 


~ 8.6/445 1.2820 
Decision: 2 < z, then null hypothesis accepted but 2.7301>2.33 


= 2.7301 


Nuil hypothesis is rejected at Level of significance 0.01 


Example 3.11. A sample of 64 students has a mean weight of 70 k.gms. Can this 
be regarded as a sample from a population with mean weight 65 k.gms. and 
standard deviation 25 k.gms. 


Solution 
1. 


2. 
3. 
4 


6. 


(Reg. Nov. 2006 Set 3) 


Null hypothesis Ho: pp: = 65 k.gms, 
Alternative hypothesis H;: 1 #65 
Level of significance: a = 0.05 
Critical region: 

Z/2 =1.96 


For a = 0.05 level of significance 
Test of statistic: 


Sample mean * = 70 k.gms. 
Population mean pt = 65 k.gms. 
Standard deviation o = 25 k.gms. 


pane 

a/n 
7-65 5 #5 
25/470 25/8.366 2.988 


= 1.673 


Decision: —2,,, <Z<Z,,, then null hypothesis is accepted 
- 1.96 < 1.673 < 1.96 null hypothesis is accepted 


Example 3.12. A lady stenographer claims that she can take dictation at the rate of 
118 words per minute can we reject her claim on the basis of 100 trails in which she 
demonstrates a mean of 116 words and a S.D. of 15 words. 

(Reg. Nov. 2006 Set 4, Set 3) 


3.16 Problems and Solutions in Probability & Statistics 


Solution 
1. Null hypothesis Ho: lady stenographer can take the dictation at the rate of 
118 words 
2. Alternative hypothesis Hy: pp) # 118 
3. Level of significance: o = 0.05 
4. Critical region: The test is two tailed test since alternative hypothesis is 
# type, the critical region is, z,,. = 1.96 for a = 0.05 level of 


significance. 


x—H 
olvn 
n = sample size = 100 

o = standard deviation = 15 
ut = mean of the population = 118 words Ks 


.5. Test of statistic: z = 


1,96 


x = mean of the sample = 116 words 
_116-118 “-2 -2 


2 = FT £133 
15/v100 15/10 1.5 
Z4/7 = 1.96 for a = 0.05 level of significance 


6. Decision: —z,,. <2<2Z,,, then null hypothesis is accepted 
- 1.96 < 1.333 < 1.96 null hypothesis is accepted 


Example 3.13 Samples of students were drawn from two universities and from 
their weights in kilograms and standard deviation are calculated. Make a large 
sample test to test the significance of the difference between the means 

Supple. Nov. / Dec. 2005 Set 4) 


S.D_ | Size of the sample 


Pe Or 


Solution 

1, Null hypothesis Ho: pi = pe 

2 Alternative hypothesis Hy: pt) # by 
3. Level of significance: a = .05 
4 


Critical region: Z/7 =1.96 for a = .05 level of significance 


5. Test : 
X| = mear 
X> = mea 
S 2 = var 
Ss a = vari 
n,; = size 
Np = size 
Note : WI! 

sa 
6 Dec 


ation at the rate of 


itive hypothesis is 
= 0.05 level of 


0.025 


Za/2 


1.96 


cepted 
d 


versities and from 
2d. Make a large 
eans 

Dec. 2005 Set 4) 


sle 


ance 


5. 
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Test of statistic: 
Be (%, -¥))- (4 - 42) 
of oF 
nm Ny 


¥, = mean of the 1" sample = 55 


X> = mean of the 2" sample = 57 
S? = variance of the 1 sample = 100 


S a = variance of the 2" sample = 225 


n, = size of the first sample = 400 
np = size of the seemed sample = 100 


_& - ¥))- (1 - #2) 
my My 


Note : When two variarices are unknown (o? oe ) they can be replaced by 
sample variances 


1 9 
—+— 
4.4 
5 BOGS 
3.162 


6. Decision: — z,,, <2<Z,,7 then null hypothesis is accepted 


- 1.96 <-1.265 < 1.96 ie. null hypothesis is accepted 
There is no significant difference between the means. 
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Example 3.14. A point manufacturer claims that the average drying time of his 
new “fast — drying” paint is 20 minutes and that a government agency wants to test 
the validity of this claim. Suppose, furthermore that 36 boards painted, respectively, 
with paint from 36 different one — gallon cans of this paint dried on the average in 
0.75 minutes. Is this sufficient evidence to take appropriate action against the paint 
manufacturer? Justify. (S.d. o = 2.4 minutes) 
(Reg. April / May 2004) 

Solution 

1. Null hypothesis Ho: = 20 minutes 

2. Alternative hypothesis H;: 1 # 20 minutes 

3. . Level of significance: a = 0.05 

4. Critical region: z,,, =1.96 for a = 0.05 level of significance. Test is 


Qa 


T.T.T 
5. Test of statistic: 


_20.75=20 0.75 _ 0.75 _ | ga 


~ 24/436 2.4/6 04 


6. Decision: —z,/) <Z<Z,/ then null hypothesis is accepted 
- 1.96 < 1.875 < 1.96 i.e. null hypothesis is accepted. 


Example 3.15. It is claimed that a random sample of 49 tyres is a mean life of 
15200 km. This sample was drawn from a population whose mean is 15150 km and 
a standard deviation of 1200km, Test the significance at 0.05 levels. 

(Supple. Nov./Dec. 2005 Set 3) 


Solution 
i. Nulll 
2 Alter 
3. Level 
4 Critic 
5. Test < 
Popu. 
Popu 
Popu 
Same 
6.  Decis 


Example 3.16. 

that the orders fi 
14, 15, 18. 11 ar 
that on the aver 


Solution 
1. Null 
2) Alter 


3: Leve 


ng time of his 
y wants to test 
d, respectively, 
the average in 
zainst the paint 


| / May 2004) 


icance. Test is 


ited 


a mean life of 
; 15150 km and 


ec. 2005 Set 3) 
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Solution 
1. Null hypothesis Ho: p = 15150kms 


2 Alternative hypothesis H):  # 15150kms 
3. Level of significance: a = 0.05 
4. Critical region: z,,, =1.96 for a=0.05 level of significance. Test is T.T.T 


5. Test of statistic: 


Population mean pt = 15150 kms 

Population standard deviation o = 1200 kms 
Population mean X= 15200kms 

Sample size n = 49 3 


_15200-15150_ 5050 _ ng 


~~ 1200/449 1200/7:171.42 


6. Decision: —Z,;) <Z<Z,/, then null hypothesis is accepted 


- 1.96 < 0.2916 < 1.96 i.e. null hypothesis is accepted 


Example 3.16. | A random sample from a company’s very extensive files shows 
that the orders for a certain kind of machinery were filed, respectively in 10, 12, 19, 
14, 15, 18. 11 and 13 days. Use the level of significance a = 0.01 to test the claim 
that on the average such orders are field in 10.5 days. Assume normality. 


(Supple. Nov. /Dec. 2004 Set 4) 
Solution 
1. Null hypothesis Ho: p = 10.5 days 
2. Alternative hypothesis H;: pp # 10.5 days 


3. Level of significance: a = 0.01 
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4. Critical region: z,,, =2.58 for a = 0.01 level of significance. Test is 


T.T.T 


ee 
Regionat/2 
5. — Test of statistic: 
X-U 
Ad 

olNn 
ga lO412 +194 1441541841413 _ 112 _ |, 
= F = : = 


gre oe, x)’ 
n-] 
(10-14) + (12-14)? + (19-14) + (14-14) + (15-14) +(18-14)? 
+ (11-14)? + (13-14)?) 
8-1 


(4)? +2) +6) +O) +0? +@) + C37 +) 
7 


—164+4425414+164+9+1 


7 
~ 2 _ 19.28 
7 
S = 3.206 
14-10.5 3.5 
cere = FO 
3.206/V8  3.206/2.828 
=33_ _ 3.087 
1.1336 


6. Decision: —z,,, <Z<2Z,,, then null hypothesis is accepted 


- 2.58 < 3.087 > 2.58 null hypothesis is accepted 
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EXERCISE 


Confidence Interval for mean & M.E. for large sample 


1) 


2) 


3) 


4) 


The mean and standard deviation of a population are 11,795 and 14,054 
respectively. What can one assert that 99% confidence about the maximum 
error if n=60. 


(Hint. E=z,,,..0/ an =2.58*14054/\60 =4681.64 Ans.] 


Construct 99% confidence interval for the true mean in the above problem. 


[Hint: Confidence interval = 5 er (0 /Vn)< p< ¥+2z,,,(0/¥n) 


= (11795-4681.64, 11795+4681.64) 
= (7113.35, 16476.64) Ans.] 


To estimate the average time it takes to perform a task. It is timed for 40 
workers in the performance of the task. Getting a mean of 12.75 minutes and 
a standard deviation of 2.66 minutes. 


a) What can we say with 95% confidence about the maximum error if 
x =12.75 is used as a point estimate of the actual average time required to 
do the job. 


b) Use the given data to construct a 95% confidence interval. 


[Hint:a) E=2,,,.0/ an = 1.96« 2.66/V40=0.8244 


b) Confidence interval = x— Za/2 (o/Vn)< M<xt Za/2 (s/n) 
= (12.75-0.8244, 12.75+0.8244) 
= (11.925, 10.511) Ans.} 


A random sample of size 100 is taken from a population with o = 4.9, with 
the Sample 


Mean is ¥ = 20.5. Construct a 95% confidence interval for population mean wp. 


[Hint: Confidence interval = b= 5 55 (oi Vn)< <X4+ z4,(0/Vn) 


= {20.5-(1.96x4.9/V100), 20.5+ (1.96«4.9/V100)} 
= (19.5396, 21.4604) Ans.] 


3.22 Problems and Solutions in Probability & Statistics 


5) 


6), 


A random sample of size 100 is taken from a population with o =5.1. Given 
that the Sample mean is X = 21.6. Construct a 95% confidence interval for 


the population mean p. 


(Hint: confidence interval =X —-—Z 2 (ci Vn)< M<xXt+ Zan(o tn) 
= (21.6-1.96x (5.1/V100), 21.6+1.96x (5.1/V100) 
= (20.6 22.6) Ans.] 


Measurements of the weights of a random sample of 200 mangoes which are 
purchased from a market, with mean 0.850 and standard deviation of 0.032. 
Find 95% confidence limits for the mean weight of all the mangoes. 
[Hint: confidence limits = X—Z,/2 (o/Jn)< u< ¥+z,,(0/Vn) 

= (0.850-1.36~ (0.032/¥200), 0.850+1.90*0.032/V200)) 

= (0.8455, 0.8544) Ans.] 


Hypothesis Concerning one mean Large Sample 


7) 


8) 


According to the norms established for a mechanical aptitude test, persons 
who are 18 years old have an average height of 73.2 with a standard deviation 
of 8.6. If 45 Randomly selected persons of that age averaged 76.7. Test the 
null hypothesis p= 73.2 against the alternative hypothesis »>73.2 


(Hint: N.H: p=73.2 
A.H: p>73.2 
xXx- 
Test statistic z = he 
al vn 


= (16.7-73.2)/ (8.6/N45) 


= 2.73 
Z=2.73>Za=2.33 


Ho is rejected Ans.] 


It is claimed that a random sample of 50 pens with a mean life of 96 Hrs 
which is drawn from a population of pens which has a mean life of 90Hrs and 
a standard deviation 30 Hrs. test validity of this claim. 


(Hint: N.Fi: p= 96hrs. 


A.H: pF 9€ 
L.: 


Tes 


9)  Asample o 
is 100. The 
that Populat 


(Hint: N.HE 
A.H 


Test stastistic 


Z= 
Confidence Int 


= ( 


(Hypothesis conce 
10) Two sample 


weights and 
the Differen: 


C 

I 

[Hint: N.H Ho: 
A.H Hl 

L.' 


ho =5.1. Given 
nce interval for 


i/n} 


30) 


agoes which are 
nation of 0.032. 
agoes. 


In) 


V200)) 


de test, persons 
indard deviation 
d 76.7. Test the 
3.2 


1 life of 96 Hrs 
ife of 90Hrs and 
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A.H: pF 96hrs. 
L.O.S. a= 0.0 
_ oe 
Test statistic z= Zan=1.96 
alNn 
= (96-90)/ (30/V50) Z=1.414 < Zo/2=1.96 
=1.414 N.H is accepted Ans.] 


9) | A sample of 400 printers is taken from a population whose standard deviation 
is 100. The mean life time of the cartage of the printer is 40. Test the claim 
that Population mean is 30. Also find 95% confidence interval. 


{Hint: N.H Ho p=30 
A.H H, » #30 


4—H 
Test stastistic z = = (40-30)/100/¥'400 =2 
alJn 


Z=2> Z,n=1.96 for a=0.05 L.O.S Ho is rejected] 


Confidence Interval = X — Z,,,5 (civn)< yp <X+ zan(o/vn) 


= (40-1.96*100/V400 , 40+1.96x100/V400) = (30.2 , 49.8)] 


(Hypothesis concerning two means large samples) 
10) Two samples of the students are selected from two different departments their 


weights and standard deviation are given as follows. Test the significance of 
the Difference between the means. 


Mean | S.D | Size of the sample 
. 15 70 
70 20 90 


CSE Dept 


[Hint: N.H Ho: py4- po 
A.H H1: fi A M2 
L.O.S = 0.05 
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3-3 
Test statistic z = =. = (55-70) V (157/70 + 207/90) 
Jo, /n, +03 /n, 

= -5,4202 
-5.4202 < Z,=1.96, Ho is accepted] 


(Large Sample, Difference between the mean) 


11) 


Ans. 


Two sample sizes are 100 and 50. The standard deviations are 5 and 8mean 
of the sample are (50, 40). Determine the standard error of the difference 
between the means and also find the confidence interval at 0.05 levels. 


[Hint: SE= Jo) /n, +05 /n, )=% (57/100) + (87/ 50) 
Confidence interval =(X — V)£2Z,/. X Vor /n, +03 /n, 


= 50-40 +1.96V25/100+64/50 
= (12.429, 7.575) Ans.] 


OBJECTIVE TYPE QUESTIONS 


A (1 — a)100% confidence internal for 1 is given by---- 
(a) ¥-—2Z, ol¥n<u<¥+z, ol Nn 

(b) ¥-z,),4 o/Vn<u<¥4+z,), 0/Nn 

(c) ¥=—Zyio olNn<U< +24; ol vn 

(d) None of these 

(c) 


The maximum error of estimate 


(a) E=2,,0/14N (b) E=z,)..0/Vn 


(d) None of these 


OBH=7, 50° in 
Ans. (b) 


3. The formula for 
ZO é 
an | 
E 
Zo iy. 
(c) n= al2 
Fes 
Ans. (c) 
4. A Sampie of si 
probability 0.95, 
(a) 0.87 
Ans. (d) 
5. If the standard de 
99% confidence. 
(a) 900 
Ans. (a) 
6. If the sample size 
will be the 99% ¢ 
(a) (150, 170) 
(c) (155.03, 171.1 
Ans. () 
7. If the maximum | 
size? 
(a) 1540 
Ans. (c) 
8. If the maximum ¢« 
variance is? 
(a) (65.02) 
Ans. (b) 
9. Two samples whx 
the o,., 7 
(a) 70 
Ans. (c) 


) and 8mean 
lifference 
levels. 
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3. The formula for the sample size 
2 2 
Z, 0 27? Oo 
a)n=|—— b) n= 
Zz : ZO] 
al2* “al2 
Ccn= djn= 
si | E | es | E | 
Ans. (c) 
4, A Sampie of size 100 is taken whose standard deviation is 5.With the 
probability 0.95, what is the maximum error? 
(a) 0.87 (b) 0.6 (c) 1 (d) 0.98 
Ans. (d) 
5. If the standard deviation of a sample is 20 and maximum error is 1.72 with 
99% confidence. What will be the sample size? 
(a) 900 (b) 800 -(c) 200 (d) None of the above 
Ans. (a) 
6. If the sample size is 64, mean is 165 with the standard deviation is 25, what 
will be the 99% confidence interval for mean. 
(a) (150, 170) (b) (156.94, 173.06) 
(c) (155.03, 171.05) (d) None of the above 
Ans. () 
7. If the maximum error is 0.06, o =1, with 99% confidence, what is the sample 
size? 
(a) 1540 (b) 840 . (c) 1849 (d) None of the above 
Ans. (c) 
8. If the maximum error with 90% confidence is 2.8 and sample size is 750 then 
' variance is? 
(a) (65.02 ——(b) (46.61) (c) (50.53)° — (d) None of the above 
Ans. (b) 
9. Two samples whose standard deviations 8 & 5 and sample sizes are 100 & 64 
the ox,” 
(a) 70 (b) 105 (c) 103 (d) 101 
Ans. (c) 
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10. If the Standard deviation of population is 5, n=169, mean=50 then 99% 
confidence interval for 1 is 
(a) (50, 52) (b) (48, 50) (c) (51, 53) (d) (49, 51) 

Ans. (d) 

11. Sample size is given by 

2 E 2 
(a) n=| a! (b)n = 
E Za /2 
| zo] 
(c)n= ad (d) None of the above 
Ans. (c) 
12. Maximum error is given by 
o o 
(a) E=2Z,,,—~ (b) E=t, (c) E =—= (d) None of the above 
/2 Jn /2 77 dn 

Ans. (a) 

13. In arandom sample of 400 items it is found that 231 are damage because of 
quality of production. Construct a 99% confidence interval for the 
corresponding true proportion. 

(a) (0.4, 0.7) (b) (0.514, 0.642) (c) (0.5, 0.6) (d) (0.642, 0.751) 

Ans. (b) 

14. If p=0.578, q=0.42. 1 = 400 find maximum error with 95% confidence for 
true proportion 
(a) 0.078 (b) 0.048 (c) 0.058 (d) none of these 

Ans. (b) 

15. Among 100 people in a state 10 are found to be chapatti eaters. Construct 
99% confidence interval for the true proportion. 

(a) (0.579, 0.1258) (b).(0.0742, 0.1258) 
(c) (0.0742, 0.1520) (d) none of these 
ns. (b) 


16. 


Ans. 


20. 


Ans, 


A random samy 
to be bad. Wha 
of proportion. 
(a) 0.03 


- (©) 


In a sample of 
you say about ti 
(a) 0.0582 


. (b) 


If we can assert 
the size of the s 


(a) 71 


. (a) 


If the maximum 
then the varianc 


(a) 2.166 
(c) 


Among 100 fac 
confidence, the 
(a) 0.059 


. (Cc) 


A random samp 
proportion with 


(a) 0.0329 


..(b) 


If p = 0.5 and 
confidence is 


(a) 0.567 
(d) 


iean=50 then 99% 


(d) (49, 51) 


rove 


one of the above 


damage because of 
interval for the 


(d) (0.642, 0.751) 


'5% confidence for 


d) none of these 


i eaters. Construct 
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16. A random sample of 100 bananas were taken and out of which 15 were found 
to be bad. What can we say with 95% confidence about the maximum error 
of proportion. 

(a) 0.03 (b) 0.05 (c) 0.07 (d) none of these 

Ans. (c) 

17. In asampte of 700 people in Andhra Pradesh 300 are rice eaters. What can 
you say about the maximum error with 99% confidence? 

(a) 0.0582 (b) 0.0482 (c) 0.0182 (d) none of tiese 

Ans. (b) 

18. If we can assert with 95% that the maximum error is 0.07 and p is 0.1. Find 
the size of the sample 
(a) 71 (b) 50 (c) 81 (d) none of these 

Ans. (a) 

19. Ifthe maximum error with 99% probability is 0.25 and sample size 1=500 
then the variance of the population is 
(a) 2.166 (b) 3.205 (c)4.694 (d) none of these 

Ans. (c) 

20. Among 100 faculty members in ccilege 80 people use cell phone. With 95% 
confidence, the maximum error for true proportion is 
(a) 0.059 (b) 0.085 (c) 0.0784 (d) none of these 

Ans. (Cc) 

21. A random sample of 500 products, 100 are defective items. Standard error of 
proportion with 99% is 
(a) 0.0329 (b) 0.0461 (c) 0.165 (d) 0.521 

Ans. . (b) 

22. If p = 0.5 and the sampie size is 70 then the maximum error with 99% 
confidence is 
(a) 9.567 (b) 0.1212 (c) 0.25 (d) 0.1541 

Ans. (d) 
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23. 


Ans. 


24. 


Ans. 


Ifq= 0.3 and the sample size is 140 then the maximum error with 95% 
confidence is 
(a) 0.0459 (b) 0.0444 (c) 0.0559 (d)0.0759 


(d) 


For the level of significance 1% & 5 % respectively what are the critical 


values of Z, for two tailed test 
(a) 2.33, 1.645 (b) -2.33,-1.645 (c)2.58, 1.96 (d) None of the above 


(¢) 


4.1 TEST OF 1] 
(SMALL SAM 


Working Proc 
Null hypo 
Alternativ: 
Level of si 
Test of sta 

Ca 


a. If Pz 


Beno 


P= 


P= 


t with 95% 


()0.0759 


> the critical | 


lone of the above 


TESTING OF HYPOTHESIS-II 


“Mind it self is the form of all.” 


4.1 TEST OF HYPOTHESIS CONCERNING ONE PROPORTION 
(SMALL SAMPLES) 


(Nov. 2009 set 4) 
Working Procedure 


Null hypothesis Ho: P = Po 

Alternative hypothesis H;: P = Pp or P> Py or P< Po 
Level of significance: a 

Test of statistic 


AYN oS 


Calculate P — value 


a. If P#Po then 
P=2P (X <x) if x <n.Po 
P = 2P (X 2x) if x > nPo 
b. IfP> Po then 


P=P(X2x)” 


4.2 Problems and Solutions in Probability & Statistics 


c. IfP< Po then 
P=P(X <x) 


Where x is the number of success. 


5. Decision 
If P > @ then null hypothesis is accepted otherwise P < a null hypothesis 


is rejected 
4.2 TEST OF HYPOTHESIS CONCERNING ONE PROPORTION 
(LARGE SAMPLE) 


Working procedure 
(Nov.2009 set 4) 


For the large sample n > 30. Formulate 
1. Null hypothesis Ho: P = Po 
2. Alternative hypothesis H: P # Po or P > Po or P < Po 
3. Level of significance: o 
4, Critical Region: 
a. If P # Po test is two tail test, for given a, critical values are — 2,5 


and z,,. from the normal distribution table. 


Critical Region 
a/2 


“Zo Za/2 


b. IfP> Po test is right one tail test, for given a, critical value is z, from the 


Normal distribution table. 


c. IfP<Po test is left one tail test, for given a,critical value is — Z, from the 


Normal distribution table. 


5. Test of statistic 
gus 
VPqin 


Where P 2 
r 


6. Decision 


an MPa Z55.<2 


Hypothesis is 
Do Seg 

Hypothesis is 
Cc Z>-Zy 

Hypothesis is 


4.3 TEST OF HYP 
(LARGE SAMPLE 

Working Procedure 
1. Null hypotl 


Where P; = 


2. Alternative 
3. Level of sig 
4. Critical Reg 
a. If P; - P, ¥ 0 test is 


Z4/7 from the norme 


>a null hypothesis 


RTION 


(Nov.2009 set 4) 


values are ~Z,/5 


Zz, from the 


-Z, from the 


Testing of Hypothesis-Il 4,3 


Rejection 
Region 


5. Test of statistic 


P-p 
VPqin 


Where P = = 


3 


6. Decision 


a Wi SZ oo S22. 


Hypothesis is accepted for two tail test otherwise rejected 
b.. 222 


Hypothesis is accepted for right one tail test otherwise rejected 
« Z>-Zy 


Hypothesis is accepted for left one tail test otherwise rejected 


43 TEST 


OF HYPOTHESIS CONCERNING TWO PROPORTIONS 


(LARGE SAMPLES) 


Working Procedure 


1. 


> 
3. 
4, 


If P| — P; # 0 test is two fail test, for given a, critical values are — Zy/2 and 


Null hypothesis Ho : P; = P2 or P,-P,=0 
x “x: 
Where 9, = —Land P, =—2 
ny 12 
Alternative hypothesis H): P,-P) #0 or P; > P> or P, <P, 
Level of significance: a 
Critical Region: 


24/2 from the normal distribution table. 
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b. If P, > P> test is right one tail test, for given a,critical value is z, from the 


normal distribution table. 


c. If P; < P, test is left one tail test, for given a, critical value is —z, from the 


normal distribution table. 


Rejection 
Region 


5. Test of statistic 


x x. 
Where Fj =i, Py = 


ny ny 
ype Nal i 
ny + Ny ny + Ny 
mn, and mn) sizes of two samples, which are drawn from the two distinct 


populations. 


6. Decision 
a  If-Z,,,< 2 < 2g 
Hypothesis is accepted for two tail test otherwise rejected 
b. 862, >2 
Hypothesis is accepted otherwise rejected for right one tail test 
Cc Z>-Z, 
Hypothesis is accepted otherwise rejected for left one tail test. 


4.4 


TEST OF 
PROPOR’ 


Working 5 
LN 
2. A 
3. Le 
4, C 


If P; — P2 ; 


Za/. {rom 


If P} - P, > 
normial dist 


If P; = P, < 
normal! dist 


Test of stat 


alue is z, from the 


lue is —z, from the 


m the two distinct 


ccted 
le tail test 


: tail test. 


4.4 


Testing of Hypothesis-Il 4.5 


TEST OF HYPOTHESIS CONCERNING DIFFERENCE BETWEEN 
PROPORTIONS (LARGE SAMPLES) 


Working procedure 
1. Null hypothesis Ho: P; - P2 = C (Constant) 
2. Alternative hypothesis H,: P}-P2 #C or P; - P2 > C or Py} - P2 <C 
3. Level of significance: a 
4. Critical Region: 


If P; — P; # C test is two tail test, for given a, critical values are -z,,, and 


Z~/2 from the normal distribution table. 


Rejection Region 
a/2 


~Zo/2 Zo/2 


If P| - P2 > C test is right one tail test, for given a, critical value is z,, from the 
normal distribution table. 


1-0 eee 
Rejection 


Region a 


If P, - P2 <C test is left one tail test, for given a, critical value is — z, from the 
normal distribution table. 


Rejection 
Region 


Test of statistic 


BU-A), Pl-P, 


x 
Where 7, ail, Py =— 
a nO 


4.6 Problems and Solutions in Probability & Statistics 


6. Decision 
a, IK Zee 2 Bugs 
Hypothesis is accepted for two tail test otherwise rejected 
b 862, >2 


Hypothesis is accepted otherwise rejected for right one tail test 
& Z£>-Z,. 


Hypothesis is accepted otherwise rejected for left one tail test. 


1. Confidence interval for proportions (large sample) 


Where n — sample size (Large) 
x — Number of successes 


2. Maximum error is given by 


PU-P 
n 


M.E.=2,,, 


3. Sample size : 


a. If P is given 


2 
n=P(l- P| 222) 
E 


b. If P is not given the sample size 


“Ole) 


SOLVED EXAMPLES 
Example 4.1. 400 articles from a factory are examined and 3% are found to be 
defective. Construct 95% confidence interval. __ (Nov. 2006 Set 3) 
Solution 


Given that z,,. =1.96 for confidence level 95% 


Sample size n = 400 
P= 0.03 or 3% 


Confidence 


Confidence 


(0.03)-1. 


(0.03)- 


(0 


Example 4.2. In 
with explosives i1 
explosive when ¢ 
Find a 95% confi 


Solution 
(1-a) 100% 


Given that x 
n= 200 
Za /7 = 1.96 


Testing of Hypothesis-ll 4.7 


Confidence interval =7- 
: x <p<XxX+2Z ne 
Bs xX Zair Pap 
Ae vn 


Confidence internal for er 


I test ae fh cope [p= p) a =p) 
= (0.03)-1 Micon < p<(0.03)+1.96 [eosir=a09 
(0.03)— 1.96 [0-09K0.97) < p< (0.03)+ <a 


(0. 03)-1 96, p <(0.03)+ ou 
400 400 


0.03 — (0.0167) < p < 0.03 + 0.0167 


0.0132 < p < 0.0467 
Confidence interval (0.0132, 0.0467) 


Example 4.2. In a study designed to investigate whether certain detonators used 
with explosives in coal mining meet the requirement that at least 90% will ignite the 
explosive when charged, it is found that 174 of 200 detonators function properly. 


Find a 95% confidence internal for the tune proportion? 
(Supple. Feb. 2007 Set 1, Set 2) 


Solution 
(1-a) 100% confidence interval for true proportion 
x x 
pies Ie eee 
x n n}) ; 


Given that x = 174 


n= 200 
Za). =1.96 For a = 0.95 
re found to be 
y. 2006 Set 3) al -) 174 ( a) 
174 196 200 200 open 3266 200 200 


200 200 200 


4.8 Problems and Solutions in Probability & Statistics 


0.87 —1.96,|0-87M= 087) - 0.87 41.96, OS MO) 
200 50 
0.87-1.96,, 0s <p <0.87+1.96, 
200 200 


0.87 — 0.0466 < p < 0.87 + 0.0466 
0.8233 <9 <0.9166 Ans. 


Example 4.3. If we can assert with 95% that the maximum error is 0.5 and p = 0.2 
find the ample size. (Supple. Nov. / Dec. 2005) 


Solution 
We know that when p is known, the sample size n is given by 


2 
Zz 
n= pll~ p=) 


Given that 
Maximum error E = 0.5 
p=0.2 
n=? 
1- a =0.95 
1-0.95=a 
a = 0.05 


Za/2 = Zo05/2 = Zoms = 1-96 


1.96] 
= (0,.2X1—-0.2) —2 
naey | 


= (0.2)(0.8)(3.92) 
n= 2.458 : Ans. 


Example 4.4. A manufacturer of electric bulbs claims that the percentage defective 
in his product doesn’t exceed 6. A sample of 40 bulbs is found to contain 5 
defectives would you consider the claim justified? 


Solution 
1. Null hypothesis Ho: p = .06 
2.  Alternativé hypothesis H;: p < .06 
3. Level of significance a= 0.05 
4. Critical region: — z, =—1.645 for a = 0.05 L.O.S. 


Test is L.O.T.T. 


5 Test of : 
P 
zZ=—= 
VE 
x 
P = —.s 
n 
me) 
4( 
( 
Z=-> 
( 
__o 
0 
=1.7: 
6. Decision 
-1.96< 


Example 4.5. A m. 
in his product doe 
defectives would yo 
Solution 
I. Null hyp 
2. Alternativ 


3. Level of: 


4. — Critical re 
Test is L.! 


;0.5 and p =0.2 
v. / Dec. 2005) 


Ans. 


entage defective 
id to contain 5 
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~1.645=-z, 


5. Test of statistic or computation 
P=p 


Vpqin 


x ; : 
Pp =— = Proportion of successes in the sample 
n 


Pa 


== 0.125 
40 
7a 0:125-0.06 (02.065 
0.06)(1-0.06) — [(0.06X0.94 


40 40 
_ 9.065 0.065 _ 0.065 

[0.0564 V0.00141 0.0375 
40 
= 1.7333 

6. Decision : -z,,,. <Z, accepted 
- 1.96 < 1.73 null hypothesis is accepted 
Example 4.5. A manufacturer of electric bulbs claims that the percentage defective 


in his product doesn’t exceed 6. A sample of 10 bulbs is found to contain 5 
defectives would you consider the claim justified? 


(Feb. 2007 Set 4) 
Solution 
1. Null hypothesis Ho: p = 0.06 
2. Alternative hypothesis H): p < 0.06 


3. Level of significance a = 0.05 


4. Critical region: -z,= -1.645 for a = 0.05 level of significance 
Test is L.O.T.T. 
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.05 


S 
-1.645=-z, 
5. Test of statistic or computation 
P = P (Xs x when P = po) 
p = 5, npo = 10 x0.06 = 0.6 
_ X=5, npo = 10 x 0.06 = 0.6 
5 =X > npo = 0.6 
P= p(X <5 when p = 0.06) 


> 
= 9 (X;10, 0.06) 
X=0 


5 
= 5'10,. (0.06)*(1- 0.06)" 


¥10¢ (0.06)* (0.94) 
x=0 


=10,, (0.06)° (0.94) + 10,, (0.06)'(0.94)'°" +10, (0.06) (0.94)°? 


+10,. (0.06) (0.94)"" +10,. (0.06)' (0.94)"°* 
CG Cy 
+10., (0.06) (0.94) 
210 Z10 210 
= —=—__ (0.5386 — (0.06)(0.5729 0.0036)(0.6095 
Z10 AO. AG Z10 = i ie 22 pe i ) 
Z10 R 
————— .(0,000216)x (0.6484 0.000012 \0.6898 
“ZB Z10— 3 Jx( he ear = ra X ) 
40% 0000077) x (0.73390) 
£5 A058 


= (0.5386) + 10 x (0.034374) + 45 x (0.02194) + 120 x (0.000140) 

+210 x (0.000083) + 252 x (0.000000565) 
= 0.5386 + 0.34374 + 0.9873 + 0:0168 + 0.00174 + 0.000142 
= 1,888 


6. Decision: 


Reject} 
1.88 <( 
Hypoth 


Example 4.6. In. 
with explosives in 
explosive when ct 
Test null hypothes 
level of significance 


Solution 
1. 


2. 
3. 
4 


Null hy; 
Alternat 
Level o: 
Critical 


Test is I 


Decision 
- 1.41 >- 


0.06)’ (0.94)'°? 
6) (0.94) 


-5 
0.0036)(0.6095) 
00012X0.6898) 


77)x (0.73390) 


0) 
1000565) 
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6. Decision: 
Reject N.H Hy ifp<a 
1.88 < 0.05 
Hypothesis is rejected 


Example 4.6. In a study designed to investigate whether certain detonators used 
with explosives in coal mining meet the requirement that at least 90% will ignite the 
explosive when charged, it is found that 174 of 200 detonators function properly. 
Test null hypothesis P = 0.90 against the alternative hypothesis p< 0.90 at the 0.05 
level of significance. (JINTU 2001) 


Solution 
1. Null hypothesis Ho: p = 0.90 
2. Alternative hypothesis H;: p <.90 
3. Level of significance a = 0.05 
4. Critical region: — z, =—1.645 for a = 0.05 level of significance 


Test is L.O.T.T. 


0.05 
WV 
-1.645= -z, 
5. Test of statistic or computaticn 
zZ= ou 2 S 
v4 pq/n 
p=" 0.87 
200 
ae 0.87-0.90 ~§ = — 0.03 
[(0.90) (1- 0.90) [(0.90X00.1) 
200 200 
— 0.03 
¥ 0.00045 
_ — 0.03 
0.0212 
=—1.41 


6. Decision: If P < pp and z <-.z, then null hypothesis rejected 
- 1.41 >— 1.645 then null hypothesis is accepted 


4.12 Problems and Solutions in Probability & Statistics 


Example 4.7 In a random sample of 125 cola drinkers, 68 said they prefer 


thumpsup to Pepsi. Test the null hypothesis P = 0.5 against the alternative FA 
hypothesis p< 0.5 (Supple. Nov. 2008) =. 
n 
Solution Zui. T2915 | 
1. Null hypothesis Ho: p = 0.5 
2. Alternative hypothesis H;: p >0.5 
3. Level of significance a = 0.05 = 90 4 57, 
4. Critical region: z, = 1.645 for a = 0.05 level of significance d 900 


- Testis R.O.T.T. 


: I. SS 
Example 4.9. Exps 


5. Test of statistic or computation 
top quality. In one ¢ 


P-p : 
z= hypothesis at 0.05 Ic 
J pq/n 
x 68 Solution 
P= > = 5 = 0.544 1. Null hyp 
= 0544-05 544-05 0.044 2.  Alternati 
0.5 (0.5) @-0.5) [osXo) ose | 3. Level of 
125 4. Critical r 
0.044 .044 
0.044 _ 0.044 _ 0 9838 
¥0.002 0.04472 — 
6. Decision: If z< z, then null hypothesis is accepted 
0.9838 < 1.645 then null hypothesis is accepted Ans. 
Example 4.8. Among 900 people in a state 90 are found to be chapatti eaters. Test of statistic or c: 


’ Construct 99% confidence interval for the true proportion. 
(Reg. April / May 2005 Set 1) 
(Supple. Feb. 2007 Set 3) 
(Nov. 2006 Set 1) 


Solution 
The confidence interval for P when n is large 


Testing of Hypothesis-Il 4.13 


| they prefer 
ie alternative 


», Nov. 2008) 
lo 
Lge es” g5 yy Ok = ON). 
se 900 00 900 
. 0.10. XO. 
G1: 2.5175,| 0X09) X0.9) p< 0.142.575, foo) X0.9) 
900 900 
0.1 —2.575 x 0.01 <p <0.1 + 2.575 x 0.01 
0.1° — 0.02575 < p <0.1 + 0.02575 
0.07425 < p < 0.12575 : _ Ans. 
Example 4.9. Experiences had shown that 20% of a manufactured product is of the 
top quality. In one day production of 400 articles only 50 are of top quality. Test the 
hypothesis at 0.05 levels. (Reg. April / May 2005 Set 3) 
Solution 
1. Null hypothesis Ho: p = 0.20 
2 Alternative hypothesis H;: p # 0.20 
3. Level of significance a = 0.05 
4. Critical region: z,,, =1.96 for a = 0.05 level of significance 
Ans, : ~Zo/2 Zal2 
hapatti eaters. Test of statistic or computation 
Z i=? 
ry 2005 Set 1) = 
b. 2007 Set 3) vpq!n 
v. 2006 Set 1) x S50 
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0.125-0.20 | —0.075 


A 
[0.200 — 0.20) 0.02 
400 


= - 3.75 
6. Decision: — z,,, <2<2Z,,, then null hypothesis is accepted. 
- 1.96 > - 3.75 < 1.96 null hypothesis is rejected 


Example 4.10. A manufacturer of electronic equipment subjects samples of two 
competing brands of transistors to an accelerated performance test. If 45 of 180 
transistors of the first kind and 34 of 120 transistors of the second kind fail the test, 
what can he conclude at the level of significance a = 0.05 about the difference 
between the corresponding sample proportions? 
(Reg. April / May 2004) 

Solution 

1. Null hypothesis Ho: P; = P2 

2. Alternative hypothesis H,: P, + P, 

3. Level of significance a = 0.05 

4. Critical region: Z, ,.=1.96 for a = 0.05 


level of significance. Test is T.T.T ~ta2 = -1.96 Zan= 1.96 
5. Test of statistic: 


es 
ie nm nN, 
7 ay 1 1 
a-ae+4) 
An 7, 
wien p= At Pe Pie aay 3 
nm +N» m+n: 
n, = 180, x, =45 
n2 = 120, x. = 34 
pit rc Te yess 
180+120 300 
AS 34 
180 120 


z= 


(0.2633)(I — 0.2633 Me as 
| | 180 120 


Z =. 
6. Decision: 


- 1.96 <- 
There is1 


Example 4.11. A: 
Random samples of 


at .05 level. 
Solution 
1. Null hyp« 
2. Alternati' 
3. Level of: 
4 Critical re 
level of s 
5. Test of st 


6. Decision: 
- 1.96 <1 


:cepted. 


ts samples of two 
test. If 45 of 180 


d kind fail the test, . 


out the difference 


April / May 2004) 


0.025 


<3 
Zg/2.= 1.96 
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7 | 0.25 —0.28 
~ {(0.2633X0.7367)(0.00555 + 0.00833) 
_ = 0.03 
~ 0.00269 
Z=- 0.57915 


Decision: —2,;.< Z < Z,,, then null hypothesis is accepted 


- 1.96 <- 0.57915 < 1.96 null hypothesis is accepted 
There is no significant difference between two brands of transistors 


Example 4.11. A manufacturer claims that only 4% of his products are defective. 
Random samples of 500 were taken among which 100 defective test the hypothesis 


at .05 level. (Supple. Nov. / Dec. 2005 Set 2) 
Solution 
1, Null hypothesis Ho: p = 0.04 
2. Alternative hypothesis H,: p + 0.04 0.025 
3. Level of significance a = 0.05 
4. Critical region: 2, ,,=1.96 for a = 0.05 
level of significance. Test is T.T.T ~Zal2 Zale 
5. Test of statistic: 
z= head 
Vpqin 
Lae 
500 
i 0.2 — 0.04 
(6.04 Xi — 0.04)/500 
= 0.16 
[(0.04}0.96) 
500 
_ 0.16 
0.00876 
= 18.26 
6. Decision: -z,,;,< Z <2Z,,, then null hypothesis is accepted 


- 1.96 < 18.26 > 1.96 null hypothesis is rejected 


4.16 Problems and Solutions in Probability & Statistics 


Example 4.12. On the basis of their total scores, 200 candidates of a civil service 
examination are divided into two groups, the upper 30% and the remaining 70% 
consider the first question of the examination. Among the first group, 40 had the 
correct answer, whereas among the second group, 80 had the correct answer. On the 
basis of these result, can one conclude that the first question is no good at 


discriminating ability of the type being examined here? 
(Reg. April / May 2004) 
Solution 6. Decision: 


30% of the 200 candidates are 60 candidates 4 ae 
70% of the 200 candidates are 140 candidates 4 
In the first group 40 had the correct answer 


Pew tie SY 20 666 
n, 60 a Solution 


The confidence i 


Example 4.13. If 81 
99% confidence limit 


In the second group 80 had the correct answer 


0 
BE og oe ST =i1 

ny, 140 x n 
1. Null hypothesis Ho: pi = p2 a 24/2 ia 

2. Alternative hypothesis Hi: pi # p2 0.025 
3. Level of significance a = 0.05 | =| 
4. Critical region: z,,,=1.96 for S 39 ~2.58 80\ 
- oe ~Zyi2 Zal2 80 
a = 0.05 level of significance. -1.96 1.96 
0.73 
5. Test of statistic 0.7375 — 2.58,|—— 
M2 | 0.7375 — 2.58 x ( 
es mm 
: i 1 0.7375 — 0.1269 : 
pll- le + 4) | 0.6105. 
My Mg , 
Where Example 4.14. Wha 
unknown proportion 
p= bea aes = 40+ 80. eons 120 = 0.6 confidence? 
m+n, 60+140 200 
Solution 
40 | 80 Sample size 
pas 60140 ifz 2 
, 1 n= Al a/2 \ 
(0.6XI - 0.6) — +i | 4Leé 

60 140 Given that maxir 


Z 4/7 =1.96 for a = 


5 of a civil service 
ye remaining 70% 
group, 40 had the 
ect answer. On the 
yn is no good at 


April / May 2004) 
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0.666 — 0.5714 


{(0.6)(0.4X0.0166 + 0.00714) 


_ 0.0946 


~ 0.07548 
Z = 1.2533 
6. Decision: —2,,, <z<2z,,, then null hypothesis is accepted 
- 1.96 < 1.2533 < 1.96 null hypothesis is accepted 


Example 4.13. If 80 patients are treated with an antibiotic 59 got cured. Find a 
99% confidence limits to the true proportion of cure? 


(Supple. Nov. /Dec. 2001 Set 1) 


Solution 
The confidence interval for p when n is large 


= "800 
0.7375 — 2.58 OBEN AEE) <p < 0.7375 +258 Bet) 


0.7375 — 2.58 x 0.04919 < p < 0.7375 + 2.58 x 0.04919 


0.7375 — 0.1269 < p < 0.7375 + 0.1269 
0.6105 < p < 0.8644 Ans. 


Example 4.14. What is the size of the smallest sample required to estimate an 
unknown proportion to within a maximum error of 0.06 with at least 5% 
confidence? (Supple.-Nov../.Dec. 2004 Set 3) 


Solution 
Sample size 


1] 272 ; : 
n=—|——j When pis unknown 
4, E 


Given that maximum error E = 0.06 


24/77 1.96 for a= 5% 


4.18 Problems and Solutions in Probability & Statistics 


2 
1 i | 1 ae - 
n=—|——} =—x(32.66)° =—x 1067.11 z=—— 
4| 0.06 4 4 J P4 
n= 266.77 ~ 267 
x 
Example 4.15. In a random sample of 160 workers exposed to a certain amount of ee Pi 
radiation 24 experienced some ill effects. Construct a 99% confidence interval for 
the corresponding true percentage. a . 10 
(Supple. Nov. /Dec. 2004 Set 3) | O00 * 
Solution 
Confidence interval for proportions p for large sample we x 
¢ 
Z-—_ 
. , 0 
24/7 2-58 for a = 0.01 level of significance —_ 
1-a=0.99 
1-0.99=a 6. Decisi: 
0.01 =a - 196< 


Example 4.17. If a 
within the first 5 ye 
hypothesis p > 0.30 a 


at 1-74) 
160(. 160 


= — 2,58\| —-—_—_—* « p < — + 2.58 
100 0 160 Sa 
: olution 
150 -0.1 : —0. 
ossd sg <p<0.15+2.58|2150—045) 0.15) 1, Null hypot 
160 160 2. Alternativ: 
0.15 — 2.58 x 0.0282 < p <0.15 + 2.58 x 0.0282 3. Level of si 
0.15 — 0.0728 > p < 0.15 + 0.0728 4. Critical 1 
0.07716 < p < 0.22283 F Ans. a =0.05 le 
Example 4.16. A random. sample of 1200 apples was taken from a large SoG 
.16. , 5. Test of stat 


consignment and found that 10%.of them are bad. The supplier claims that only 2% 
are bad. Test his claim at 95% level. 

(Reg. April / May 2005 Set) 

(Supple. Feb. 2007 Set 3) 

(Nov..2006 Set 1) 


Solution : 
1. Null hypothesis Ho: p = 0.02 
2 Alternative hypothesis H;: p # 0.02 
3. Level of significance for 95 %, a = 0.05 level of significance zZ=— 
4. Critical region: z,,.=1.96 for « = 0.05 level of significance. {e 
5 


Test of statistic | 


sertain amount of 
lence interval for 


Dec. 2004 Set 3) 


S| 
Sa, 


0 


15) 


ns. 


in from a large 
iims that only 2% 


|/ May 2005 Set) 
Feb. 2007 Set 3) 
(Nov. 2006 Set 1) 


cance 
ance. 
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z= el 
Vpq/n 
a 
| Seen 
n 10% of the 1200 apples are bad. 
o> x 2200 =120 Apples 
100 l 
ee 
n 1200 — 
ge 0.1-0.02 0.08 _ 0.08 20 
[0.02 KI — 0.02) [0.0196 0.0040 
1200 1200 . 
6. Decision: —z,,. <Z<Z,,, then null hypothesis is accepted 


- 1,96 < 20> 1.96 null hypothesis is rejected. 
Example 4.17. If a random sample of 120 pumps includes 47 required repairs 
within the first 5 years test the null hypothesis p = 0.30 against the alternative 
hypothesis p > 0.30 at 0.05 level of significance? 


(Supple. Nov./Dec 2004 Set 2) 
Solution 


1. Null hypothesis Ho: p = .30 

2 Alternative hypothesis H;: p >0.30 

3. Level of significance a = 0.05 a 
4 


Critical region: z, =1.645 for NK WY 
a = 0.05 level of significance. Test is t. = 1.645 


R.O.T.T 
5. Test of statistic 


ae 


__720 9? —_ 039-030 0.09 us 
0.30X1-0.30) 0.00175 0.0418 ~~ 
120 
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6. Decision: z< z,, then null hypothesis is accept P ae 
2.15> 1.645 null hypothesis is rejected 5 é = 
Example 4.18. In a city 250 men out of 750 were found to be smokers. Does this zo 
information support the conclusion that the majority of men in this city are : v( 
smokers? : Z=2.7 
(Reg. April / May 2005 Set 4) 4 oe 
Solution ; 6. Decisio 
1. Null hypothesis Ho: The number of smokers and non smokers are equal -l 
. in the city p=0.5 

2. Alternative hypothesis H,: p > 0.5 

3. Level of significance a = .05 (Test of Hypothe: 


1). Acoin is to 


4. Critical region: z, = 1.645 for a = 0.05 
coin is biase 


level of significance. Test is R.O.T.T. 


P- [Hint: Null 
5.  Test.of statistic: z= ms 
— ypqin LOS. a=( 
; . Probability 
Pos Pe gas : 
n 750 
0.333 -0.5 _ 70.1666 _ 0.1666 
“To. 5Xi— 0. 5)/750 Y0.00033 00033 0. 0.01825 -1.96 
=- 9,128 2) Acoinis tos 
6. Decision: z< z, then null hypothesis is accepted. 
~ -9,128 < 1.645 null hypothesis accepted [Hint: Nul 
Example 4.19. A die is thrown 256 times an even digit turns up 150 times. Can 
we say that the die is unbiased? (Supple. Nov. / Dec. 2005 Set 4) Probabilit 
Solution ; 
1. | Null hypothesis Ho: die is unbiased 
Alternative hypothesis H,: die is biased 
-1.96>-19, 


2 
3. Level of significance a = 0.05 
4 


Critical region: z,,. = 1.96 for a= 0.05 3) In Hyderaba 


level of significance. Test is T.T.T. colleges. Dc 
aa P-p students in t 
5S. Test of statistic: z= === (Hint: 1. N 
V Pq/n ce 
x 150. = 
=— =—— = 0.585 
Pp n 256 2. A 
3. L 


smokers. Does this 
n in this city are 


.| May 2005 Set 4) 


smokers are equal 


0.05 


SSS 


Zg = 1.645 


; up 150 times. Can 


! Dec. 2005 Set 4) 
0.025 
KG 
Zod 
5 1.96 
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P = probability of getting even number (2 or 4 or 6) 


~2.f205 
6 2 
_ 0.585 —0.5 (0.085 _ 0.085 085 
*“ To. J(0.5\1 —0.5)/256 ~ 70.0007 ~ 0.03125 
Z= 2.72 


6. Decision: —z,,, <Z<Z,,,, then null hypothesis is accepted. 


-1.96 < 2.72 > 1.96 null hypotheses is rejected 


Exercise 


(Test of Hypothesis one proportion) 


1). 


2) 


3) 


A coin is tossed 1000 times and head turned up 200 times. Test whether the 
coin is biased? 
[Hint: Null Hypothesis Ho: coin is unbiased 
A.H H;: coin is biased 
L.O.S. a = 0.05, Z. 2=1.96 
Probability of getting head p=1/2, q=1/2 
Test statistic= Z= (x-np)/Vnpq 
= -300/15.811 
= -18.974 
-1.96>-18.974<1.96 , N.H is rejected, coin is biased] 


A coin is tossed 960 times and head turned up 183 times. Is coin biased? 
(Supple. JNTU 2004) 
{Hint: Null Hypothesis Ho: coin is unbiased 
A.HH;: coin is biased 
L.O.S. © = 0.05, Za 2=1.96 
Probability of getting head p=1/2, q=1/2 
Test statistic= Z= (x-np)/Vnpq 
=-19.1 
-1.96>-19.1<1.96 , N.H is rejected, coin is biased] 


In Hyderabad city 3000 students out of 5000 were found to go to engineering 
colleges. Does this information support the conclusion that majority of the 
students in the city to go to engineering college. 


[Hint: 1. N.H.Ho: The number of students who go to 
engineering colleges and other colleges are 
equal p = 0.5 


2. AH.H,:p>0.5 Wr 


3. Level of significance a = .05 24 = 1.645 


0.5 
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4. Critical region: Z, = 1.645, Test is R.O.T.T. 


5. Test of statistic: ,__P-P_, pax 3000 _ 06 


ligne n 5000. | 


Pte Mach enn P| 


V(0.sXi-0.5 \/5000 


6. Decision: 14.142> 1.645 null hypothesis rejected.} 


4) A random sample of 200 teachers, were taken from an engineering college 
for the teachers training programme, it is found that 10% of the teachers are 
not good in teaching. The principal of the college claims that only 2% 
teachers are not good in teaching. Test his claim at 95% level. 
[Hint: 1. N.H.Ho: p = 0.02 

. A.H.H;: p ¥ 0.02 

. L.OS. for 95 %, a = 0.05 


CR: 24/7 =1.96 for a = 0.05 L.O.S. 


. Test of statistic 
ot 


Vpqin 


wna SF wh 


x 
P==— 10% of the 200 teachers dees 200 = 20 Teachers 
n 100 1 
pete S64 
n 200 
0.1-0.02 


= ——_§ = 8.088 


“~~ {(0.02X1 — 0.02 
V 200 


6. Decision: -1.96 < 8.088 > 1.96 null hypothesis is rejected.] 


5) | Among 900 people in Hyderabad city, 90 are found to take services of R.T.C 
buses to go to office every day. Construct 99% confidence interval for the 
true proportion. 


[Hint: The confidence interval for P when n is large 


eee 
=a) or 

900 
0.07425 < p< 0.12575 Ans.] 


900 


6) 


Ans. 


In a random : 
them are det 


his product ¢ 
{Hint: 1. 


wR WN 


A Sample c 
probability 0 
(a) 0.87 


. (d) 


In a random 
quality of 

correspondin 
(a) (0.4, 0.7) 


. (b) 


If p = 0.578, 
true proporti 
(a) 0.078 


. (b)- 


Among 100 
99% confide 
(a) (0.579, 0. 
(c) (0.0742, (¢ 
(b) 


ieering college 
he teachers are 
that only 2% 


chers 


vices of R.T.C 
aterval for the 


for 99 % L.O.S. 
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6) | Inarandom sample of 120 computer printers in an organization, It is found 10 of 
them are defective. The manufacturer claims that the percentage defective in 
his product doesn’t exceed 6. Would you consider the claim justified? 

[Hint: 1. N.H.Ho: p= 0.06 
2. A.HLH;: p # 0.06 
3. LOS. for 95 %, a = 0.05 
4. CR: -Z, =-1.645 for a = 0.05 L.O.S.Test is L.O.T.T. | 
5. Test of statistic 
Vpq/n ; 
P= = 10% of the 120 Printers pl x 120 =12 Printers 
n 100 
lag ST 
120 
oe 0.1-—0.06 =1.851 
[0.06 - 0.06) 
120 
6. Decision: -1.96 < 1.851 null hypothesis is accepted.] 
OBJECTIVE TYPE QUESTIONS 

1. A Sample of size 100 is taken whose standard deviation is 5.With the 
probability 0.95, what is the maximum error? 

(a) 0.87 (b) 0.6 (c) 1 (d) 0.98 

Ans, (d) 

2. In a random sample of 400 items it is found that 231 are damage because of 
quality of production. Construct a 99% confidence interval for the 
corresponding true proportion. 

(a) (0.4, 0.7) (b) (0.514, 0.642) (c) (0.5, 0.6) (d) (0.642, 0.751) 

Ans. (b) 

3. If p = 0.578, q=0.422, n = 400 find maximum error with 95% confidence for 
true proportion 
(a) 0.078 (b) 0.048 (c) 0.058 (d) none of these 

Ans. (b) 

4, Among 100 people in a state 10 are found to be chapatti eaters. Construct 
99% confidence interval for the true proportion. 

(a) (0.579, 0.1258) (b) (0.0742, 0.1258) 
(c) (0.0742, 0.1520) (d) none of these 
Ans. (b) 


4.24 


Problems and Solutions in Probability & Statistics 


A random sample of 100 bananas were taken and out of which 15 were found 
to be bad. What can we say with 95% confidence about the maximum error 
of proportion. 

(a) 0.03 (b) 0.05 (c) 0.07 (d) none of these 


. (c) 


In a sample of 700 people in Andhra Pradesh 300 are rice eaters. What can 
you say about the maximum error with 99% confidence? 
(a) 0.0582 (b) 0.0482 (c) 0.0182 (d) none of these 


. (b) 


If we can assert with 95% that the maximum error is 0.07 and p is 0.1. Find 
the size of the sample 
(a) 71 (b) 50 (c) 81 (d) none of these 


. (a) 


If the maximum error with 99% probability is 0.25 and sample size n=500 
then the variance of the population is 
(a) 2.166 (b) 3.205 (c) 4.694 (d) none of these 


. (c) 


Among 100 faculty members in college 80 people use cell phone. With 95% 
confidence, the maximum error for true proportion is 
(a) 0.059 (b) 0.085 (c) 0.0784 (d) none of these 


. (c) 


A random sample of 500 products, 100 are defective items. Standard error of 
Proportion with 99% is 
(a) 0.0329 (b) 0.0461 (c) 0.165 (d) 0.521 


. (b) 


If p = 0.5 and the sample size is 70 then the maximum error with 99% 
confidence is 
(a) 0.567 (b) 0.1212 (c) 0.25 *  (d) 0.1541 


. (d) 


If q = 0.3 and the sample size is 140 then the maximum error with 95% 
confidence is 
(a) 0.0459 (b) 0.0444 (c) 0.0559 (d) 0.0759 


. (d) 


5.1 CONFIDENC 
A (1 -«) 100° 


Thus with the popul 
One can assert witl 


Z is aol Jn for the 


The maximum error | 


With (1 — a) probabi. 


5.2 CONFIDENCE 
When (n < 30), ; 


th 15 were found 
maximum error 


.) none of these 


ars. What can 


) none of these 


pis 0.1. Find 


) none of these 


e size n=500 


) none of these 


aone. With 95% 


) none of these 


andard error of 


) 0.521 


error with 99% 


) 0.1541 


error with 95% 


) 0.0759 


SMALL SAMPLES 


“Non-achievement doesn’t mean, you are a failure, 


It just means you haven’t succeeded yet.” 


5.1 CONFIDENCE INTERVAL FOR 
A (1 —@) 100% confidence internal for is given by 
. baer er alVn<p<¥+z,, olJn 
Thus with the population mean p, sample mean x for a large sample (n 2 30). 
One can assert with probability (1-c) that the errors |x — 42] will be less than 
Za)9 Ol vn for the small samples if o is unknown or (n < 30), o is replaced by S. 
The maximum error estimate 
E=t,,, SiNn 
With (1 — a) probability, t-distribution is with (n-1) degrees of freedom. 


5.2, CONFIDENCE INTERVAL FOR pp FOR SMALL SAMPLES 
When (n < 30), assuming sampling from normal population 


X ty, SIVn<p<¥+t,,, Sin 


5.2 Problems and Solutions in Probability & Statistics 


5.3 T— DISTRIBUTION 
Or student t-distribution. Sampling distribution of mean (o unknown) 


If o is unknown, for large samples (n = 30) o can be replaced by the sample 
standard deviation S. 


For small sample of size (n < 30) o can be replaced by S. We make an 
assumption that the sample is drawn from a normal population. 
e271 
Sidn 
Where 


X — Mean of a random sample of size n drawn from a normal population 
pt > Mean 
o” — Variance 
t is arandom variable having the t-distribution with v = n-1 degrees of freedom 
The t - distribution curve is symmetric about the mean 


fh) 
0. It is asymptotic on both sides of t -axis. Thus t - 
a 
we 
Ott 


f= 


distribution curve is similar to normal curve. Critical 
values of t - distribution is denoted by f, which is such 


that the area under the curve to the right of ¢, equals 
to a. 


5.4 TEST OF HYPOTHESIS (SMALL SAMPLES) 
1. Single sample mean X . With known sample variance S’, o unknown. 


Working Procedure 


For the small samples (n < 30), o known, decision is based on the t- distribution 
with v=n-— 1 degrees of freedom. 


Null hypothesis Ho: 1 = Ho 

Alternative hypothesis Hi: pt 4 po OF [> po OF ft < Ho 
Level of significance: a 

Critical region 


aepr 


If pb # po test 
from the t-distr 


If [1 > po test 
distribution tal 


If [1 < lo test 
distribution tat 


Test of statistic 


Where ¥ 
S is samp 
n sample 


Decision 
a If-t 


a2. 


Hypothes' 
bt, >t 


Hypothesi 
c. t>-t = 
Hypothesi 


iknown) 
2d by the sample 


S. We make an 


oulation 


s of freedom 


iknown. 


he t- distribution 


Small Samples 5.3 


If | # po test is two tail test, for given a, critical values are — tyiz and t,/, 
from the t-distribution table with (n — 1) degrees of freedom. 


NS ¥ 
-ta tov 


If 1 > po test is right one tail test, for given a, critical value is ta from the t- 
distribution table with (n-1) degrees of freedom. 


= Nw ¥ 
ta 


If [1 < po test is left one tail test, for given a, critical value is -t. from the t- 
distribution table with (n-1) degrees of freedom. 


wi 


Test of statistic 


Sivn 
Where ¥ is mean of the sample 


S is sample standard deviation 
n sample size 


t 


Decision 
a. Tht KP ets 
Hypothesis is accepted for two tail test otherwise rejected 
bh. oe 
Hypothesis is accepted for right one tail test otherwise rejected 
c f>-t, 


Hypothesis is accepted otherwise rejected. For left one tail test. 


5.4 Problems and Solutions in Probability & Statistics 


5.5 TEST OF HYPOTHESIS (SMALL SAMPLES) 5. Test of statistic 


, . : 2 

Concerning difference between two means, with unknown of and o> but equal. The statistic fi 
(6 = 02=0) . samples 

Working Procedure | t= Fi 


For the small samples (m, nz < 30) and two sample are drawn from two normal 


population with population variances oa} and o% unknown but equal ve (my + ng -2 
(0, = G) =o ). To test the hypothesis, concerning difference between two means, ve , 
= S; > Fi 
whether 4; — {2 =0 or not then formulate. 
S; > Se 
1. Null hypothesis Ho: 44 — 42 =0 x 5 Fir 
2. Alternative hypothesis Hi: pi - Ho #0 or Hi- Ho > 0 or py - p2 <0 : X, Ag 
3.° Level of significance: a ie 
4, Critical region nh ‘i ne 
a. If fy) - 2 # 0 test is two tail test, for given, Critical values are -f, ,, and ¢,/> Aen eee! 
from the t-distribution table with n, + nz. — 2 degrees of freedom. 6. Decision: 


a. at <t<i 


. Hypothesis is a 
oa | iy cee 
| Hypothesis is a 
WE WF c. Ift>-t, 
~ tu ton ar 
Hypothesis is a 


b. If pi- Hy > 0 test is right one tail test, for given a, critical value is t, from the 


t-distribution table with n, + n, — 2 degrees of freedom. 5.6 TEST OF HYP 


Two samples v 


paired data by taking 

1. Null hypo 

2. Alternativ 

Ws 3.  Levelofs 
ta 4. Critical re 


C. [Hy - by <0 test is left one tail test, for giveno., critical values is — t, from the t- 


distribution table with (n, + n2—2) degrees of freedom. a. If p # 0 test is 


from the t-distri 


Small Samples 8.5 


5. Test of statistic 
id o; but equal. The statistic for test concerning difference between two means, for small 
samples : 


pe (x, -x,)-6 nin, n, +n, -2) 
v(n, -1)S?2 +(n, -)S? \ n +n, 


With (n, + nz -2) degrees of freedom 
Where 


2 . ‘ 
S; —> First sample variance 


from two normal 


ual 
veen two means, 


2 : : 
S; —> Second sample variance 


*1 _, First sample mean 
- lb < x 

1- ba <9 *2 _» Second sample mean 
n, — First sample size 

n, — Second sample size 
re -ty,,and ty; 
m. 6. Decision: 

a If —t,,. <t<t,,, 


Hypothesis is accepted for two tail test otherwise rejected 


b. Ift, >t 
Hypothesis is accepted for right one tail test otherwise rejected 
ce. Iff>t, 


Hypothesis is accepted for left one tail test otherwise rejected. 


ue is ty from the 
5.6 TEST OF HYPOTHESIS (PAIRED SAMPLES) 

Two samples which are not independent, paired t-test can be applied fot n 
paired data by taking the differences. 

1. Null hypothesis Ho: p = 0 P 

2. Alternative hypothesis Hj: p #0 or p> 0 orp <0 

3. Level of significance: a 

4, Critical region 


's~t, from the t- . ; : wh . 
7 a. If p # 0 test is two tail test, for given @ critical values are —f,,, and ¢,,, 


from the t-distribution table with (n-1) degrees of freedom 


_ 5.6 Problems and Solutions in Probability & Statistics 


b. If p> 0 test is right one tail test, for given a critical values is ¢, from the 
t-distribution table with (n-1) degrees of freedom 


ty 
c. Ifp<0 test is left one tail test, for given a critical values are —f, from the t- 
; distribution table with (n-1) degrees of freedom — 


-ty 


5. Test of statistic 


a= Ha 
S,/Nn 


Where 


d _» mean of the differences 
Sa — standard deviation of the differences 
n — sample size 


6. Decision 


a ye 4 ee 
Hypothesis is accc: ted for two tail test otherwise rejected 

be yet . 

Hypothesis is accepted for right one tail test otherwise rejected 

Cc §>-t, 


Hypothesis is accepted for left one tail test otherwise rejected 


5.7. F-DISTRIBUTION _ 
Suppose we have a normal population with mean 1; and variance o; .and another 


normal population with mean [tz and variance o; .Two samples are drawn from the 


different population. First sample size is nj and sample variance is S Second 


sample size is nz and sample variance is S; : 


The sampling distribu 
random samples given 


With v, = n)-1 and v2 = 
If the variances of the | 


F-distribution curve 
quadrant. F2(v; , v2) i 
with v,; and v2 d.o.f. s 
the F — distribution cur 
F, is equal to a. 


& 
Fig (v, Vy, 


FF (v.. v,) Value can t 
F - Distribution table. I 


5.8 CHI-SQUARE D 


The chi-square d 
The distribution was 
Probability Distributio: 
measure of goodness 0: 


The chi-square dis 


Definition-Let Z), Z,,. 
random variables with : 

N?=z?- 
Is called the chi-square 


positive integer includ 
density function 


es is ¢, from the 


—t, from the t- 


2d 
ejected 


jected 


2 0; .and another 
re drawn from the 


ie is S/. Second 


Small Samples &.7 


The sampling distribution of the ratio of the variances of the two independent 
random samples given by 


_ Silo? _ Sio; 
Sig? Seat 
With v, = n,-1 and v2 = n)-1 degrees of freedom is known as F — distribution. 
If the variances of the population are same i.e. Go; = oO; then 
St 
S; 


F= 


F-distribution curve lies in the first 
quadrant. F2(v; , v2) is the value of F 
with v,; and v2 d.o.f. s.t. the area under 
the F - distribution curve to the right of 
F, is equal to a. 


F : a ee RRQ F 
a v "2 ) F, (v, Vv, ) Fa(V} V2) 


tae (v,, v,) Value can be found by the 
F - Distribution table. For a = 0.05 and a = 0.01 level of significance. 


Rejection Region 


5.8 CHI-SQUARE DISTRIBUTION (N? - DISTRIBUTION) 


The chi-square distribution, denoted by N? (Here % is the Greek letter chi) 
The distribution was first derived by karl Pearson in 1900. It is a Continuous 
Probability Distribution of a continuous random variable X. It is mainly used as a 
measure of goodness of fit and to test the independence of variables. 


The chi-square distribution is defined as 


Definition-Let Z), Z,.......... > ZK be k independent ,»Standard, normally distributed 
random variables with mean p = 0 and variance o°=1.Then the random variable 


Is called the chi-square distribution with k degrees of freedom. Which can be any 


positive integer including 1, is denoted by dof.’ - Distribution has the probability 
density function 


x k-2/2 g-¥/2 
x>0 


f(x) = re 


0 else where 


5.8 Problems and Solutions in Probability & Statistics 


Here I'(.) is the gamma function defined as follows 
T(a)= fe*x* de 
0 


The mean and variance of the &? - Distribution 
ut=k and variance 0 = 2k 


There is a XN’ - Distribution for each k. Several chi-square distributions are shown in 
figure. The chi-square random variable is non-negative; the distribution is not 
symmetric and is skewed to the right. As k increases, the distribution becomes more 
symmetric. For large k the distribution is close to the normal distribution. 
In other words . 

As k-—>, the limiting form of the chi-square distribution is the normal 
distribution. 

f(x) 


0 5 1 15 20 &&k 


Chi-square distribution for k degrees of freedom 


5.9 GOODNESS OF FIT (\?- TEST) . 

Suppose we have a -vllection of data of observed frequencies which is 
obtained from some experiment. We want to decide by some test the data of 
observed frequencies are fit or not in some specific distribution. Then the null 
hypothesisHo: The data are fit in given distribution if observed data is denoted by O 
and expected data denoted by E, the chi-square statistic is 


(Observed — Expected)’ | (O-E)’ 
N= Deere & >. 
Expected E 


This test is known as test of goodness of fit. 
Suppose a collection of data, given by a frequency distribution with n categories 
then degrees of freedom=n-1 


If distribution is Binomial distribution dof = n-1 
If distribution is Poison distribution dof = n-2 


If distribution is No 
If? value is too lars 
that the fit is poor . 
significance level a.( 
From ?-distributi 
significance level «. 
graph. If €? value ex 
is rejected at the a sig 


5.10 TEST OF HYE 

Suppose we hav 
P 3. s6edse Pi, with the 1 
against the alternative 


Null Hypot 
Alternative 
Level of sig 


Critical Re 


A wenNo 


hypothesis 


null hypoth 
5. Test of stati 


Where ej ar 


xX —> total nt 
n — total nt 


6. Decision: N<N° 


¢ 
accepted otherwis 


1s are shown in 
‘ribution is not 
1 becomes more 
tion. 


is the normal 


ncies which is 
st the data of 
Then the null 
s denoted by O 


th n categories 
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If distribution is Normal distribution dof = n-3 

If’ value is too large, if &? exceeds from given critical value c, then we can say 
that the fit is poor and we reject Ho.The critical value c can be obtained by a 
significance level a.Generally a=0.10, a=0.05 or a=0.005 can be used. 

From ?-distribution table, critical values can be obtained for different 
significance level a. The significance level « represents the shaded area in the 
graph. If €? value exceeds the critical value c, then we say that null hypothesis Ho 
is rejected at the a significance level. 


Wg 


Wittrree 
Critical value c 


5.10 TEST OF HYPOTHESIS CONCERNING SEVERAL PROPORTIONS 

Suppose we have to test k binomial population, with the parameters P,, P>, 
Pai P;, with the null hypothesis that k populations proportions are all equal 
against the alternative hypothesis that proportions are not all equal. 


Null Hypothesis Ho: P; — P2 =.... = Py 
Alternative Hypothesis Hj: Pj, P2, P3....... P, is not all equal 
Level of significance: a 


Critical Region: N<N2. with (k-1) degrees of freedom the null 


a wne 


hypothesis is accepted if $? >Ne with (k-1) degrees of freedom then 


null hypothesis is rejected. 
5. Test of statistic 


i=] j=l ey 
Where ej are given by 
Njx _nj(n—x) 


y n J 


x —> total number of success for all samples 
n — total number of trials for all samples 


6. Decision: N< N? with (k-1) degrees of freedom then null hypothesis is 


accepted otherwise rejected 


5.10 Problems and Solutions in Probability & Statistics 


SOLVED EXAMPLES 


Example 5.1, Ten bearings made by a certain process have a mean diameter of 

0.5060 c.m. with a standard deviation of 0.0040 cm. assuming that the data may be 

looked up on as a random sample from a normal distribution, construct a 95%. 
Confidence interval for the actual average diameter of the bearings? 

(Supple. Nov. /Dec. 2004 Set 3) 

(Reg. April / May 2005 Set 3) 


Solution: Given that 
Sample size n= 10 
Mean x = 0.5060c.m. 
Standard deviation S = 0.0040 c.m. 
Z4/7 = 1.96 for confidence level a = 95% 


a 


' Confidence interval =? 


x~-t 2 <p<x+t : 
a paisies no 
a/2 = a/2 In 


1-a=0.95 
1-0.95=a 
0.05=a. 


0.0040 0.0040 
0.5060 — 2.262x < pu < 0.5060 + 2.262 x 
v10 10 


0.5060 ~ 2.009048 - 4 < 0,5060++ 28 
3.1622 3.1622 


0.5060 — 0.00286 <u < 0.5060 + 0.00286 
0.5031 <p < 0.5088 Aus. 


Example 5.2. A sample of 10 cam shafts intended for use in gasoline engines has 
an average eccentricity of 1.02 and a standard deviation of 0.044 inch. Assuming 
the data may be treated a random sample from a normal population; determine a 
95% confidence interval for the actual mean eccentricity of the cam shaft. 

(Supple. Nov. /Dec. 2006 Set 4) 


Solution: Given that 
Sample size n= 10 
Sample mean x = 1.02 
Standard deviation S = 0.044 


J-a =0.95 


bai = bo. 


1. 


Confidence interval 


Example 5.3. In an ai 
benzene soluble organic r 
experiment station for eis 
& 1.2 .Construct a 0.95 cx 


Solution 
oo Ded 
x =— 
_16. 
8 
x=2.1 
S? = > (, ~x)’ 
n-| 


g 
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1-0.95=a 
0.05 =a 


a mean pase baja =boos/2 =tos = 2.262 Forv=10-1=9 dof. 
that the data may be 


Confidence interval =? 
n, construct a 95%. 


igs? : eee fe ee 
Nov. /Dec. 2004 Set 3) dn ana vn 
ril / May 2005 Set 3) 
: 1.02 — 2.262 x oO ey < 1.02 42.262 0:044 
10 V0 
1.02 — 0.09952 221024 0.09952 
3.1622 3.1622 
1.02 —0.0314 < uw <1.02 + 0.03147 
0.98852 <u < 1.0514 
Confidence interval is (0.98852, 1.0514) Ans, 
Example 5.3. In an air pollution study, the following amounts of suspended 
benzene soluble organic matter (in micrograms per cubic meter) were obtained at an 
experiment station for eight different samples of air. 2.2, 1.8, 3.1, 2.0, 2.4, 2.0, 2.1 
& 1.2 .Construct a 0.95 confidence interval for the corresponding true mean. _ 
(Reg. April / May 2004) 
Solution 
0.0040 pe SSE Oe 20s ase 
V0 _ 16.8 
as 8 
Wee : 
‘6 x =2.1 
Ans. g2 a -* : 
n-| 


gasoline engines has 
1.044 inch. Assuming 
pulation; determine a = 


(2.2-2.1f +(1.8-2.1P +G.1-2.17 +(2.0-2.17 +(2.4-2.17 +(2.0-2.17 +(2.1 -2.1P +(1.2-2.1)2 


-cam shaft. 8-1 
ov. Dec. 2006 Set 4) _ 1% +03)? +0)? +01? +03? +017 +0? +09) 
ei Ee UE Ee Fe) Oly 0) 0.9). 
7 


_ 0.014 0.09 +1+0.014+ 0.09 + 0.014+0.81 
Se eg eee 
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_ 2.02 
7 
Ge ee 6. Decision: 
S = 0.53718 | : 
Sass interval is ; 4 Example 5.5. Two 
s i following values 
tain 7s H< aot 
f9.05/2 = = 0.025 = 2.365 From the table with n-1 = 8- 1 =7 d.o.f. 
2.1-- 2.365 x —— USeiIs <U< 2.142.365 x 2228 
a V8 Is the difference betv 
_ 1.2704 — 2.141214 Soluti 
2.8284 pete 2.8284 - Null hypo 
2.1-0.44915<y< 2.1 + 0.44915 | 2. Alternativ. 
1.6508 <u < 2.5491 3. Level of si 
4. Critical re; 


Example 5.4. A random sample of 6 steel beams has a mean compressive strength ; 
of 58, 392 P.S.I (pounds per square inch) with a standard deviation of 648 P.S.I. With 1, +n - 
Use this information at the level of significance a = 0.05 to test whether the true 
coverage compressing strength of steel from which this sample came is 58,000 P.S.I 
assume normality? 
(Reg. April / May 2005 Set 2) 

Solution 

J. ‘Null hypothesis Ho: pp = 58000 


2. Alternative hypothesis H,: pp # 58000 
3, Level of significance: « = 0.05 5. Test statist 
4. Critical region: £5 =fg0s/2 =foos = 2-571 for n-1 =6-1=5 dof. — 
5.  Testof statistic: 2 V 
fare With nm, +n) - 
Sidn i 
Sample mean x = 58392 Mean of the sam| 


Population mean 1 = 58000 


Sample standard deviation S = 648 
Sample size n = 6 
_ 38392 — 58000 = 392 


648 / 6648/6 ~ 648/2.449 Mean of the sam) 


d.o.f. 


npressive strength 
tion of 648 P.S.I. 
t whether the true 
me is 58,000 P.S.I 


May 2005 Set 2) 


6-~1=5 dof. 
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snoe = 1.481 
264.59 
6. Decision: —f,,. <t<f,,) then null hypothesis is accepted 


- 2.571 < 1.481 < 2.571 null hypothesis is accepted. 


Example 5.5. Two independent samples of 8 and 7 items respectively had the 
following values (Reg. April / May 2005) 


(Supple. Feb. 2007) 


Solution 

1. Null hypothesis: pu; = pp 

2. Alternative hypothesis: py ¥ 1) 
3. Level of significance: a = 0.05 
4, 


Critical region: Test is two tailed test t,,. = t.9s 12 =f 95 


With n +n) ~2 =8 + 7—2 = 13 degrees of freedom f 995 = 2.16 


5. Test statistic: 
(%,-x,)-6 nyn,(n, +n, -2 


n, -1)S; +(n, -1)S? nm +n, 
1 I 


With 1, +n -2 dof. 


f= 


Dox M+ 1141341141549412414 
a eee 


Mean of the sample one x, = 
n, 8 


Di%i _9+11+104134948+410 
Ny 7 


Mean of the sample two Xy = 
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7 -2.16 < 
= a i.e. nul 
pep Ace ; een 
n,-1 
(11-12)? + (11-12)? + (13-12)? + (11-11) + (15 -12)° ace ek 
5 +(9-12) +(12-12) + (14-12) | 
8-1 Br 
GP +1? +0? +? + BP +03)? +0)? +P BF 
Foy gi te re = 2. 3g es me ee Test the sigr 
1+14+14+1+9+9+4 26 Solution 
= 7 Sac 1 = =Nullly 
_\2 ‘ 2. Altern; 
S2 = Da, -%,) 3. Level: 
n, -1 4. Critica 
(9-10)’ +(11-10) + (10-10) +(13-10) With m +n 
: +(9-10) +(8-10) + (10-10) 
7-1 | 
_ Cl? +0)? +0)? +) +E? +2? +(0? 
6 
be 1+14+04+94+1+4+0 _16 _» 666 
6 6 5. Test statistic 
= &, —¥,)— ~ #2) nn, (n, +n, —2) pos 
y(n, ~1)s; +(n, ~1)S? vy 
: (12-10)-0 8x 7(8+7—2 7 Bee 
J(@~1)3.714) + (7 — 12.666) 847 fee ae 


x 

5 56x1 
a Se neat GE ee a a 
7x 3.714 + 6(2.666) 15 25.998 + 15.996 


2 (6.9665) = 13.933 _ 


Mean of the bran 


XB 


2.150 


~ [41.994 6.4802 


6. Decision 
—tojg<t <  t,/. Then null 


x ¥48.533 
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Hypothesis is accepted 

-2.16 < 2.150 < 2.16 

i.e. null hypothesis is accepted 
The difference is not significant 


Example 5.6. Measurements of the fat content of two kinds of ice creams brand A 
and brand B yielded the following sample data 


[BrandA | 13.5 14.0 | 13.6 


12.9 12.4 


Test the significant between the means at 0.05 level 


Solution 
1. Null hypothesis: p) = py 
2. Alternative hypothesis: p1) # po 
3. Level of significance: a = 0.05 
4. Critical region: t,,. =b.95;. =to95 = 2.306 


With mn, +n, —2 =5+5-2=8 degrees of freedom 


£2306 = tye ta = 2.306 
5. Test statistic: 
re (; -*,)-(4, -) n4n,\n, +n, —2 
(n, -1)S2 +(n, -1)83 n,t+Nsz 
With n, +n —-2 dof. 
Mean of the brand A 
= 13.54+14.04+13.64+12.9+13.0 67 
x4 a ee =13.4 
Mean of the brand B 
= 12.9+13.04+12.4413.54+12.7 64.5 
XB SS ee We oe ag gee 


S? er Vt, ~x,) 
{== 
n, —1 
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_ (13.5-13.4) + (14 - 13.4) + 13.6 - 13.4) + 012.9 - 13.4) + (13 -13.4)" 


5-1 
_ 0.1) +(0.6) +0.2)7 + 0.5)? + 0.4? 
4 
_ 0.014 0.36 + 0.04 + 0.25+ 0.16 
7 4 
_ 0.82 
ae. 
= 0.205 
s? Dela, x) 
Oe 
n,~!1 
_ (12.9 12.9)’ + (13 - 12.9)? + (12.4 - 12.9)" + 03.5-12.9) + 12.7-12.9)" 
5-1 


4 


4 
= 288 & 0.165 
4 ‘ ’ 
Pz (x, ~X,)—(u, -,) 
(n, -1)S5 +(n, -1)S3 
(13.4-12.9)—0 5x5(5+5-2 


~ J(5—10.205) + (510.165) 545 
(0.5)  /25x8 


~ 0.82+0.66 10 
=—9?_(4.472) 


n,n,\n, +n, -2 
Nyztn, | 


6. Decision 
—tyjiq <t<t,,, then null Hypothesis is accepted 
- 2.306 < 1.8381 < 2.306 null hypothesis is accepted 


Example 5.7. Mea 
was found that 8 s 


standard 


deviation 


denier of 7.43 with 
test the hypothesis 
significance? 


Solution 
1. 


2: 
3. 
4, 


Null hyp: 
Alternati: 
Level of . 
Critical ri 


Withn, +n, - 


5. 


Test statis 


= (x, x 


(n, = 


— 


First sample m 
First sample st. 
Second sample 
Second sample 


i 


(9.6 


V(8-1X1. 


V7x3. 
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; Example 5.7. Measuring specimens of nylon yarn taken from two machines. It 
1) + (13 a 13.4)" s was found that 8 specimens from 1* machine had a mean denier of 9.67 with a 
: standard deviation of 1.81 while 10 specimens from a 2 machine had a mean 
denier of 7.43 with a standard deviation 1.48. Assuming the population are normal 
test the hypothesis Ho : py - py = 1.5 against H; : Hi - 2 > 1.5 at 0.05 level of 
significance? (Reg. April / May 2005 Set 2) 
Solution 
1. Null hypothesis Ho: py - pt = 1.5 
2. Alternative hypothesis Hj: 1, - 2 > 1.5 
3. Level of significance: a= 0.05 ~ 
4. Critical region: t, =1.746 


Withn, +n, -2 =8 + 10-2 = 16 degrees of freedom. Test is R.O.T.T. 


P + (12.7 - 12.9)" 0.05 
Way 

5. Test statistic: ty = 1.746 
__ia=%)= U4) [aml +n, =2 


y(n, —1)s? +(n, —1)s? Bi 
First sample mean X, = 9.67 
First sample standard deviation S; = 1.81 
Second sample mean X, = 7.43 
Second sample standard deviation S) = 1.48 
(9.67 — 7.43) - (1.5) 


fe [8x 10(8 + 10.2) 
(8-11.81) + (10 -1)(1.48) 8+10 0 


: 224-15 [80x16 
V7x3.2761+9x2.1904 V 18 

ee yi 
22.9327 + 19.7136 


_ (0.74)8.4327) 
6.53041 
= 0.9555 
6. Decision: t <t, then null hypothesis is accepted 
0.9555 < 1.746 null hypotheses is accepted 


5.18 Problems and Solutions in Probability & Statistics 

‘ tet oe Example 5.9. To ex: 
Example 5.8. Independent random samples of the heights of adult males living in : the wives. An invest 
two countries yielded the following results: n = 12, ~x = 65.7 inches, s, = 4 inches q which measures the 
and m = 15, ~y = 68.2 inches, s, = 3 inches. Find an approximate 98% confidence i 
interval for the difference 1, - p14, of the means of the populations of heights assume a . 
that 2 02, ’ | 
(Reg. April / May 2004) : I 


Solution 

Given that ; 3 Test the hypothesis v 

n= 12, ¥ =65.7, 5, =4 E ae 

m=15, ¥ =68.2, s, =3 a Solution 
Pooling Variance o” is given by 4 1. Null hypo 
Bix (n, = I)sy oe (n, = I)s; 4 2. Alternativ: 
n,+n,~2 3. Level of si 
Where s? and 3 are the variance of two samples of size n, and n, respectively. 4. Critical re; 
With n, + 
g2 _ (2-16 + (15-19 _ 11x16 +14x9 _ 176 +126 : 
12+15+-2 25 25 
s2 =1208 
25 
S = 3.475, 

1-o = 0.98 5. Test statisti 
1-0.98= a t=— 
0.02= a . v( 
tain =to02/2 =o) = 2-485 For n; +m —-2= 124+ 15-2=25 dof. With n, + n,-2 
; : Mean of the sarr 
(1-a) 100% confidence interval for the difference py - py 117 +105 


x 
© ~~ ten S f+ — < Hy, <E-F)+ te Sat — 
nom nem 1030 


10 
(65.7 res 68.2)— 2.485 x 3.475 an + az < LH, _ Ly, Mean of the sam 
12°15 7.76)" 
es a 
< (65.7 - 68.2) + 2.485 x 3.475 “ + = S ee eae 
— 2.5 —8,6353x J0.083 + 0.066 < yz, ~ 1, <—2.5+8.6353V0.083 + 0.061 958 _ 96 
2.5 — 3.3407 < px - py <~ 2.5 + 3.3407 10 


~5.8407 < [x - Hy < 0.8407 
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Example 5.9. To examine the hypothesis that the husbands are more intelligent than 


ues living in | the wives. An investigator took a sample of 10 couples and administered them a test 
x = 4 inches q which measures the IQ as follows 
> confidence q (Supple. Nov./Dec. 2005 Set 4) 
ghts assume 
| Husbands _[ 117 [105 [97 [105 [123 [109 [86] 78 [103 [107] 
May 2004) | Wives [106 [98 [87 [104 [116 [95 [90 [69 | 108 [a5 
Test the hypothesis with a reasonable test at the level of significance of 0.05? 
Solution 
1. Null hypothesis: p14; = pp 
2 Alternative hypothesis: 1, # 1 
3. Level of significance: a = 0.05 
espectively. 4. — Critical region: Test is two tailed test Ca72 = bos; =t95= 2.101 
With m +nz~2 =10+10~-2=18 degrees of freedom 
~tue toe 
5. Test statistic: 
: (x, ~X,)-6 nn,\n, +n, -—2 
VQ, -1)s? +(n, ~ is? Vo a tny. 
f With n, +n) —-2 dof. 


Mean of the sample one 
x 117 +105 + 97 +105 +123 +109 + 86 +78 +103+107 
SS See EE ee 


10 


S|-| 
= 
v8) 
rom) 


10 
Mean of the sample two 
7.76)” 


i ie = _ 106+98+87+104+116+95 +904 69 +108 +85 
2.475,| eo aaa 
1215 
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22 
52 = Y (x; - x) 
fee Sed Ee LS 
nl 
(117 -103)’ + (105 -103)’ + (97-103) + (105 —103)’ + (123 - 103)’ 
+ (109 - 103)’ + (86 — 103) + (78-103) +(78 - 103) 
+ (103-103) + (107 — 103) 


eee 


10-1 


_ (4? +2)? + (6)? +2) + (20)? +6)? + C17? +25)? + (0)? + (4? 


9 
_ 1606 
9 

S? =178.4 

S, = 13.35 

rae >; —¥) 

2 = 

ny -1 


(106 ~ 95.8)’ + (98 - 95.8)’ + (87 — 95.8) + (104 - 95.8) 
+ (116 - 95.8)" + (95 -95.8)° + (90 - 95.8) 
+ (69 - 95.8)’ + (108 — 95.8)’ + (85 -— 95.8)’ 


10-1 

_ (10.2)° + (2.2)? +(8.87 +(8.2)? + (20.27 +(-0.8) +(—5.87 +(- 26.8)? + (12.2) +(- 10.8)? 

2 _ 104.04 + 4.84 + 77.44 + 67.24 + 408.04 + 0.64 + 33.64 + 718.24 +148.84 +116.60 

Sent ee See 
9 


_ 1679.6 
9 

S} =186.62 
S.=13.66 


(x 


= 1 -¥,)-— Uy, 


(n, = )s? a (n 


6. 


(103 - 


10-11 78.4 


Decision: — 
-2.101 <1.1 


Example 5.10. To cc 
mounted on a car and > 
the costs of repairs. 


Use the 0.01 leve 
sample means is s 


Solution 
1. 


2. 
3. 
4, 


Null hypoth: 
Alternative | 
Level of sigi 
Critical regi: 
With nytn2-! 


3-103) 
93) + (78-103) 
103) + (107 - 103)" 


(oy +4) 


(90 - 95.8)’ 
5.8) +(85- 95.8)" 


6.8) +(12.2)? + (10.8) 


8.24 + 148.84 + 116.60 
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= (®, -x,)-(4, - 44) nn,(n, +n, -2 
(n, -1)S? +(n, -1)S? ny +n, 


7 (103 -95.8)—0 r [10 x10(10 +10 -2)) 
(10 —1X178.4) + (10 -1\186.62) 10+10 
a2 


(9.480) 
V9x178.4 +9 x 186.62 


x (9.486) 


- 72 

~ 1605.6 +1679.78 
7.2.x 9.486 

~~ 57.316 

t= 1.191 


6. Decision: —f,,, <Z<t,,, then null hypothesis is accept 
-2.101 < 1.191 <2.101 null hypothesis is accepted 


Example 5.10. To compare two kinds of bumper guards, 6 od each kind were 
mounted on a car and then the car has ran into a concrete wall. The fallowing are 
the costs of repairs. 


Supple. Nov. / Dec. 2005 Set 4) 


107 | 148 | 123 | 165 | 102 
134 [115 133 


Use the 0.01 level of significance to test whether the difference between two 
sample means is significant? 


Solution 
1. Null hypothesis: p1; - p, =0 
2. Alternative hypothesis: p14, - p.40 
3. Level of significance: a = 0.01 
4. Critical region: Test is two tailed test f,,5 =beo1;2 =lo95 = 3.169 


With n,t+n)-2 = 6 + 6 — 2 = 10 degrees of freedom. Test is two tailed test 
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5. Test of statistic: 


134 
a Cent?) ok [mins(n, +n, ~2) ( 
y(n, ~I)s} +(n, -1)S? n +n, eee 


With (n, + nz — 2) dic f. 


(52) +¢ 
Mean of first sample of guard one 
x _ 107+148 +123 +165 +402 +119 _ 25+1964 
1 6 : 
Bato spo. 
6 5 
Mean of second sample of guard two 
t=—= 
¥ _ 1344115 +112 +1514+133+129 Ve 
. 6 
= = =129 V- 
8? >»: -%) : 29% 
nN ~] . 9. 
(107 - 127.3)" + (148 -127.3)’ + (123 -127.3)° + (165 - 127.3) ~ B 
; + (102 - 127.3)? + (119 - 127.3) =." 
= cal >; 63. 
2 2 2 2 2 2 =~ 0.14" 
_ 20.3)" +(20.7)° +(- 4.3? +7.7) + 25.3) + (-8.3) 6 Deeisior 
5 3.169 <-0.1 
_ 412.09 + 428.49 + 18.49 + 1421.29 + (640.00) + 68.89 
5 Example 5.11. Tei 
_ 2989.34 week. After intens 
= 5 week their scores b 
S? =597.868 
S, = 24.451 | Scores t 
Poe € 
92 7 > (x; = | | Scores 
ae a a . 
ny -1 Do the data in 
Solution 
1. Null hyp 


2. + Alternati 
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(134-129)? + (115-129) + (112-129) + (151-129) 
+ (133-129) + (129-129) 


7 6=1 
_ (52)? +14)’ + (17 + 22) + (4? +0? 
Ey 
_ 254196 + 289+ 48441640 
5 
s? = i010 bit 
pe AH) nny\n +n, —2 
(n, ~1)s? +(n, ~1)s? n +n, 
2 (127.3 -129) 6x 6(6+6-2 
6 — 1597.86) + (6 -1)202 6+6 
Soe 547 
2989.3 +1010 
_ 9.3109 
* + (165 - 127.3) 3999.3 
27.3)° + (119 127.3)" _ __9:3109 
7 63.2400 
2 =- 0.147 
(83) 8.3) 6 Decision: —2,,.<z< Z4/2 then null hypothesis is accept 


' -3.169 <-0.147 < 3.169 null hypothesis is accepted 
: : Example 5.11. Ten soldiers participated in a shooting competition in the first 
week. After intensive training they participated in the competition in the second 


week their scores before and after training given as follows. 
(Reg. April / May 2005 Set 2) 


| Scores before _| 67 | 24 [57 [55 | 63 [ 54 | 56 | 68 [33 | 
| Scores after__| 70 | 38 [ 58 [58 [56 [67 | 68 | 75 [42 | 


Do the data indicate that the soldiers have been benefited by the training. 


Solution 
1. Null hypothesis: 1 = 0 i-e. training is not useful 


2. Alternative hypothesis: j1> 0 i.e. training 
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‘ 1 i 
3. Level of significance: a = 0.01 4 
4. Critical region: Test is two tailed test boy Hho, = 2.821 
With=10-1=9 degrees of freedom. Test is R.O.T.T. 


it ta ‘a = 2.82] 7 
5.. Test of statistic: ' 6. Decisior 
pa tHe -2.160 < 
s,/Vn 


Differences di’s are Example 5.12. Fin 


a. t 0.025 when v = 
-3, -14, -1, -3, 7, -13, -12, -7, -9, 5 b. —t 00; when. 
d = mean of the differences of sample data = — 2 ~5 Solution 


a. t 0.025 — 2.179 


[-3-Cs)P +L 14-C5)P +L 1-C5p +[-3-(5)f 
+[7-Cs)P +/13-(5)p +b12-(5)P 
ee +E7-C)f +E 9-Cs)f +b-Cop 
10-1 
(-3+5)"+(1445) +(-14+5) +(-345) +(7+5) 


+ (+1345) +(-12+5) +(-745) 


_ | +945)! +645) 
2 


b. —t 0.01 — -2.896 


Example 5.13. Fin 


a. pt <2 
4+ 81+164+44+1444 644 49444164100 
a re b. p(t>1. 
482 c.  p(-1.0 
9” d p(t>- 
S,° = 53.55 
Soluti 
S, =7.318 apes 


a. Whent< 2.306 


-5)f 
-(-5)P 


+B-Colf 


+(-745) 
+5)’ +(545) 
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7318/10 
a -5 
~ 7.318/3.162 
Bee e165 
2.314 — 
6. Decision: t<¢, then null hypothesis is accept 


-2.160 < 2.821 null hypothesis is accepted 


Example 5.12. Find 

a. too2s when v= 12 
b. —t 00; whenv=8 
Solution 

a. t 0025 = 2.179 


b. —too= -2.896 


-toor 


Example 5.13. Find 
a. p(t < 2.306) when v=8 
b. p(t > 1.711) when v= 24 
ce. — p(-1.083 <¢ < 2.179) with v = 12 
d. p(t > -2.368) when v= 17 


Solution 
a. Whent < 2.306 
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ptt< 2.306) is given by the area to the left of t = 2.306 


From table, . 
Required area 
t, = 2.306 for v = 8 d.o.f then 
a = 0.025 aN a = 0.025 
“. P(t < 2.306) = 1- 0.025 ; 


=0.975 Ans. 


b. Whent> 1.711, ; 
pit > 1.71 1) when v = 24, is given by the area to the right of t= 1.711 


From table 
area 


ta= 1.711 for v = 24 d.o.f then a = 0.05 


a = 0.05 


1.711 


p(t >1.711) = 1- 0.05 
= 0.95 Ans. 


c. p(-1.083 <t < 2.179) with v= 12 


Area to the right of 2.179 is 0.025 
t > - 1.083 with v = 12, 

Area to the left is 0.15 

When — 1.083 <t < 2.179 


The area is 1 — 0.15 — 0.025 
= 0.825 
P(- 1.083 <t < 2.179) = 0.825 Ans. 
d. p(t > - 2.368) when v = 17 
when t > - 2.368 
the area is 1 — 0.015 
= 0.985 
P(t > - 2.308) = 0.985 Ans. 


-2.368 


Required 


Example 5.14. Twe 
4.2 and 3.9 respectiv 
than 0.05 justify your 


Solution 
Given that 


Two independen 
respectively 


Example 5.15. Two 


Find the probability th 
Solution 
Given that 
Two random sam 
n,=15 
Nz = 25 
Vi nj-1 =15- 
V2 =M) - 1 =25 - 


Foo1 (V1, V2) = Fox 
Fo.05 (14, 24) ae 
So required proba 
Example 5.16. Find’ 


0.95 between the mean 
standard deviations are 


Solution 
Given that 


t=1.711 


Required 
area 


0.025 


2.179 
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Example 5.14. Two independent random samples of sizes 8 and 7 gave variances 
4.2 and 3.9 respectively. Do you think-that such a difference has probability less 
than 0.05 justify your answer? 
(Reg. April / May 2004 Set 4) 
Solution 
Given that 
Two independent random aiipiss of sizes 8 and 7, eave variances 4.2 and 3.9 
respectively 
Nn; = 8 of =4,2 
no =7 ens = 3.9 
v= ny-l =8-1=7 
v2=m-1=7-1=6 
Fooi (V1, V2) = Foo (7, 6) =8.26 
Fo.os (V1, V2) =Fo.os (7, 6) = 4.21 Ans. 


Example 5.15. Two random sample of sizes 15 ad 25 are taken from a N (j1,0”). 
Find the probability that the ratio of the sample variance does not exceed 2.28. 


(Reg. April/April 2004 Set 3) 
Solution 

Given that 
Two random samples of sizes 15 and 25 
Nn, = 15 

= 25 
Vp= ny-1=15-1=14 
v2=m-1 =25-1=24 
Fo.o1 (V1, V2) = Foor (14, 24) = 2.96 
Foos (14, 24) ara dn o.14s 


So required probability is approximately equal to 0.05. Ans. 


Example 5.16. Find the maximum difference that we can 1 expect with probability 
0.95 between the mean of samples of size 10 & 12 from a normal population if their 
standard deviations are found to be 2 and 3 respectively. 

(Reg. April / May 2008 Set 2) 


Solution 
Given that 


n,; = 10, m-12, a =L.0.8. =5% 
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Standard deviation S,; =2 


nN; = 9 
S2 = ‘ No = 16 
yen-l, v, =n, —1 v,=n,-l 
=10-1 =12-1 or, 
=9 =11 = 
Sp? = ms; + nS} ' For the table 
ny +n -2 4 Foor (Vi, V 
2 2 : We have the varii 
Sp? x 10(2)* + 2(3) of the second san 
10+12-2 
14 
= ao =74 
son F (Vv 1V 2) = 
aeede For (A) and 
° . . (x, -X,)-6 
For small .samples, t-distribution ¢ = ———==-— 
S2 §? Example 5.18. 
4 Of 0.05) for Vv, = 
n, n, 
fe x —%2 - (iy az. Hp) Solution 
1 1 We have the 
Sp.j—+— 
ny ny 


Se Es [A 1 
So |X, -X, -t,,.Sp.J—+— 
mh N 


to.025 for 20 d.o.f. is 2.086 


Then 
ee se 1 1 
| ¥, —X, |= (2.086) (2.72),]—+— = 2.429 Ans. 
‘ 10 12 Example 5.19. 
Example 5.17. If two independent random samples of size n, = 9 and nm; = 16 are Solution . 


taken from a normal population, what is the probability that the variance of the first 
sample will be at least 4 times as large as the variance of the second sample. 

(Reg. April/May 2004) 

(Reg. April / May 2004 Set 2) 


We have 


Solution 
Given that 


Ans. 


9 and n) = 16 are 
ariance of the first 
id sample. 

April/May 2004) 
' May 2004 Set 2) 
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n,=9 

nN) = 16 ? 
vy, =n, —-l v, =n, —1 | 
=9-1] = 16-1 


For the table : 

Foo: (V1, V2) = Foo: (8, 15)=4.00 —...... (A) A 
We have the variance of the first sample will be at least 4 times as large as variance 
of the second sample nae 


S? 483 i 
Flv VU jJ= —- 2 ii 

F(V V2) =4 ——seennee (B) | 
For (A) and (B) The desired probability is 0.01 Ans. : 
li 


Example 5.18. Find the value of Fos (corresponding to a left hand tail probability i 
Of 0.05) for v ; = 10 and v2 = 24 degrees of freedom. 


Solution 
We have the following result ‘it 
1 
F_ev,vjj= 
reg ( 1 ) F_(v,,v;) 
I 
F950, 24) = ——_—___~ 
ia ( ) Foos (24, 10) 
= es 0.36496 Ans. 
2.74 


Example 5.19. Find the value of Fo 99 for 5 and 20 degrees of freedom 


Solution . 
We have 
I 
F Vv, )=———_—_ 
l-a (v, v,) F, (v, v,) 
1 
Fo,99(5,20) = 


0.01(20,5) 
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1 


4.56 
= 0.21929 Ans. 


Example 5.20. For an F-distribution find 
a. Fo.os with v, =6 and v2=15 
b. Foor with V,=24 and V»=30 


Solution 
From the table 
a. Foos with v 1=6 and V2=15 is 2.79 Ans. 
b. Foo: with v;=24 and v= 30 is 2.47 Ans. 


Example 5.21. From the following data find whether there is any significant liking 
in the habit of taking soft drinks among the categories of employees. 


Nov. 2006 Set) 
Soft drinks 
-—Pepsi__f_10_ 38763 


rad [0 
Rowman | is _ 
250.) 
| 75 | 


Solution 


1. Null hypothesis Ho : pj = p2 = p3i.e. no difference 
2. Alternative hypothesis H, : pi, po, p3are not all equal i.e. there i iS 
Difference 


Level of significance a = 0.05 


4. Critical region: %? < x? then null hypothesis is accepted 


N?2 = Nf 45 = 5.991 for 2 degrees of freedom. 
5. Test of statistic 


n;x 
ex meee é 
n 
Nyx 
Nyx 
€\2 a 
Nn Xx 
C13 Sages 
eo; ° 
ny (n- 
ea = 5 
ny(n- 
e272 = 
n;(n- 
C93 = 
75x14 
ral "a6 


(0, e,) 
Ci 

,_ (10-21 
2nd 


znificant liking 


ov. 2006 Set) 


rere is 
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nN;.X n,(n-x) 
ey = and €, a a 
ey ad ae Ox? = 21.42 
n 350 
eae 100x115 _ 35 9¢ 
n 350 
ge 3X _ 100 x 160 = 45.7] 
n 350 
n;{n-x) 
eo; = 
n 


n(n-x)  75x110 


= = = 23,57 
on 350 
ae ny(n—x) _ 115x110 Uaei4 
n 350 
fg) 160x110 = 59 9g 
n 350 — 
: 75x 140 30 
31 = = 115x140 160 x 140 
en = 35948 e359 OM 
3, 3 (0, -e p 
X = fy y 
_(O1- é,) (O2=e2) (= er) _ (n= en) On =») 
ey C19 13 >) Cy) 
(Onn ea) (Ouzen) (Onn en): (Os= es). 
€43 €3) 32° 33 


gee (10 - 21.42)’ (25 - 32.85) ; (65 — 45.71)" re (15 — 23.57)’ 
21.42 82.85 45.71 25.57 
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r (30 — 36.14) ‘ (65 — 50.28) : (50 -30)° 7 (60 - 46)’ i (30-64) 
36.14 50.28 30 46 64 


_ 130.41 2 61.6225 372.104 73.44 37.6996 216.67 
~ 21.42 32.85 45.71 23.57 36.14 50.28 
400 196 1156 
+— +— + — 
30 = 46 64 
= 6.088+1.875 + 8.140 + 3.1164+1.043 + 4.3094 
+ 13.333 + 4.260 + 18.06 


= 60.2244 


6. Decision: 8? < x2 then null hypothesis is accepted. 
60.2244 > 5.991 null hypothesis is rejected i.e. there is difference. 


Example 5.22. A coin is tossed 60 times, 35 heads and 25 tails were observed. 
Test the hypothesis that the coin is fair. 
(a) Find the N” value and degrees of freedom do f. 
(b) Test the hypothesis using a significance level of 
(a) 0.05, (b) 0.10 


Solution. Let 40 the null hypothesis that the coin is fair. 


(a) The coin is tossed 60 times and there are 2 possible values. Head and 
tail, then the expected number of times each face comes is 30. Thus 


O-EY ef 2 o 2 
fay ) _ (35-30) _@5 30) 
E 30 30 
25 25 
= —_ +o 
30 §=30 
_ 20 
30 
= 1.66 
N?=1.66 


Degree of freedom = dof = 2-1 =1. 


(b) 


Test tl 
(a) 0.( 
From 
signif 
accep! 
C=2 
fair. 


Example 5.23. A. 
distribution table 


Test the hyp: 


(a) 
(b) 


Solution 


(a) 


(b) 


Find tk 
Test th 
(a) 


The dic 
the exp 


- > 


Deg 
Test the 


From th 
significs 
acceptec 
C=9,2¢ 


6)” : (30-64) 


64 . 


216.67 
50.28 


difference. 


Is were observed. 


values. Head and 
is 30. Thus 


2 
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(b) Test the Hypothesis using a significance level of 
(a) 0.05, (b) 0.10 
From the 8? — distribution table &? value for dof = 1 at the a = 0.05 
significance level is c = 3.84. Since 1.66 < 3.84, null hypothesis is 
accepted that coin is fair. And at the a = 0.10 significance level is 


C = 2.71. Since 1.66 < 2.71, null hypothesis is accepted that coin is 
fair. 


Example 5.23. A die is tossed 60 times, observed face values given as following 


distribution table 
Face value | 1/2 }3/] 4/51 6 
Frequency | 8 | 11 | 9 | 14 12 


Test the hypothesis that the die is fair 


(a) Find the X? value and degrees of freedom dof 
(b) Test the hypothesis using a significance level of 
(a) 0.05, (b) 0.10 


Solution 
(a) The die is tossed 60 times and there are 6 possible face values. Then 
the expected number of times each face comes is 10. Thus 


2 ~ (0-£)° 
y=} - 
2 2 2 2 2 2 
_ (8-10) , fl1-10) , (9-10) _ (14-10) , (6-10) (12-10) 
10 10 10 10 10 10 


4 1 1 16 16 4 
+—+—+ 


N? = 4.2 
Degrees of freedom dof = 6-1 =5. 


(b) Test the Hypothesis using a significance level of (a) 0.05, (b) 0.10 


From the 8? — distribution table &? value for dof = 5 at the a = 0.05 
significance level is C = 11.07. Since 4.2 < 11.07, null hypothesis is 
accepted that die is fair and at the a = 0.10, significance fevel is 
C= 9.24. Since 4.2 < 9.24 null hypothesis is accepted that die is fair. 
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Goodness of fit for Binomial Distribution 


Example 5.24. There are 4 engineering colleges A, B, C, and D inacity. A group 
of 600 students tried to take admission in different colleges, the following number 


of colleges visited by each student. 
Number of colleges| 0 | 1 [2 ]3 | 4 | 
Number of students | 130 | 170 | 50 | 10 | 240 | 


If P = 0.60, test the hypothesis at the a = 0.10 significance level that the 
distribution is binomial. 


Solution 
Let Ho be the null hypothesis that the distribution is binomial 
The binomial distribution with n = 4 and p = 0.60. 
p(0) = d(x;n,p) = b(0; 4,0.60) = 4C,(0.60)’(0.40)"° = (0.40) = 
— pl) = b(x:n,p) = b(1; 4,0.60) = 4C,(0.60)' (0.40) = 4(0.60)(0.40)’ = 
p(2) = b(x;n,p) = b(2; 4,0.60) = 4C, (0.60) (0.40) = 6(0.60)’ (0.40)" = 
p(3) = b(x:n,p) = (3; 4,0.60) = 4C,(0.60)'(0.40) = 4(0.60)' (0.40) = 
p(4) = b(x;n,p) = b(4; 4,0.60) = 4C,(0.60)'(0.40)” = (0.60)' = 
p(0) = 0.0256 
p(1) = 0.1536 
P(2) = 0.3456 
p(B) = 0.3456 
p(4) = 0.1296 


Multiplying the probability by the number of students (600).gives expected value 


Number of colleges 2 
Expected number of students | 15.36 | 92.16 | 207.36 | 207.36 | 77.76 


O-Ey 
N= (O-B)" 
ae: 
_ (130-15,36)? ‘ (170 — 92.16)? . (50 — 207.36)" , @0- 207.36) F (240-7' 
15.36 92.16 207.36 207.36 


= 855.62 +.97.47 =119.41+187.84 + 338.50 
= 1598.840 


dof = 5-1=4 


From &? 


From ®? — dist 
1598.840>7.78, \ 
with P = 0.60. 


E= 


M.E. for Small S 


1) A random 
observed tl 
mean is 104 


[Hint: maxin 


i=] 


F=t,). 8 


2)  <Asampleo 
is 0.03 find 


{Hint: £ = 


Confidence Inter 
3) If standard 
Confidence 


(Hint: Conf 


acity. A group 
ylowing number 


ce level that the 


; binomial 


9.40)° = 
(0.60)(0.40)’ = 
(0.60)’(0.40)" = 
(0.60) (0.40)'= 
1.60)’ = 


xpected value 


36 | 77.76 | 


207.36)" # (240-7 
)7.36 777 
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dof = 5-1=4 


From &? — distribution table a = 0.10 for dof 4, critical value c = 7.78. 


From §? — distribution table a = 0.10 for dof 4, critical value c = 7.78.Since 


1598.840>7.78, we reject.the null hypothesis Ho, that the distribution is binomial 
with P = 0.60. 


E=t,),. SiVn ¥-t,),,S/Nn<p<ktt,,, SiNn 


EXERCISE 
M.E. for Small Sample 


1) A random sample of size 10, is taken from a normal population. it is 
observed that Mean is 21.5 and the sum of the squares of deviations from 
mean is 100. find the maximum error with 95% confidein ¢. 


[Hint: maximum error for the small samples = tii / Jn 
=\2 
"(x,-X 
Ss? sy! i ) = 100/ (10-1) =11.11, S=3.33, tj =2-262 
ist = 


E =ty,) S/n =2.262 «3.3310 =2.382 Ans] 


2) A sample of size 15 is taken from a population; standard deviation of sample 
is 0.03 find the maximum error with 99% confidence. 


[Hint: E=t,,, S/ v/n =2.977%0.03/N15=2.977%0.03/3.872=0.02306 Ans. 


Confidence Interval for small sample 
3)  Ifstandard deviation of the sample is 10, sample size n=20, construct 95% 
Confidence Interval if x = 50. 


[Hint: Confidence Interval = (X—f,/> o/Nn <U<X +b, o/ Jn) 
= (50-2.093x (10/V20), 50+2.093x (10/V20) ) = (45.3197, 54.6802) Ans.] 


5.36 Problems and Solutions in Probability & Statistics 


Hypothesis concerning one mean small sample 


4) Inacollege 10 students were randomly selected. It is found that their marks 
in Mathematics is 20,22,21,15,25,19,18,22,21,20. Test the hypothesis that on 
an Average the students get 25 marks. 

{Hint: N.H: Ho: p=25 
A.H: H, p#25 
L.O.S a=0.05 
x- ee a 
Test statistic f = is ae 
Sin 0 


i= 
t= (20.3-25)/ (2.45/10) 
= -5,59 


t=-5.59< t, = 2.26, Ho rejected Ans.] 


5) Two independent samples of 7 items had the following values. 


[| Sample! _[ 14 [12 [9 | 15 | ut [| 13 | 11 | 
Sample! | 10 | 8 [| 9 | 13 [ 10] 11 | 9 | 


is the difference between the means of samples significant? 


[Hint: N.H Ho: pis pe 
A.H HI: Pr Alle 
L.O.S = 0.05 


Test statistic Z = x we 1 a ~ 


X =85/7=12.142, y=70/7=10 


gy? iF) + OF) _ 24.856 +16 


nj +n, -2 LET =2 


= 3.4046 


S = 1.845 
t= 12.142-10/3.4046V1/7+1/7 = 1.7879 
t= 1.7879< tyy= 2.179, Ho is accepted] 


(Before and after kind of data) 


6) In a study of effective ness of teachers training programme in J.N.T.U 
Hyderabad; A group of 10 teachers attended the above programme and the 
number which they got in the feedback which is taken in the classroom 
before and after training are as follows 


No Before | 9 
No After 9 
Use 0.05 level : 
programme is € 


[Hint: N.H Ho: py. 
AH HI: py 
L.O.S = 0.1 


Test statistic f = - 
1 
rt 


Differences dj -2. -16 


X = [-2+¢] 

(de-x)? = [-2-(-4) P+ 
[-3-(-4)] 

S = (dex)? 

t= (-4-0)/(6/ 

ty =1933 forv=9 
(Small samples Diffe: 


7) Find the standai 
0.05 ievei of sig 


Sam 
Sam 
[Hint: S.E =v(S 


FNS 


Confidence inter\ 


F-Distribution 
8) Two independent 


Sample I 
‘Sample I 


Test at 5% significar 


Small Samples 5.37 


No Before | 90 | 80 te 75 | 77 [82 [92 [90 [85 | | 
yat their marks No After | 92 | 90 | 90 [85 | 80 [80 [85 {95 | 92 | 90 | 


yothesis that on 


Use 0.05 level of significance to test whether the prescribed teachers training 
programme is effective. 


[Hint: N.H Ho: py. pro 
A.H HI: pijspio 
L.O.S = 0.05 
X—f 
n 


SINn 
as 


Test statistic f = 
Differences d; -2 -10 -2 -§ -3 +3 +3 -2 5 
x = [ -2+(-10)+ (-5)+ (-2)+ (-5)+ (-3)+ (-3)+(-3)+(-2)}4(-5)/10 = -40/10 = -4 


(di-x)? = [-2-(-4)]P+ [-10-(-4)P+[+5-(-4) 1+ [-2-(-4)P4f-5-(-4) P+ [23-(-4)P4-3--4) P+ 
[-3-(-4)] 7+ [-2-(-4)] 7+ [-5-(-4)]? = 4436+ 14+4414+1414144+1 =$4 


S = (d-x)7/(ml)=54/9= 6 i 
t = (-4-0)/(6/V10) = -4/1.8974 = -2.108 


7 tu =1.833 for v= 9, t= 2.108 > t,=1.833 Ho is réjected.] 


(Smali samples Difference between the mean) 


7) Find the standard error and the confidence interval for difference the mean at 
0.05 level of significance for the following data 


| | Size | 


2 


(Hint: S.E =v(S,°/n,+ S2*/n2) 
= V (5/15) + (87/ 20) =2.2059 


2 2 : 
: sy Sy Sy 5 - 
Confidence interval = X+Ytt,,),J~—+ =37+26 2V(57/15)+(87/ 20) 
Wy, = Py 
= 11+ (2.2059) 


F-Distribution 


8) Two independent samples of 8 items have the following values 


me in J.N.T.U 
farimiecand: thé | Sample | 10 [ 11 [12 [13 [is [0 Tir] 9 | 
fhe-elassidomn Sample | 8 [| 9 | 10 [ i | 13 [is [to | 8 | 


Test at 5% significance level, the quality of variances of two population 


5.38 Problems and Solutions in Probability & Statistics 


Ans. 


Ans. 


Ans. 


[Scores After | 70 ]38 | 58 [58 | 56 [o7 [os [75 ‘42 


[Hint: “Null Hy potpesis Ho: S2 =S, 
AHH: 848, 
L.0.S a=0.05 


.~ is 2 
Test statistic F” =—> 
S, 
X =91/8=11.375, y =84/8=10.5 
=\2 
"(x,-x 
Sy = S| i ) 


= 3.695, S,=1.922 ,S,?=42/7 = 6, S.= 2.449 
ma ho 


S 2 
F =—~ =3.695/6=0.6158 
2 


F, (7, 7) =3.79, F=0.6158< F, (7, 7) =3.79, N.H is accepted, No difference] 


OBJECTIVE TYPE QUESTIONS 


Fig (U,,0)) = 
(a) F,(v),0,) 


(b) 1/F_ (u,,0,)(c) F,(v,,0,) (d) none of these 
(b) “ % ‘ 7 


If p = 0.50 the maximum error with 95% confidence i is 0. 08 then the sample 
size is : 


(a) 155 os 9 (© 158 


(d) None of the above 
(b) . 


Ten students participated in car racing competition in the first week,Afte 


intensive training they participated in the same compctition in the next week. 


Their scores before and after training are given as follows 


[24 [57 |s5 [63 |54 [56 [os | 33 


What is the mean of the scores before and after training? 
(a) 52, 55  (b)55, 57 (e) 52, 57 (d) None of the above 
(c) | a 


4. If p = 0.60 tk 
size is 
(aj 13 - 
Ans. (d) 


5. For the samp 
confidence if 


(a) 0.0125 
Ans. (b) 


6. For the small s 


estimate 
(a) E=¢,,, 
(c) E=t,,5 
ns. (d) 


7. From &?-disti 


(a) 3.23 & 32 
(c) 4.18 & 50 
Ans. (b) 


8. From F- distrit 


(a) 1.63 & 2.8 
(c) 1.63 & 1.4 
Ans, (a) 


9. From &?-distr 


(a) 11.34 
Ans. (a) 


10. From F- distri 


(ay 0.222 
Ans. (c) 


d) none of these 


then the sample 


one of the above 


: first week,A ftc 
in the next week. 


aes Te 


75142 | 38 | 


lone of the above 


Small Samples 5.39 

4. If p = 0.60 the maximum error with 95% confidence is 0.25 then the sample 

size is 

(ay 13» (b) 14 (c) 12 (d) 15 
Ans. (d) 
5. For the sample size 10, what will be the maximum error with 99% 

confidence ifthe standard deviation of sample is 0.03? 

(a) 0.0125 (b) 0.0325 (c) 0.025 (d) Norte of the above 
Aas. (b) 


6. For the smali samples if o is unknown or (n < 30), The maximum error 


estimate 

(a) E=t,,, S°/Nn (b) E=Z,_,, Sin 

(c) E=t,,, SIVN (d)E=t,,, S/Vn 
Ans. (d) 


a 2 7 é 2 2 
7. From N° -distribution table, the values of Sipe & er ap AFC 


(a) 3.23 & 32 (b) 2.73 & 34.17 

(c) 4.18 & 50 {d) None of the above 
Ans. (b) 
8. From F- distribution table, the values of Box is & Bo ven is 

(a) 1.63 & 2.85 (b) 2.85 & 2.85 

(c) 1.63 & 1.63 (d) None of the above 
Ans. (a) 


ry 


2 . * ‘ < 2 
9. From N° -distribution table, the values of eae is 


(a) 11.34 (b) 12.50. (c) 9.56 (d) None of the above 
Ans. (a) 


10. From F- distribution table, the values of F, ere is 


(ay 0.222 (b} 0.235 (c) 0.588 (d) None of the above 
Ans. (c) 


5.40 Problems and Solutions in Probability & Statistics 


Ans. 


From t- distribution table, the values of f)55 19 is 


(a) 0.333 * — (b) 0.700 (c) 0.588 (d) None of the above 


. (b) 


From t- distribution table, the values of 55 39 is 


(a).0.555, (b) 0.700 (c) 0.687 (d) None of the above 


. (c) 


Two.samples which is obtained from normal population if 
S) =3.37, S; =0.46 Then F is 
(a) 8.5 (6) 8.3 (c) 7.3 (d) None of the above 


. (c) 


If for two samples S/ = 666.67, S; =1109.33 Then F is 
(a) 1.66 (b) 3.25 (c) 1.25 (d) None of the above 


» (a) 


From F- distribution table, the values of Fac ike is 


(a) 0.257 (b) 0.235 (c) 0.588 (d) None of the above 
(a) 


COI 


6.1 FITTING OF 


The least squar 


Where the cons 
Ly=n 
Dxy = 

Or the constant 


a= i 


b can also be w 


1e of the above 


1e of the above 


1e of the above 


ie of the above 


ie of the above 


CORRELATION & REGRESSION 


“Knowledge speaks, but wisdom listens” 


6.1 FITTING OF STRAIGHT LINE 


The least square line that fits a set of sample points is given by 
y=atbhx 
Where the constants a and b are determined by the normal equations 


DV = NA+ bY Kees (1) 
DAV = AL KAD LX? srrccoveed (2) 


Or the constants a and b can be obtained by 
(ES yfEx* (ES xXEy) , _ nLay)- (Ex) 


nde (See x2) (xP? 


b can also be written as 


p= LEN -9) 
X(x-x)’ 


6.2 Problems and Solutions in Probability & Statistics 


Where galt, poze 
n 


Or the constants a and b can be obtained by 


» S09 Sat-(Sr) / 


i=} i=l 
S., “dG ~XXy,-¥ = day, (Es ][d».]/ 


S 
a=y-bx Andb=—~ 
Six 

Working Rule for the Fitting of straight line 
yr=atbx 


Consider the set of given data (x, ae )i aa Rear / 


Find 2x, Ly, Zxy, =x’ n from the given data. 
Substitute these values in the normal equations. 
Solve these normal equations for a & b. 


Mw Pwn 


6.2 CURVILINEAR REGRESSION 
6.2.1 Fitting of Second Degree Polynomial 


The least square parabola that. fits a set of sample points is given by 


psatbhxt cx? 


Where the constants., b, c, are determined by solving the normal equations. 


Ey smarp bates" pera (1) 
Lxy= adxt+b>x? +c¥x%......(2) 
Dx? yeadlx +byx +eLx".......3) 
Working Rule for the Fitting of Second Degree Polynomial 
y=atbx+ cx? 
Consider the set of given data (x, J; )i =1,2,......1 


Find-2x, Zy, Uxy, Ux’y, Ix’, Lx’ Ix’ n from the given data. 
Substitute these values in the normal equations. 
Solve these normal equations for a,b & c 


Vw PWN >= 


Put these values in.y = a+ bx, which is the required curve of best fit. 


Put these values in y = a+ bx + cx? , which is the required curve of best fit. 


6.2.2 Fitting of Geon 


Non linear curs 
y=ax’ 
By taking logari 


Which is the cu 
Where 


Y 

The constants A 

YY =m 
yA = 
Working Rule 
1. Find Y= 
2. Find ZY, 

3. Substitute 

4. Solve the: 

5.  Obtainat 
6. Put these 


6.2.3 y=ab™ (Ex 


Taking logarit 


Which is the c 
Where Y = Ic 


Normal equati 


The constants 


Working Rul 
1. Find Y = 
2. Find ZY, 


est fit. 


iby 


al equations. 


ve of best fit. 


Correlation & Regression 6.3 


6.2.2 Fitting of Geometric Curve or Power Curve 


Non linear curves can be transformed to a linear curve straight line consider 
y= ax? 
By taking logarithms on beth sides we obtain 
logig ¥ = logig a+ blogig x 
or 


'Y=A+BX 


Which is the curve of straight line 

Where 
Y =logy y, A=logiy a, X = logy x,b=B 

The constants A and B are determined by the normal equations 


DY =ndt BY Xe! (1) 
TXY = AL X +BY X’....(2) 


Working Rule for the fitting of Geometric Curve y= ax’ 


Find Y = log y and X = log x for all the data. 

Find EY, EX, UXY, ZX* . 
Substitute all these values in the normal equations. . 
Solve these normal equations for A and B wns 
Obtain a by taking antilog of A and b = B. 


Sy ee NS 


Put these values in y = ax? which is the required curve of best fit. 


6.2.3 y=ab* (Exponential Curve) 


Taking logarithms on both sides we obtain logig y = logyg a+ xlogyg 5 
Y=A+XB 

Which is the curve of straight line 

Where Y = logy, A = loga, X = x,B=logb 

Normal equations are similar to a straight line. 


The constants A and B are determined by the normal equations 


XY =nA+BYX 
LXY =ALX+BYX’ 


Working Rule for the fitting of exponential curve y = ab* 


1. Find Y = log y and X = x for all the data. 
2. Find ZY, 2X; ZXY, ZX” 


6.4 Problems and Solutions in Probability & Statistics 


3. Substitute all these values in the normal equations. 
4. Solve these normal equations for A and B Working 
5. Obtain a and b, by taking antilog of A and B. 
6. Put these values in y = ab” . Which is the required curve of best fit? 1. Find 
6.2.4 y=ae™ (Exponential Curve) — 2, Find? 
Taking logarithms on both sides we obtained : 3. Subst 
logy) ¥ = log), a + bxog,€ i 4. Solve 
Y=A+XB 
_ Which is the curve of straight line 5.» Putth 
Where 
Y =logy,A=loga,,B=b,X = xlog,,e 6.3 MULTIPI 
Normal equations are similar to a straight line, ee ae 
The constants A and B are determined by the normal equations. ind d 
SY =nd+ BEN Independent 
LXV =ALDX+BYX? | 2a 
‘i This is call 
Working Rule for the fitting of exponential curve y=ae si The consta: 
1. Find Y = log y and X = x log e for all the data, Sys 
2. Find XY, EX, EXY, EX’ 
3. Substitute all these values in the normal equations. xy 
4. Solve these normal equations for A and B 
5. Obtain a by taking antilog of A and b = B. y x9) 
6. Put these values in y =ae™. Which is the required curve of best fit? 
. Working R 
6.2.5 y= (Hyperbola) OR (Reciprocal Function) 
ag + ayx 
re +ayx 1. Consid 
2. Find & 
Y= ao + aX 3. Substit 
Which is the curve of straight line? 4. Solvet 
Where ¥ = =i i 5. Put the 
y best fit’ 
Normal equations are similar to a straight line 
, yy = na, + a,2X 6.4 RESIDUAL 


Observation 


LAY = ayhX +a,2X’ 


The minimu 
~ or error sum 


if best fit? 


fF best fit? 


Correlation & Regression 6.5 


1 


Working Rule for the fitting of Reciprocal function .y = ———— 
ay + ax 


1 ; 
1. Find ¥Y =—, X =x for ail the data. 
y 


2. Find ZY, 2X, ZXY, EX? 
Substitute all these values in the normal equations. 


ay 


Solve these normal equations for ap and ay. 


5. - Put these values in y =—————.. Which is the required curve of best fit? 
ao + ax 


6.3 MULTIPLE REGRESSION 


If there is a linear relationship between a dependent variable y and two 
independent variables x, and x>, then 


y= ao + AX; + A7X4 
This is called a regression equation of y on x; and x». 
The constants ap, a; and a> are determined by the normal equations. 
DY = NAy + Ay DX, + Ay Dy veerecsveees (1) 


Lav ay Da 3 +4, Dx? +4, Dx X2 seceseee (2) 
UXxz2y =a x + ay DX + a9 x3 Siseuisnewe (3) 


Working Rule for the fitting of multiple regression equation 
Yat QyxX, + AnX9 


Consider the set of given data (x;,y;), i= 1, 2, .......... n. 

Find Ly, =x), 2x2, Uxyy, Dx, ZX1Y2, UX2Y, Dx)’ from the given data. 
Substitute all these values in the normal equations. 

Solve these normal equations for ao, a;, & ap 


vA RYN = 


Put these values in y =ag + @,X; +.d)X>, which is the required curve of 
best fit? 


6.4 RESIDUALS 


Observation — filled value = y, — a— bx, 


The minimum value of the sum of squares is called the residual sum of squares 
~ Or error sum of squares. 


6.6 Problems and Solutions in Probability & Statistics 


6.4.2 Residual sum of squares 


eG, -3) Ey, —5F 


Or 
a Ey -(Z2fZy) 
nx?(Ex) Indy? -y) 
6.44 Standard error of estimate 
2 

1 n 

Se SE: db -@+4x)] 
i=] 

7 Dy - (S,)’ /S,, 


n-2 
With (n — 2) degree of freedom 


6.4.5 The statistics — The values of random variables having 
t — Distribution is 


De 


With 
6.4.6 Confidem 


aaa 
B: t 


6.5 SPEARMAIT 
For a giver 
ranked in order 
observations x an: 
The Spearman’s r 
rank OF 


Where d > 
n> 


6.6 THE LINES ( 
6.6.1. The line of 


6.6.2. The line of: 


Correlation & Regression 6.7 


(a-a) ns... 
t= ee PEND 
Se YS, +n() 


and 


(= B-4) I, 


With (n — 2) degree of freedom 


6.4.6 Confidence intervals for the regression coefficients a and B.. 


—\2 
a: axkt,,,Se [iG | 
n xX : | 


] 
B: bxt,,,Se ra 


xXx 


6.5 SPEARMAN’S RANK CORRELATION COEFFICIENT 
For a given set of n paired observations (x, : y,) for i= 1 ton. The data may be | 
ranked in order of size, using the number 1, De seid n. If given set of n paired | 
observations x and y (x, : y,) are ranked in such manner. 
The Spearman’s rank correlation coefficient denoted by 
‘rank OF ¥ is given by 


6yd? 


Vrank elt =) 


Where d —> difference between ranks of corresponding x and y. 
n — number of pairs of data 


6.6 THE LINES OF REGRESSION 


6.6.1. The line of regression of y on x 


6.6.2. The line of regression of x on y 


xX-X=r £x (y-7) 
vy 


6.8 Problems and Solutions in Probability & Statistics 


These linear 


n n 
yo Dw } 
= unknowns a. 


Where x = =! —, ps 
5 : 6.8 Theorem Deri 
2 1 2 =2 2 2_72 
O, =~ =k; oy =~ dy -y 
: 7 q Derive norm: 


6.7. Theorem Derive normal equations to fit the straight line. 


Proof 
Suppose a given set of n data points (x, A Xx, , y,) bagel (x, . y,) and it is 4 ieee he 
required to fit a straight line y = a + bx 
For each x;, expected value is a + bx, NOTE: Secc 
Error =Observed Value — Expected Value curvilinear re 
eé=y,- (a + bx,) We know tha 
e, = >.(y,-a-bx,) % é. 
i=l 
The sum of the squares of these errors is dneeunt eM) 
E =, +O F csssssssecssenes +e 
n = ons 
=> (y ~a—bx,) E=\|y (0+ bx, 
=r I i For E to be minimun 
For E to be minimum, we have 
OE OE 
—=0 and —=0 
da ab = Aly, — (a+ bx, - 


= 20 bi-(@+ ox) C)=0 


= 20 beri ICx)=0 = ly, -(@ + bx, - 


On rewriting the above equations 
n n 
> yj =nat b>, Xx; 
i=] i=l 


yxy, =aSix,+b>ox) => 2ly, ~(a+bx, 4 
i=l i=l i=l 


Similarly 


Correlation & Regression 6.9 


These linear equations known as normal equations and can be solved for 
unknowns a & b. 
6.8 Theorem Derive normal equations to fit the parabola 
Y=aygt+axt ax? 


Derive normal equations to fit the parabola 


yr=atbxtcx? 


(Regular April/ May 2005 Set No.4) 


(Supple Nov. /Dec 2005 Set No.4) 
‘ (Supple. Feb 2007 Set No.3) 
(Supple.Feb.2010Set No.3) 
Proof 
‘n Vz) and it is Consider the equation of parabola or second degree polynomial 


y=atbxt cx? 


NOTE: Second degree polynomial is the example of non linear regression or 
curvilinear regression 


We know that 
Error = observed value — expected value 
e, =, ~(a+bx, +cx,?) Vi=1,2,..0 
The sum of the squares of the errors is 
E= e + e3 east + e 


E= by - (. + bx, + ex? P + b - (a+ bx, + ox} i ee + b, - (a+ ox, + ox? } 


For E to be minimum, we have 


2 
da 
=) aly, - (a + bx, +0x) \- 1)+ aly, = (a + bx, +x} ME 1) + svicensss 
+2[y, -(a+bx, +ex?)]= 0 iene (1) 
OE 
—=0 
ob 
=> aly, - (a +bx, +0ex) ME x,)+ aly, - (a + bx, + ex} \é Hy) + secseees 
+ aly, - (a + bx, +x? a x, ) Odes (2) : 
Similarly . 
& =o 


Oc 
= aly, - (a + bx, +0x) er x; )+ aly, ~ (a + bx, +x} \- 5 )+ alee 
+aly, ~(a+bx, +x? \- x?) =O... (3) 


6:10 Problems and Solutions in Probability & Statistics 


On rewriting the equations (1), (2) and (3) 


6.9 


Example 6.1. The following data pertain to the demand for a product (In thousands of 


yy, enaeby eee 

i=l i=l i=] 
Day, =a, +b ya ted 8 
yx y, =ayx? +byes) +e>ox 


f=] i=l 


These linear a ptinie know as peel equations and can be solved for 
unknowns a, b and c. 


’ MULTIPLE REGRESSION 
Consider the curve 
YHra + AyX] + AQX2 F sisecess +4,Xy, 
Where XX .....+. X,,n independent variables and y are is a dependent variable. 


Now we consider, y is depend on two independent variable x; and x. 
Y= Ag + QiX, + AQX2 
Error = cbserved value -- expected value 


é, = ~b,-( (a, +. a,x, +4,%,,)? | Viz=1,2,...0 
The sum of the squares of the errors is 
E= e? + es Pstees + e 
For E to be minimum, we have 
OE 1 ogo OL. 
—  =0, oh ay and ——=0 
0ay Oa, Oa 


On differentiating and simplifying, we obtain 
Dy = Nay + a, UX, +a, VX, 
Yx,y =a, Ux, ta, Ux) +a, Ux,x, 
WX Y = Ay UX, +A, UXX, +A, yx 
These linear equations are the normal equations and it can be solved for 


unknown’s 4, @; and a). 
SOLVED EXAMPLES 


units) and its price (in cents) charged in five different marked areas. 


Price (x) 20} 16110 | 11414 


Fit a parabola 


Solution 


Demand 


Y=ay + ax 
Normal equatic 
Ly = naptayDx- 
LUxy = agh x +a 


Ux’y = ap x2+ 


é 


53¢ 
Eq (1) divided | 


Eg (2) divided | 
aX 
Eq (3) divided by 1( 
ag 4 

From (4) and (5) 
a, + 14.2a, + 214. 


Correlation & Regression 6.17 


eee ME EES 


Fit a parabola of the form y = ag +a,x + a,x? to the above data. 


(Nov./Dec.2004 Set 4) 
Solution 


be solved for 


dent variable. 
d X2. 


Normal equations are 


Vi=1,2,....n Ly = nagtayZxta,d x? 
xy = ap X +ajL x ta Ex? 
=x’y = aph x2+ajD x “ta dx! 
328 = Say + Tay +1073a9 sesecsseeses (1) 
4059 = 7lay +1073a; +1717 1ay......(2) 


53041 = 1073a, +1717 1a, +288593q).......(3) 
Eq (1) divided by 5 
Ag +14.2a, + 214.647 = 65.6......000-2 (4) 
Eq (2) divided by 71 
ay +15.1 1a, + 241.844, = 57.16.0000... (5) 
Eq (3) divided by 1073 | 
a ae ag +16.0027a, +268.95ay = 49.432.........(6) 
From (4) and (5) 


1 be solved for 


a, + 14.2a, + 214.6a, = 65.6 


6.12 Problems and Solutions in Probability & Statistics 


d, + 15.1la, + 241.844, = 57.16 


-0.91; —27.24a2 = 8.44 
0.9 1a, + 27.24 a =- 8.44 
Divided by 0.91 
. ay + 29.894) = - 9.274... (7) 
From (5) and (6) 
dy +15.11a, + 214.844, =57.16 
dy +16.0027a, + 268.95a, = 49.432 


-0.89a,; —27.11a2 = 7.728 
0.89a, + 27.11 a= - 7.728 
Divided by 0.89 


a, + 30.46a2 = - 8.683 ........ (8) 
From (7) and (8) 
a; + 29.89a) = - 9.274 a, + 29.89a) = - 9.274 
ay + 30.46a) = - 8.683 a= - 9.274 — 29.89 (1.036) 
- 0.57 a7 =- 0.591 a =- 9.274 — 30.99 
ap = 1.036 ay = - 40.265 


aot 14.2a,+ 214.6a2 = 65.6 
ap = 65.6 — 14.2 (-40.264) — 214.6 (1.036) 
ap = 65.6 + 571.76 — 333.32 = 415.04 
y =agtaxt ayx° 
y = 415.4 — 40.265x + 10.36x’ : Ans. 


Example 6.2. Fit a straight line to the above data. Fit curve of the form y = a (b) 
by the method of least squares for the fallowing data. 


Buk REPRE eee eee 


(Supple. Nov. /Dec. 2005 Set 2) 
(Supple.Feb.2010 Set.2) 


x 


A +3.5B = 1.9 
A+5B_ =2.26 
- 1.5B=-0.3 
B= 0.2 


A+3.5B=1.9 
A + 3.5(0.2543 
A=1.911-08 
A = 1.02084 
A= log a= 1.0 
a= 10.49 
B=logb=0.2 
b = 1.79597 
y=ab* 


Example 6.3. Consic 


Correlation & Regression 6.13 


ee a ARES Ds 
P 6 | 400 =| 2.6020 | 15.612 | 36 
DXY = 64.1905 | EX?=140 
y=ab" 
Taking log 
log y=loga+xlogb 
Y=A+BX 
Where 
Y = logy, A= loga, B =logb, X =x 
Normal equations are 
Dy=nA+BYX 
274 LAY = ALDX+ BX? 
9 (1.036) 15.288 =8A + 2BBua.sesreeen (1) 
ae 64.1905 = 284 +140B..........(2) 
Eq. (1) divided by 8 
A+3.5B=1.911 00.0.2... 3) 
Eq. (2) divided by 28 
A+ 5B =2.2925 w.cccccsseveees (4) 
— A+3.5B=1.911 ; 
S. A+ 5B_= 2.2925 
n=) La 
A+3.5B=1.911 
A + 3.5(0.2543) = 1.911 
A= 1.911 —0.89016 
ec. 2005 Set 2) A = 1.02084 
‘eb.2010 Set.2) A = log a= 1.02084 
a= 10.4915 
x2 B = log b = 0.2543 
0 b = 1.79597 
y=ab* y = (10.4915)(1.79597)* Ans. 
4 


Example 6.3. Consider the following data: 


6.14 Problems and Solutions in Probability & Statistics 


Find the correlation coefficient r. 
(Supple.Feb.2007 Set 2) 
(Nov. 2006 Set 4) 
Solution ; 


t ‘ 
Nf 


~ 
x 


wn 
I 

& 
| 


= = 2m (S.) /n=60-(0) /9 =60 


Ul 
_ 


~”n 
tl 
3 


n 2 
y, -( » /n = 84.46 — (24.4) /9 = 84.46 - 66.15 = 18.30 


—_ 


i-1 
S, = yey, -( } «| (33, /n=1.8-(0X24.4) /9=1.8 
i=l i-l 
1.8 


a ee ges Ans. 
60)(18.30) 33.13 


Example. 6.4...The measurements of humidity and the moisture content in a 
raw material are given in the following table. Fit a straight line of the form. 
y=ax+b Humidity (x) 


p12 [8 [i4fo [i fre [7 fo [i2 fio fiz fi | 


Solution 


42 
35 
50 
43 
48 
62 
31 
36 
44 
39 
55 
48 

Ex = 533 


Normal equatior 


Eq. (1) divided 
Eq. (2) divided 


From (3) & (4) 
b+46.02a = 
b+44.41 
l.6la 

a = 0.2298 
12b + 533a = 
12b + 553(0.2 


126 =122-1 


4 
0.3 


le.Feb.2007 Set 2) 
(Nov. 2006 Set 4) 


15 = 18.30 


1.8 


Ans. 


ture content in a 
of the form. 


5 | 48 


Correlation & Regression 6.15 


Solution 


’ (Nov. 2006 Set 4) 


y=axt+b 
Normal! equations are 


Ly =nb+arXx 
Vxy=bYxt+adx’ 

122 =12b + 533za......{1) 
5613 = 533b + 24529a.........(2) 
Eq. (1) divided 12 

b+44.4la =10.16.....3) 
Eq. (2) divided by 533 
b +.46.02a =10.53.....(4) 
From (3) & (4) 
b+ 46.02a = 10.53 
b+44.41a = 10.16 
1.61 a=0.37 
a = 0.2298 
12b + 533a =122 
12b + 553(0.2298) =122 


12b = 122 —122.04906 


6.16 Problems and Solutions in Probability & Statistics 


126 = 0.49068 

b = 0.04089 

y=axthb 

y = 0.2298x + 0.04089 Ans. 


Example 6.5. The following data pertain to the cosmic ray doses measured at various 
attitudes 


4800 
[Dose (yeary) [28 [30 [32 [36 [51 [58 [69 | 


Fit a straight lines y = a + bx 

(Supple.Nov./Dec.2005 Set 4) 
(Supple. April/May 2005 Set 3) 
Solution 


Normal equations are 


Ly =na+b<xx 


Lxy = axx + bix? 
304 = 7a+ 16980 b....... (1) 
951560 = 16980 a + 72743400 b (2) 
Eq (1) divided by 7 


a+ 2425.71 b = 43.428 ...... (3) 
Eq. (2) divided by 16980 
a+ 4284.06 b = 56.04 .......... (4) 
a+ 2425.71 b = 43.428 
1858.35 b = 1.29041 
b = 0.000694 


7a +16980b = 
Ta = 304-16 
Ta =304-11 
a= 41.74 
y=atbx 
y =41.79 +. 


Example 6.6. Fit a pa 
To the followin 


Fare 


Fit a parabola by the 


Solution 


y=ay tax 
Normal equatic 
Ly =a)i 
xy = 4 
Lays 


yeasured at various 


)0 | 5300 


./Dec.2005 Set 4) 
May 2005 Set 3) 


2743400 


Correlation & Regression 6.17 


Ta + 16980b = 304 

Ta = 304 —16980(0.000694) 

Ta = 304 -11.7906 

a=41.74 

y=atbx 

y = 41.79 +.000694x Ans. 


Example 6.6. Fit a parabola of the from y=ag + a,x + Ax? 
To the following data. 


kT Pp pp le [7 [sp [a | 
Fy [ae [ss [vs [oar [ore [os [oar [om [iio [v.05 


Fit a parabola by the method of least squares and estimate y at x = 7.5 
(Supple.Nov./Dec.2005 Set 3) 
(Supple. April/May 2005 Set 1) 
(Supple. Feb. 2007 Set 2) 


Solution 


oo eae 
[+ | ei |e | 16 
[9 | 927 | | a_| 
Pie [12.96 [64 | 356) 
100103 [100010000 
385 358.1 3025 25333 


y= + ax tax? 
Normal! equations are 


2 
Ly =antaxt+a,x 
xy 2a) Uxta Dx? +ay Ex 


Vx y= ay Dx’? +a, yx +a, Dx 


6.18 Problems and Solutions in Probability & Statistics 


9.85 =10aq +55ay +3857. cesses (1) | 
51.04 = 55aq +3854, +3025a9.......(2) 3 solution 
358.1 = 385a, +3025a, + 25333a,....8) | 
Eq. (1) divided by 10 
ay + 5.5a, +38.5az = 0.985........(4) 
Eq. (2) divided by 55 
ay +7a, + 55a, = 0.928.........(5) 
_ Eq. (3) divided by 385 
ay + 7.857a, + 65.8 = 0.9301.....(6) 


From (4) and (5) from (5) and (6) 
ag +5.5a, +38.5a, = 0.985 Ag + 7a, +55ay = 0.928 
By + Tey 699620228 a, +7.857a, +65.8a, = 0.9301 
- 1.5 a; — 16.5 ay = 0.057 - 0.857 a; — 10.8a)=- .0021 
1.5 a,t 16.5 a) = -0.057 0.857 a;+ 10.8 a) = .0021 
Divided by 1.5 Divided by 0.857 
a; + 11 a =- 0,038 ............ (7) ay + 12.602a) = 0.00245.......... (8) Bt Soe Hes 
From (7) and (8) Sa => %; - ae? 
aitlla, =-0.038 2 fe 


a, + 12.602a, = 0.00245 


——_—>. oo? 8, -Sy3-(Sy 
- 1.602 a) = - 0.04045 i=l i-t 
ay = 0.0252 ‘ n n 
a, + 1a, = 0.038 ay +70, + 55ay = 0.928 Sy = Lx i [S 
a, +11(0.0252) = -0.038 ag + 7(0.3152)+55(0.0252) = 0.928 deal 
a, = —0.038 — 0.2772 ay = 0.928 — 2.2064 —1.386 (68. 
a, =0.3152 
a, = 0.3152 ay = -2.6644 


y =-2.6644 + 0.3152x + 0.0252x? Ans. 
Example 6.7. Compute the coefficient of correlation and the two lines of regression 


following data 
[19 | 20 | 21 | 22 | 23 | 


fy [es _[7 [70 [75 [66 [or ]o2 [8 | 00] 


Correlation & Regression 6.19 


(Supple.Nov./Dec.2004 Set 3) 


Solution 
ee ae 
a 
| 
ines SS 
ey 
3ay=- .0021 foe 
8 ay = 0021 S55 
by 0.857 
1 eee 8 n n 2 2 
oe eee Ne -( *] | 3289-070 = 3280 — 3211.11 = 68.888 
i=] i-l 
1 n \? 2 
5 = (S| /n=43319-20- = 43318 -42711.11 = 606.888 
i=l i-t 
: a (170620) 
Sy = Di -| Do DY lr oar =11516-11711.11=195.111 
i=] i=] i=l 
52) = 0.928 pe 195.1111 ¥ 19511 
386 -{(68.888)(606.888) /41807.30 
= oe = 0.9542 Ans. 
204.468 
Ans 


lines of regression The line of regression of y on x The line of regression of x on y 
23 _ o a = om aI 
60 | o. Py 


6.20 Problems and Solutions in Probability & Statistics 
os 1 > 2. =2 
y yy 


Nn 
1 smo 


=jassi8-( 2 
9 9 


= 364.44 — 356.79 oO} =4813.11-4745.67 


2 _ 
o? =7.6498 o? = 67.930 


o, = 2.7658 
ay =8.2115 


y- 68.88 = p22 BONS gags) 
2.7658 


y ~ 68.88 = 2.83296(x — 18.888) 
y— 68.88 = 2.83296x x 53.5113 


y = 2.83296x — 53.5113 + 68.88 
y =2.83296x + 15.368 Ans. 
0.9542 x 2.7658 (y—68.88) 
8.2115 
x~18.888 = 0.32139(y — 68.88) 
x —18.888 = 0.32139y — (22.1376) 
x —0.32139y = 18.888 — 22.1376 
x —0.32139y = -3.2496 
x = 0,32139y — 3.2496 | Ans. 


x — 18.888 = 


Solution 


Example 6.9. 


I 


Correlation & Regression 6.21 


ae ae (ee 
| 3 40 
ee a 
Sea eee 
{| so _| 6 _| 


Given curve is y =a + bx 
Normal equations are 


Dy=natb>dx 
LxA= aXxt+b) ae 
311 =6a4 21d... (1) 
1342 =21a+9I1b......(2) 

Eq. (1) Divided by 6 
a+3.5b=51.83 
Eq. (2) Divided by 21 
a+4,33b = 63.90 
a+3.5b = 51.83 


0.83 b = 12.07 
b=14.54 


at3.5b = 51.83 | 
a = 51.83 —3.5(14.54) | 


a = 51.83 — 50.89 
a = 0.9324 


=at+bx 
‘November 2006) : 


y = 0.9324 +14,54x 


- Example 6.9. Fit a curve of the y = ax? for the following data 
SIRE EER ES 


Ans. 


6.22 Problems and Solutions in Probability & Statistics 


fy [os [o2fas | 8 [125 | | a= 17.11: 


(Supple Feb 2007) d. ‘ 
(November 2006 Set 3) 4 y=ax 


Solution “| y=l7.l 
| 
oe oe ea 


Example 6.10. 


Solution 


. E b 
Given curve is y = ax 


Taking logarithms Log y = loga+b log x 
Y=A+BX 

Where Y = log y, A = log a, B=b, X = log x 
Normal equations are 


LY =nd+BYX.......Al) 
DXY = AD Xx BY X’......(2) 


1.6532 = 5A + 2.07902 B.......... (1) 
1.8321 = 2.07902A + 1.16910 B......... (2) 
Eq. (1) Divided by 5 Normal eque 
A + 0.415804 B = 0.33064 ........ (3) » 
Eq. (2) Divided by 2.07902 
A + 0.5623B = 0.8812 ........ (4) . ) 


A+ 0.5623B = 0.8812 
A + 0.415804 B = 0.33064 


0.1464B = 0.55056 


B = 3.7606 =b Eq. (1) Di 
A + 0,5623B = 0.8812 
A = 0.8812 — (0.5623) (3.7606) 

Eq. (2) Di 


A = 0.8812 — 2.1145 
A = 1.2333 
A = log a= 1.2333 


ple Feb 2007) 
»r 2006 Set 3) 


0.48846 
x? = 1.16910 
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a= 17.115 
y= ax? 
y =17.1 15x76 Ans. 


Example 6.10. Predict y at x = 3.75 by fitting a power curve to the given data. 


(Reg. April/May 2004 Set 1) 
Solution 


We know that power curve is y = ax? 
Taking logarithms 
Log y = loga+b log x 
Y=A+BX 
Where Y = log y, A = log a, B= b, X = log x 


| | Y | Y=4ogy | X=logx | XxX 
0 


a an Gee ee 
| 1 | 2.98 | 0.47421 ho ate 
0.62940 0.3010 0.090601 0.18944 
0.71683 0.47712 0.227643 0.342013 


| 4 {| 6.10 | 0.78532 0.60205 0.36246 0.472801 
0.83250 0.69897 0.48855 0.581892 
| 6 | 7.50 | 0.87506 0.77815 0.605517 0.680927 


LY = 7 =x? =XY= 
ame 4.31332 | 7X =2:85729 | a7q77 2.267073 


Normal equations are 


XY 


2.267073 = 2.85729 A + 1.77477B......... (2) 
Eq. (1) Divided by 6 
| A + 0.476215 B = 0.718886...... (3) 
Eq. (2) Divided by 2.85729 


A + 0.621137B = 0.79395....... (4) 


6.24 Problems and Solutions in Probability & Statistics 


A + 0.476215 B = 0.718886 n ' 

A+ _0.621137B = 0.79395 : Sa = de -(3 

- 0.144922 B = - 0.07459 4 5 
B=0.51469=b | : Sy => = 
A+0.476215B = 0.71886 . 
A = 0.71886 — 0.476215(0.51469) : Sy 2%, | 
A= 0.71886 — 0.245103 | = 62353-(7 
A = 0.473756 = Say 
A= log a = 0.473756 SS 
a = 2.97684 - 5 
y=ax? =2.97684x°°4® Ans. 523. 

Example 6.11. Calculate the correlation coefficient r for the following data Example nel? Blt 


Solution 


[68 
| 60 | 
Ly=93 


= Dxy = 62352 


Ex? = 44932 Ly” = 86801 


7 
Where Y = lo; 


Normal equati 


Correlation & Regression 6.25 


Hn n 
vy = ~ XY, -| ~ = |(S».)/ 


= 62353 — (730\(937)/12 = 62352 ~57000.83 = 5351.16 


Sy 


VSxx5 yy 
7 5351.16 _ 5351.16 
523.66x 13636.92  2672.285 


r= 


= 2.0024 


Ans, 


Example 6.12. Fit an exponential curve of the y = Ae™ for the following data 
32 [60 [loan [iar 


Solution 


| 
a a 
a OA | 


log y=log A+ Bx log, e@ 

log y = log A+ Blog,, e.x 

Y=A°+B°X 

Where Y = log y, a log A, B’=B logio e, X =x 


Normal equations are 


6.26 Problems and Solutions in Probability & Statistics 


Solution 


LY =nd*+B*D X.......{i) 


LX = A*D Xx BAY X?.......(2) 
4.5480 = 4A‘+10B’........ (1) 

12.344 = 10A* + 30B*...... (2) 

Eq. (1) Divided by 4 

A425 B’ =1.137 

Eq. (2) Divided by 10 

A’+ 3B’ =1.2344 

A’ +2.5B’ =1.137 


0.5 B’ = 0.974 
B’ =0.1948 
A’ +3B* = 1.2344 
: poce et 
A* x 3 (0.1948) = 1.2344 mi 
A’ = 1.2344 — 0.5844 ms 
* = _{N 
A -0.65 ie = 2a 6 
A’ =log A= 0.65 = 
A= 4.466 ; 8, = S97 -[) 
i=] i 
B* = Blog,,e = 0.1948 ‘ ‘ 
5S, = XY; -( 
B(0..4342) = 0.1948 aes 2 
B= 0.4486 . r= —— 
: G6 
y = 4.466 @0:4486x Ans. ie ] 14 
290: 


Example 6.13. The marks obtained by 10 students in mathematics and statistics are =— 
given below. Find the coefficient of correlation between the two subjects and the two 3380 
lines of regression. 

r =0.8593 


[Marks in maths | 75 | 30 | 60 | 80 | 53 | 35 | 15 | 40 | 38 | 48 | 
1. © The line of re 
(Supple. Feb.2007 Set 1) 2. 

(Nov. 2006 Set 1) 


statistics are 
and the two 


38 
45 
.2007 Set 1) 
. 2006 Set 1) 


Correlation & Regression 6.27 


Solution 


Ex=474 | Ly=563 | =x?=26132 
S 


xy 


Loa oe (474) | 
Sak (Ss n= 26132" = 26132 — 22467.6 = 3664.4 | 
2 2 , 
n 563 
Ss, = »-(S»,] /n=sas1s-—G)" _ 34815-31696. =31181 


S, = ay-( «| [>] /n=29591- WSS) «99591 26686.2 = 29048 


bb. ooo : 
(G664.4)x 8118.1) ae 


2904.8 


V¥11425965.6 


_ 2904.8 
~ 3380.23 


r =0.8593 Ans, 


— 


The line of regression of Y on X 


6.28 Problems and Solutions in Probability & Statistics 


The line of regression of y on x The line of regression of x on y 


0, = 
y-par—(x-%) . 
(oy 


x 


1 2 =2 
2 aly 2-3 
n 


| 2 
=— 26132-(47.4 
7 (47.4) 


1 2 
= — 34815 —(56.3 
7 (56.3) 


o2 = 2613.2 - 2246.76 o} = 3481.5 -3169.69 iy 
S,= >) xy, 
o2 = 366.44 o> =311.81 ° 2a [ 
o, =19.142 a, =17.65 
25 
17.65 19.142 r= — 
— 56.3 = 0.859 —47.4) x—47.4=0.8593x —— (y-56.3 J(i5. 
. CRY vaca aie 765 09) 05.33 
r=0.94 
y — 56.3 = 0.792(x — 47.4) x-47.4 = 0.9319(y = 56.3) 
y —56.3 = 0.792x — 37.54 x-47.4 = 0.9319y — 52.468 
y—0.792x = -37.54 + 56.3 x—0.9319y = 52.468 + 47.4 
y —0.792x =18.76 Ans. x—0.9919y =—5.068 Ans. 
Example 6.14. Determine the least square regression line of 
a yonx 
b. xony 
c. Find r using the regression co effects 
d. Find y (8) 
e. Find x (16) o? =131-128, 
o? =2.555 
Solution a, =1.598 


me ce 
r 12 | - 18.66 = (0.9473)x = 
peels : 

- 18.66 = 1.4777(x - 
ara a 
isa 


x 
12 
14 

~18.66 =1.4777x -1 
12 


= 1.4777x — 16.743 + 
Ee A =1.4777x+1.917 A 


Correlation & Regression 6.29 


SaxSyy 


s.-3x'-(Sx) /n =786-(68) /,=786-770.66 = +15.333 
i=l i-t 

n n 2 
Sy = dy (E> / ,= 2128 -(112)? /¢ = 2128 - 2090.66 = 37.333 


i=] 


= yxy? -(¥ «| [>] /n =1292 —(68X112)/, =1292 -1269.37 = 22.665 
i=] i=} 


a 22.666 _ 22.666 _ 22.666 
2 (y— 56.3) /(15.333)37.333) 572.426 23.925 
? . r=0.9473 Ans. 
3 
a 
o ae: ee as 
47.4 cout hy) 
y 
ns. 
fl — 
o ana aa 
2 
2128 -( w2 
6 6 
o? =131-128.44 a}, = 354.666 — 348.444 
G, = 2.555 oa}; = 6.2215 
‘ay 2004 Set 2) 


o, =1.598 oy = 2.49429 


(1.598) 


(y-18.66 | 


— 18.66 = (0.9473) (2.4929), 11.33) x-11.33 = (0.9473)x =" 

1.598 (2.49429) | 
- 18.66 = 1.4777(x —11.33) | 
~ 18.66 = 1.4777x -16.743 x —11.33 = 0.60900(y —18.66) | 
= |.4777x —16.743 +18.66 x —11.33 = 0.606900y — 11.324 


=1.4777x+1.917 Ans. x=0.6069y Ans. 


6.30 Problems and Solutions in Probability & Statistics : 


dy (8) 
y =1.4777(8)+1.917 
y = 13.73 Ans. 
e. x(16) 
x = 0.6069 (16) 
x = 9.7104 Ans. 


Example 6.15. Estimate y at x = 5 by fitting a least square curve of the form 


to the following data 


b 
S aie PART 


Solution 


Teo | oa? | sem 


10 


Then the nor! 


Ans. 


curve of the form 


10.8 
0.04 
ril/May 2004 Set 4) 


Correlation & Regression 6.31 


gee ree a: 
bb 
Y = AX + BX? 


Where eee gee Asaf. peal 
y b b 


y=AX+ BX? - 
Then the normal equations are 


LY = A)’ X + BIYX”......(1) 


79.58 = A(50.4) + B(403.2).....{1) 
709.10 = A(403.2) + B(3483.64).....(2) 
Eq. (1) Divided by 50.4 
A + 8B = 1.579.......... (3) 
Eq. (2) Divided by 403.2 
A + 8.639 B = 1.7586 ........ (4) 
A+ 8B =1.579 
A + 8.639 B = 1.7586 
- 0.639 B = - 0.1796 
B = 0.2810 

A+ 8B = 1.579 
A + 8(0.2810) = 1.579 
A = 1.579 ~ 2.248 
A=- 0.669 


B= —=0.2810 | 


oe 


—— | 
0.2810 | 
b = 3.5587 


A=-2=-0.669 
b 


6.32 Problems and Solutions in Probability & Statistics 


a = b(0.669) 3 ear 
A+ 8.8: 
= (3.5587\0.669) 
a = 2.3807 a 
b 3.5587 
ye=ooaND = Tao Ans. 

x(x - a) x(x - 2.3807) A+ 68 
Example 6.16. Fit the curve y= ae™™ for the following data ! A+ 6.8 
A=L1 
A= 0.9% 
A= log 

a= 9.47 

B=b Ic 

» =20 

log 

Given curve is y = ae™ b=0.0 
Taking logarithms of both sides ; 
logo y= logy a+ bx logyy e : ees 
Y=A+BX y=94 

Where Y = log, y, A=log,, a, X =x, B= blog, e€ Example 6.17. 


The followin, 
kind of forged allo 
LY =nd+ BY X......Al) metal. Fit a least seq 


DXY = ADX+ BY X”.......{2) 
No. of 
5.7533 =5A+34B......... qd) 
40.8841 = 34A + 300B........ (2) sors | 
elements | x 
of A 
% of 
elements | x. | 5 | £ 
of B 


Normal equations are 


Eq. (1) Divided by 5 

1.15066 =A +6.8B........ (3) 
Eq. (2) Divided by 34 

1.2024 =A + 8.8235 B....... (4) 
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At+ 68B =1.15066 
A+ 8.8235 B = 1.2024 


- 2.0235B = - 0.05174 


B = 0.0255 
Ans. 
A+ 6.8 B = 1.15066 
A + 6.8 (0.0255) = 1.15066 
A= 1.15066 — 0.173872 
A = 0.976788 
' May 2005 Set 2) 


A = logig a= 0.976788 
a= 9.4795 


B=b log, e = 0.0255 


_ 0.0255 _ 0. 0.0255 
~ logig e ~ 0.4342 4342 


5X7=300 
b = 0.05872 


y=ae™ 


y = 9.4795 (005872)s Ans. 


Example 6.17. 

The following are the data on ihe number of twists required to break a certain 
kind of forged alloy bar and the percentage of two alloying elements present in the 
metal. Fit a least sequence regression line of on x; and x. 

(Reg. a Bel aa 


MOO OOOO S00 500 BIEIE? 
pwists 
% of 
elements 
of A 
% of 
of B 
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Solution 


% of % 
element 


element 


3 
43 


wlelal ap 
= holalsR 


= eae 
120 


M 
< 


Normal equations are 
ay = nboy + b, 2x1 + bx, 
Dxyy = by Ex, +b,Lxp + by Exjx2 
xy = bo DX) +b DX 1X2 +b, pies 
723 = 16b) + 405, + 2005, 
1963 = 409 + 1205, + 500, 
8210 = 2004) + 5005, + 30005, 
The unique solution of this system of equations is 
by = 46.4, b; = 7.78, by =—1.65 
y = 46.4 + 7.78x, —1.65x 


Example 6.18. Fi 
time and the amount « 


Varnish additiv 
(x in grams) 
Drying time 

(y in hours) 


Solution 
Varnish 
additive(x 
in grams 


Dxy4X2 
= 500 


Normal equatic 


Dy=na 
“xy=a 


yxy: 


Ans. 


Ans. 
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Example 6.18. Fit a quadratic function to the following data which gives the drying 
time and the amount of additive that is intended to reduce the drying time. 


Varnish additive 0 ) 3 
(x in grams) 
Drying ume 12.0 | 10.5 7.0 7.5 | 8.5 | 
(y in hours) 


(November 2006) 
Solution 


(Supple. Feb. 2010 Set 1, 2, 3, 4) 


Varnish 
additive(x 
in grams 


Normal equations are 


Ly=natbyx+cdx’ 


Yxy=alx+bd x? +x? 


De Paar e tbe ted e 


6.36 Problems and Solutions in Probability & Statistics 


Example 6.19. | 


80.5 = 9a + 36b + 204¢ ......... (1) Xx 
Find 
299.0 = 36a + 204b + 1296 ...... (2) | a eben 
1697.0 = 204a + 1296b+8772c ...... (3) b. The | 
c. Thes 
Eq. (1) Divided by 9 
at+4b + 22.66c = 8.944....... (4) 
- Eq. (2) Divided by 36 Solution 
a+5.666) + 36c = 8.305......(5) | a. Coefficient: 
Eq. (3) Divided by 204 j _ 
a+ 6.352b + 43c¢ =8.318.......(6) ‘i ne 
a+4b+22.66c = 8.944 a+5.666b + 36c = 8.305 See & 
a+5.666b + 36c = 8.305 a+6.352b + 43c = 8.318 ax 2 
-1.666b - 13.34c = 0.639 -0.686b — 7c = -0.013 i 
Soe 
1.666b + 13.34¢ = - 0.639....... (7) iz 
0.686b + 7c = 0.013 «0.0.0... (8) , 

\ F ay = XY; 
11.662b + 93.38¢= - 4.473 izl 
9.15124b + 93.38¢ = 0.17342 

r=—> 
2.51076b = -4.64642 V6 
b. The line of 1 
b =-1.8506 
y _ 
0.686b + 7c = 0.013 
0.686 (-1.8506) + 7c = 0.013 : o 
-1.2213 + 7c = 0.013 7 
7c = 0.013 + 1.2213 G23 
Te = 1.23439 5 
Oo. : 
c = 0.1763 . 
9a + 36b + 204c = 80.5 oy 
9a + 36(-1.8506) + 204(0.1763) =80.5 
y- 


9a = 80.5 — 35.973 + 66.6216 
9a = 111.148 a= 12.34 yr 


y = 12.34-1.8506x+0,1763x" Ans. ae 
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Example 6.19. 10 observations on price x and supply y the following data was obtained 
=x = 130, Ly = 220, Ex” = 2288, Ly” = 5506 and Exy = 3467 

Find 

a. Coefficient of correlation 

b. The line of regression of y or x 

c. The standard error of estimate 

(Nov. 2006 Set 3) 

(Supple. Nov. /Dec. 2005 Set 2) 


Solution 
a. Coefficient of correlation 
r= Sxy 
S555 
2 

8.305 Le ae , 
30 = 8.318 S..= 2% -(Es] /n = 2288-(130) /,)»= 2288-1690 = 598 
13 


2 
Sy =D -(E» / ,= 5506 — (220)? /1) = 5506-4840 = 666 


s, =diny, (Sx f[¥ » Jn = 3467 —-(130)(220)/,, = 3467 — 2860 = 607 » 


607, — 607607 
(598X666) 398268 631.08 


b. The line of regression of y on x 


= 0.9618 


y- par (x-3) 
oO 


x 


o2 =l yy? x? 2 i. — (13)? = 228.8 - 169 = 59.8 
n 
o, = 7.73 j 
o? =+Dy'-7 = a (22) = 550.6 — 484 = 66.6 | 
n 
oa, =8.16 | 


y-22=0.9618x— = (0- 13) | 


y-22= wie a) 
ns, y—22 =1.0154x -13.200 
y—1.0154x = 8.7996 Ans. 
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c. The standard error of estimate 


S,-S,'/S_ _ 666-(607) /598 666 - 616.135 


Se? = 2 - 
‘ n=2 10-2 8 
a8 p53 
8 
S? = 6.23 
S, =2.495 Ans. 


Example 6.20. Fit a second degree polynomial to the following data, taking x as 
independent variable 


Pee Pe eC 
fy [2 [oe {7[8 [10 [11 [11] 10] 15 | 


(Supple. Nov. /Dec. 2004 Set 2) 


Solution 


Equation of the second degree polynomial 
y=at+bx+ ex’ 


ee dee ld 
(ace ea 
Pee es 
ele eee 
a hed] as 
| 5 | | as | 
el ee 

ee 
Sarees 
oe ee ae 


| ax =45 | Zy= 80 | Ex?=285 | Ex? = 2025 | Ux*= 15333 uxy = 475 Ix’y = 3257 


Normal Equations are 

Vy =natbyx+eDx 
Vxy =aLxt+b Dx? +ex 
Dee ee Pa aoe 


3 


80 = 9a+ 45 
475 = 45a + 
3257 = 285a 


400 = 45a + 
475 = 45a + 


-5=  - 


60b + 600c = 
22800 = 256 
29313 = 256 
- 6513 = 


5400b + 567 
Eq. (1) Divic 


Eq. (2) Divic 
Eq. (3) Divic 


From (4) anc 
bo + 7d, + 
by + 10.334 


- 3.33 b, 

3.33 b; + 16 

0.98b; + 4.12 

Eq. (7) Multi: 
3.2634b, + I 
-3.2634b; + 

2 


>" 2.84 
by, =-0.23 


taking x as 


, 2004 Set 2) 
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80 = 9a + 45b + 285... (1) 
475 = 45a + 285b + 2025c .... (2) 
3257 = 285a + 2025b + 15333c .... (3) 


400 = 45a + 225b + 1425¢ 
475 = 45a + 285b + 2025¢ 


- 75 = - 60b — 600c 


60b + 600c = 75 


22800 = 2565a + 12825b + 81225 
29313 = 2565a + 18225 b + 1379970 


- 6513 = - 5400b — 567720 


5400b + 56772 c = 6513 
Eq. (1) Divided by 6 
bp + 7b, +.50.33B) = B.ecssseee(4) 
Eq. (2) Divided by 42 
bp +10.33b, + 67.236) = 5.61....(5) 
Eq. (3) Divided by 302 
bp +9.35b, + 63.116, = 6.112......(6) 


From (4) and (5) From (5) and (6) 

by + 7b,+  50.33b, =8 by +10.33b, +67.23b, = 5.61 

by +10.33b, + 67.236, = 5.61 by +9.35b, + 63.115, = 6.112 
- 3.33 by —16.9b.=2.39°* 0.98, + 4.12by = -0.502 


3.33 by + 16.9bp = -2.39 ...... (7) 
0.98b; + 4.12b) = -0.502 ....... (8) 
Eq. (7) Multiplied by 0.98 
3.2634b, + 16.562b; = 2.3422 
-3.2634b, + 13.71966b2 = - 1.67166 


2.8424b2 = -0.67054 


_ — 0.67054 
> 2.8424 


by = 0.2359 
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From Eq. (7) 
3.33b, + 16.9 bo = -2.39 
3.33 by + 16.9(-0.2359) = - 2.36 
3.33 b, — 3.9868 = -2.39 
3.33 b) = - 2.39 + 3.9868 
3.33 b; = 1.5968 


b, = 0.4795 

by + 7b, + 50.33b2 =8 

by = 8-7 (0.4795) - 50.33(-0.2359) 
by =8—3.3565+1 1.8728 

by = 16.5163 

xX, = by + bx + bx; 


= 16.5163 + 0.4795 x2+(-0.2359)x3 Ans. 


Example 6.21. Find the least squares regression equation of X; and X2 and X;3 from 
the following data. 


Solution 


| 
Li) ~] 


Se eee eS 
EX\= | EX, | EX3 | UXiX2= oe —LX,X;= | UX,X, Ee 
= 434 2824 =1846 | =19060 


—_ —_ 

+ NO 

= ww ay 
WwW 

tt 


Normal equ 
Siar 
DAs Si 
SAS 
Now let 
X, =by) + 
normal equ 
> X, =nl 
oe ae 
ee ae 
48 = 6by - 
236 = 42/ 
1846 = 30 


Example 6.22. Fi 


Solution Given ¢ 
Taking log: 


2 and X;3 from 


ier 2006 Set 2) 
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Normal equations for multiple regression with r = 2 

> yanb, +b,>, X,+b,>, X, 

DX, =b UX, +bLX}) +b, 2X, X, 

XY =b, LX, +b, DX, X, +b, 0X3 

Now let 

X, =), +b,X, +b,X; 

normal equations are 

LX, =nb, +b, DX, +b, LX...) 

YAK, Hbj DA, 4b, EXE 46, 2 XX a2) 
EAGK Hb, Xo Ph 4 6, 2X5 35:3) 
48 = 6by + 42b, + 3028y....(1) 

236 = 42b, +b, 434 + 2824b..........(2) 

1846 = 302b, + 28246, + 190608,....3) Ans. 


Example 6.22. Fit an equation of the form y = ab” to the following data 


ed 23 a 6 
| y | 144 | 172.8 | 207.4 | 248.8 | 298.5 | 


{November 2006 Set 2) 
(Supple. Feb. 2010 Set.1) 
Solution Given curve is y = ab” 
Taking logarithms of both sides 


logio y= logio at x logy b 
Y=A+BX 
Where Y = log y, X = x, A= log a, B= log b 


pox fy | Yelogny 
eee ee ee ea 


x=X 
2 144 
ee a 2 a a ee 
| 6 | 298s] | 14.8494 
Xo ax = 


SY=1071.5 | SY =11.5835 DXY = 47.1254 
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Normal equations are 4 Where Y 
XY =nA+BLDX..A) 
DXY = AD X +BY X?*..(2) 


11.5835 =5A + 20B.... (1) 
47.1254 = 20A + 90B ...... (2) 


Eq. (1) multiplied by 4 
' 46.334 = 20A + 80B 
47.1254 = 20A + 90B 


-0.7914 = - 10B 
B= .07914 

B = log b = .07914 

b = 1.199 


7.5455 = 
33.1812 = 
5A + 20B = 11.5835 

5A +20 x (0.07914) = 11.5835 
5A = 11.5835 — 1.5828 

5A = 10.0007 

A= 2.00014 


A-= log a=2:00014 

Taking antilog B 
a= 100 . 

y = 100 (1.199)* Ans. F 


Example 6.23. Obtain a relation of the term y = a(b)” for the following data by the 
method of least squares. 


(Supple. Feb 2007 Set 4) 
Solution 

Given curve is y = a (b)* 

Taking logarithms of both sides 

logio Y = logig a + xlogig 5 


Y=A+BX 


< > > > 


kns. 


ving data by the 


Feb 2007 Set 4) 
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Where Y =logig y, X=x, A=logio a,B= logig b 


Normal equations are 


LY =nA+BYX..A) 


DAY = ALX + BL X?..(2) 
7.5455 = 5A+20B....... (1) 
33.1812 = 20A + 90B .... (2) 
Eq. (1) multiplied by 4 
30.182 = 20A + 80B 
33.1812 = 20A + 90B 


-2.9992 = - 10B 
B = 0.29992 
From eq. (1) 


7.5455 = 5A + 20B 

7.5455 = 5A +20 (0.29992) 

7.5455 = 5A + 5.9984 

5A = 1.5471 

A = 0.30942 

A = log a = 0.30942 

A=2.03, B=log b=0.29992 

y = 2.03 (1.994) * Ans, 
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Example 6.24. The following data relate to the marks of 10 students in the internal test 


and the university examination for the maximum of 50 each aa The line of reg: 
(Supple. Feb 2007 Set No.3) 


(Supple. Feb. 2010 Set.1) The line of regre 


_ C¢ 
| 2 
Find the coefficient of correlation and the two lines of regression Ga ee x 
Solution _ 3 A. 12608 
10 
= 1260.8 -12: 
2 
o, =35.8 
P39 [900 [et 870 | haa 
p30 [1024 | 900 | 960 _| 
29-07: 
| 18 | 1296 es 
After solving 
1521 1225 1365 y ~ .905x = -2.¢ 
1764 1225 1470 x-35=0.7> 
2025 2116 2070 esas 
Ly=290 | Ex’=12608 | Ly? =9008 | Zxy=10474 7 ; w0.542y = 16 
pe Sxy Example 6.25. Calci 
SxS yy their sons 
Heights of 


y Heights of 
-a5 = 12608 — 12250 = 358 


Solution 


|n 
2 Heights of 
[n=9008-C°0 - 9008-410 =598 


: : n 350x290 3 | 66 

5, =>dxy, -| dx, y, | /n=10974 -=-—~=— = 10974-10150 = 324 
i=l j=l i=l 10 

| | 68 

fect OS i UN SNe 
358x598 214084 462.69 — = 


2x = 482 


2 internal test 


107 Set No.3) 
, 2010 Set.1) 


ala 
5 [6 


> 


358 


174 — 10150 = 324 
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The line of regression of y and x 


The line of regression of y on x The line of regression of x on 
fee = < om af 
y-Yar—(x-x) (y-5) 
CO, o, 
2 1 2 =2 2 1 2 2 
ra i -x oO, ple -y 


1 > e\2 1 2 
= — 12608 —(35 = — 9008 — (29 
+ 12608-(5) +9008 - (29) 


= 1260.8 —1225 5 
o? = 35.8 
o, =5.98 


= 9008 — 841 


Co 


2 
y 
2- 
y 
y 


o 


7.73 
5.98 


y-29 =0.7x——(x-35) 


After solving 
y ~ .905x = -2.675 Ans. 


5.98 
-35 =0.7x——(y-35 
73>) 
After solving 
x — 0.542y = 19.282 Ans. 


Example 6.25. Calculate the correlation coefficient between the heights of fathers and 


their sons 
| Heights of father (x) | 65 | 66 | 67 | 67 | 68 | 69 | 70 | 72 | 
| Heights ofsons(y) | 67_| 68 | 65 | 68 | 72 | 72 | 69 [71 | 


(Supple. Nov. /Dec. 2004 Set 4) 
Solution : 


Heights of | Heights of 2 2 " 
father (x) sons (y) y y ; 
0 


| 66 
hbk) 

69 

7 


5 67 
7 5 
7 

2 

2 
0 
2 I 


4624 5184 4896 
4761 5184 4968 


=a 
| 68 
| 68 | 4489 | 46244556 
| oo | 4900S | 4761 | 4830 
7 ae a Ta ey ee ee ee 


Ex=482 | Ly =552 | Ex’=37028 | Ly*= 38132 | Exy = 37560 
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ae (482) 232324 


S25 (Ss) [n= 37028—*— 2 =37028-—S— = 7987.5 
i=} i-l 8 8 


2 
S,=> "7 -{¥.| /n = 38132 —(552)" /, = 38132 —304704/, = 44 
ist i-t ‘i 


S, = yx, y, - [Ss {z ¥) /n = 37560 —(482\552)/, = 37560 - 266064/, = 4302 
i=) isl i , 


=I 


ee 4302 _ 4302 
V(7987.5)44 351450 

r= 4302 = 7.256 Ans. 
592.83 - 


60b + 600c = 75 .... (4) 

5400b + 56772 c = 6513 .... (5) 
Eq. (4) multiplied by 90 

5400b + 54000 c = 6750 

5400b + 56772c = 6513 


- 2772 ¢ = 237 


c = 0.08549 
60b + 600c = 75 
60b + 600 X (- 0.08549) = 75 
60b — 51.2987 = 75 
_ 60b = 126.2987 


b=2.1049 
9a + 45b + 285c = 80 

9a + 45(2.1049) + 285 (0.08549) = 80 
9a + 94.7205 — 24.36465 = 80 

9a = 9.64415 


Example 6.26. F 
value of y when x : 


Solution 


20 
=x = 


Assume that 
Its normal e: 


pa) 
x 


80 = 5ao 
1035 = 50a9 


Eq. 1) multi 
800 = 50ap 4 
1035 = 50a 
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a =1.07157 


ysatbxtcx’ 


ee. y =1.07157 + 2.1049x + (— 0.08549)x? 
704/, = 44 y =1.07157 + 2.1049x — 0.08549x? ia 
8 = ' 
Example 6.26. Fit a straight line y = agta,x for the following data and estimate the 
)64/, = 4302 value of y when x = 25 
8 


oo Ts [0] 


Ey [7 {11 | 16 | 20 [ 26 | 
(Supple. Feb. 2007 Set 1) 


(Supple. Feb. 2010 Set 1, 2, 3, 4) 
Solution 


Assume that the least squares straight line = yonxis y= tax 
Its normal equations. are 


Ly = Nay +a, Ux 
Vxy =a) Lxta, Lx? 


80 = Sap + a; 50............ 1) 
1035 = 50a + 750a)..........85 2) 


Eq. 1) multiplied by 10 
800 = 50a + 500a, 
1035 = 50a + 750a; 
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80 = 5 aot a; 50 

80 = 5 apt+0.94 x 50 

80 =5 a9 +47 

5 ag = 33 

ap = 6.6 

y = 6.6 + 0.94 x oe Ans. 
Value of y when x = 25 

y = 6:6 + 0.94 x 25 

= 6.6 + 23.5 

y = 30.1 Ans. 


Example 6.27. The following data pertain to the number of computer jobs per day and 
the central processing unit eRe time required 


[ Number of jobs(x) [1 [2] 34] 5_| 
feputimeyyy [2 [5 14] 9 [10 | 


(Supple.Nov./Dec.2004 Set 3) 
(Supple. April/May 2005 Set 1) 
(Supple.Nov./Dec.2005 Set 3) 
(Supple. Feb. 2007 Set 2) 
a. Obtain a least squares fit of a line to the observations on CPU time. 
Use the equation of the least squares line to estimate the mean CPU time at x = 3.5 


b. Construct a 95% confidence interval for a. 
c. Test the null hypothesis B = 2 against the alternative hypothesis B>2 at the 


0.05 level of significance 


bathe al EAE 
y 
ee So 
le Oe 
Cee 
= 


Ro aa 
ee ae 


Solution 


For these n 


And we obtain 


= 


Thus, the equatio 

squares is 
p=artb. 
y=0+2. 
y= 2x 

b. and for x = 


»bs per day and 


lec.2004 Set 3) 
ay 2005 Set 1) 
'ec.2005 Set 3) 
2b. 2007 Set 2) 


time at x = 3.5 


’ at the 
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For these n = 5 pairs (x;, yj), we first calculate 


n 
xe 


i=l 


vy? = 226 


i=l 


n 


rans 


i=l 


n 
> xy; =110 
i=l 
And we obtain 


a 2 
Se = 4 (Ss) [n=55-(15)'15=55-72 =10 
i=l i-t 


n n 2 
S= > y. -(S».] /n=226-(0) /5=226-22 ar 
isl i-l 


sy =dxy, -(¥x [E>] [n=110-2* =110-90 = 20 
i=l i=l 


i=l 


Consequently 
= Sxy oes 2 
S,, 10 
And then : 
a=y-—bx 
=6-2x3 
=6-6=0 
Thus, the equation of the straight line that best fits the given data in the sense of least 
squares is , 
y=atbx 
y=0+2x 


yale Ans. 
b. and for x = 3.5, mean CPU time is 
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y =2x3.5=7 : ror 2. Alternative 


c. Construct a 95% confidence interval fora, 95% confidence limits for a are 3. Level of si: 


4. Critical reg 


2. ~\2 
Ott 50, Sux + (a) Accept N.] 
a YO MS, with 3 D.O 
Or Thus accer 
(ey 
Where f = 


if 
n 


; Sy, a (Sxy)’ /S.. 5. Computati 
eee aaa S, = 1.414, 
n-2 
2-2 
_ 46-(20)" /10 0-2 
5-2 i aa 7 
46 — 400/10 : ecision: 
= Sapa Sora Accept N.F 
0 < 2.353 v 
S, =1.414 
Example 6.28. A che 
1-a@ =0.95 the efficiency of an ex’ 
1-.95=a@ Extraction time (min 
0.05=a Extraction efficiency 
Poa ay Fit a straight line to th 
are meee . the extraction efficienc 
bor =loos = 3.12 
n=5 
n-2=5-2=3 Solution 
Now confidence limits for a 
—\2 
att, /S, ue + (ey 
n 8S, 
= + 4.49930.2 + 0.9 
=+4.4993V1.1 
=+4,7189 Ans. 


d. Test the null hypothesis B = 2 against the alternative hypothesis B>2 at the 0.05 
level of significance 


1. Null hypothesis: B = 2 


5. 
or @ are 


Ans. 
; B>2 at the 0.05 
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2. Alternative hypothesis: B > 2 
3. Level of significance: a = 0.05 
4. Critical region: Right one tailed test. 


Accept N.H if t < ty = too5 with n-2 degrees of freedom. From t -table to 5 
with 3 D.O.-F is 2.353. 


Thus accept NH if t<t, = 2.353 
b-B 
Where ft = $3) is. 
& 


5. Computation: n=5,b=2,B=2 
S. = 1.414, $,.=10 
(222) 
f= sae =0 
6. Decision: 
Accept N.H t < ta 
0 < 2.353 with 3 d.o.f. Ans. 


Example 6.28. A chemical company, wishing to study the effect of extraction time on 
the efficiency of an extraction operation, obtained the data shown in the following table: 


Fextastiontine (nin) [27_ [4s [ar [19 [35 [39 [19 [49 [15 [31] 
| Extraction efficiency(%) y | 57_| 64 | 80 | 46 | 62 | 72 | 52 [77 [57 | 68 | 


Fit a straight line to the given data by the method of least squares and use it to predict 
the extraction efficiency one can expect when the extraction time is 35 minutes. 

(Nov.2006 Set 1) 

(NR Supple.Feb.2010 Set.1, 2, 3, 4) 

(ROSSupple.Feb.2010 Set.3) 


Solution 


Extraction Extraction 4 2 2 

ames 
ee 7) 
Cs (27 <9 I 0 
|p 9 | TST 881 T2704 
aes ee ae eee 
> = 


Exy=21275 


Dx’ =11490 | Sy7=41395 
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y=atbx 
For these n = 10 pairs (xi, yi), we first calculate 


> y7, = 41395 

i= 

n 

> x7 =11490 

i=l 

n 

>. x;y; = 21275 


i=] 


And then we obtain 


“E0'-(Ss) 


(Ss) [> 
Wi Z 
s,=dy-[¥ ¥») |n- 41395 {e357 = 41395 — 40322.5 = 1072.5 


Agrees G20y 10240 


= 11490 -——— = 1250 
10 


=e -(¥x] » /n =2127) - 820X635) = 21275 — 20320 = 955 
i=l i=l < i=l 
Consequently 
pe Seca a 
Six 1250 
And then 


a=y=bx = 63.5 — 0.764(32) = 63.5 ~ 24.448 = 39.052. 


Thus, the equation of the straight line that best fits the given data in sense of least 
squares is 


y=atbx 

j= 39.052 + (0.764)x 

And for x = 35 we predict that the extraction efficiency will be 

y = 39.052 + 0.764(35) = 39.052 + 26.74 = 65.792 _ Ans, 


Example 6.29. 
xX 
Y 


y= ae? 


Solution 


logo ¥ 


logio ¥ 
logig ¥ 
logio ¥ 


4.6051 =9A + 
11.1774 = 15.6: 


71.9832 : 
100.593 : 


-28.6098 


) 1250 


12.5 = 1072.5 


11275 — 20320 = 955 


a in sense of least 


Ans. 
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Example 6.29. Fit the curve y= ae™* to the following data. 
pM | Ee 18 a foe rose 
550 


(Supple.Nov./Dec.2004) 


Solution 
y ea ae™ 
logiy ¥ = logy (ae) 
logig ¥ = logig a + logy) e” 
logig ¥ = logy) a+ bx logige 
logig ¥ = logy) a + bx(0.4342) 


Y =A+BX 
Y = logy) y,4 = logy) a, B=b, X = x(0.4342) 


X=x(0.4342) | Y = logy x? 


a 
PorIee i. oe alee ra 
Oc 


1.3026 0.4771 1.6967 0.6214 


P| [aenisenia | eveaast | ax? oseas0e [xy = 11.1778 


Normal equations are : 


ZY = nA+ BLY 


LXY = ADX + BUX’ 
4.6051 =9A + 15.6312B .................. (1) 
11.1774 = 15.6312A + 38.4596B...... ee (2) 


71.9832 =140.6808A + 244.3344B 
100.593 = 140.6808A + -346.1364B 


XY 


-28.6098-= -101.802B 
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_ 28.6098 
| 101.802 

4.6051 = 9A + (15.6312) (.2810) 

4.6051 = 9A + 4.3928 

2122=9A 

A = 0.023 

A= log, a B=b 

0.023=logyya@ 0.28103 =b Ans. 


= 0.28103 


a 
1.0543 =a. Ans. 


Example 6.30. The following are the measurements of the air velocity and evaporation 
coefficient of burning fuel droplets in air impulse engine. 


20 | 60 | 100 | 140 | 180 { 220] 260] 500 | 340 | 300 | 


Evaporation 37435 (278 | 56 | 275 1.36 | 1.17 } 1.65 
coefficient (y) 


(Supple Nov./Dec.2005 Set 2) 

(RO5Supple.Feb.2010 Set.2) 

Fit a straight line to these data by the method of least squares, and use it to estimate the 
evaporation coefficient of a droplet when the air velocity is 190 cm/S. 


Solution 


x? 
a OY 
pe fear seo [0308 | 
po 056 [008 | s2i00 | 06 _| 
[~a8i00 0. 
380 ; é 


=x=2000 


Evaporation | 2 
Coefficient y y y 


Ly=8.35 


For these 


And then we car 


S =x; - 
i=l 

Syy =p = 
i=l 


Sy a y Xi; 
i=l 


a=y-l 


= 0.069 

The equz 
$=0.0 

For x= | 
Estimate the ev 
$=0.0 
y=0.8 
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For these n = 10 pairs 


ad evaporation 


And then we can obtain 


ec.2005 Set 2) fn n 2 
eb.2010 Set.2) S,.= 0x) - (s : | /n = 332000 —(2000)’ /,, = 132000 
i= i-l 


to estimate the 


n n 2 | 
Sy, -(¥».] /n = 9.1097 - (8.35) /\9 = 2.13745 
i=l i-t 


n 


Sy = yx, y, -(¥ x, {z » /n=2175.40 —(2000X8.35)/ 19 = 505.40 
i=l =l i=l 


i 


Sry _ 505.40 
wx 132000 


ee 0.ooa83( 20 
10 10 


= 0.069 
The equation of the straight line that best fit the given data 
y = 0.069 + 0.00383x Ans. 
For x = 190, 
Estimate the evaporation coefficient of a droplet when the air velocity is x = 190 cm/S. 


} = 0.069 + 0.00383 x (190) 


y =0.80 *. Ans. 


= 0.00383 
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Example 6.31. Fit the model y= ax’ to the following data 


Solution 

Given curve is y= ax? 

Taking loparithims of both sides 
logig ¥ =logyy a + blogy x 
Y=A+BX 

Where Y = log y 

Az=loga and X=logx 
Then the normal equations are 


DY =ndA+BYX.......{l) 


By the normal equations 
4.3133 = 6A + B2.8574 ....... (1) 
2.2671 = 2.8574 A+ 1.7749 Bo... (2) 


Eq. (1) multiplied by 2.8574 12.3248 = 17.1444 A + 8.1697 B 


Eq. (2) multiplied by 6 13.6026 = 17.1444A + 10,6494 B 
=12778 = - 2.4847 B 


By the equat 
4.3133 =6A 
4.3133 =6A 
4.3133 =6A 
6A = 2.8438 
A =0.47397 
A=loga 
0.47397 = Ic 
10:27397 


a = 2.9783 
B=b=045 
y=ax? 

y = 2.9783 


Example 6.32. Fit: 


Solution 
Given curve is y = 


Normal equations ar 


n 

yaa = Nag 
i=l 

n 
Dx; = AX 
i=l 


2 
Dx Yire 
i=l 


UXY=2.2671 
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_ 1.2778 
~ 2.4847 


= 0.5142 


By the equation (1) 

4.3133 =6A + 2.8574 B 

4.3133 = 6A + (2.8574) (0.5142) 
4.3133 =6A + 1.4694 

6A = 2.84383 

A = 0.47397 

A=loga 

0.47397 = logig a 

10:27397 = 


a = 2.9783 
B=b=0.5142 


y=ax? 


y = 2.9783 x05142 Ane. 


Example 6.32. Fit the parabola y = ay + ax t+ Ax? for the following data 


Le 0 2 ira] 

Li [18 113 [25 [63 | 
(Supple Feb.2007 Set 3) 
(April./May.2005 Set 4) 
(ROSSupple.Feb.2010 Set.3) 


Solution 
Given curve is y= ay +ay,x+ ax? 


Normal equations are 


n n n 

> = nag +a >> x; +47) x; 

i=l i=] i=] 

n n n 2 n 3 
Dx; = ay > x; +a) 3; +a) > x; 
i=] i=l i=] i=] 
Da Vj = 0033 +a, 5'x) radi 


i=l 
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Solution 


From the normal equations 
12.9 = 5ap + 10a; + 30a ........ (1) 


37.1 = 10a + 30a; + 100a, .....(2) 
130.3 = 30a + 100a; + 354ap... (3) 


Eq. (1) multiplied by 2 
25.8 = 10a9 + 20a;+ 60a2 
37.1 = 10a + 30a;+ 1002, 


- 11.3 - 10a; — 40ap ....... (4) 


Eq. (2) multiplied by 3 
111.3 = 30 ag + 90a,+ 300a2 


130.3 = 30 ay + 100a;+ 354a, Gy 
-19 = 10a, - 542... (5) Bonnie: . 
2 
From (4) and (5) oe Ox t+ 
| a, = 0.55 2 
a, =-1.07 273331 
From the equation ...... (1) = 42] 
ag = 1.42 : 
y =1.42-1.07x+0.55x" Ans. 
Curve fitting 


ot tot+0%, 
Example 6.33. Use the formula x =—————~__-— to compute the correlation 
| 20, Oy 


Least square str 


1)  Fita straig 
X ( 
Y : 
[Hint: N=5, 
Y=28/1 


coefficient to the following data 


Ans, 


2 the correlation 
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Solution 


xy X(xy) 
= 29960 | = 134062752 
Now 
2 2 2 
grae2 -(2) : a(S) = 3961.25 — 3600 = 361.25 
NUN 8 8 
2 2 2 
ot ky -(22) Sachse 2) = 3798.62 ~ 3675.390 = 123.229 
NN 8 8 
gt Loy _ Be) _ 134062752 (29960 
9 N 8 8 
= 16757844 — 14025025 = 2732819 
By formula 
ee ORF Ty +O ry _ 361.25 +123.229 + 2732819 
20,0, 2x19x11.10 
BLECE aero 
421.83 Ans. 
EXERCISE 
Curve fitting 


Least square straight line 


1) _ Fita straight line y=a+bx to the following data by the method of least squares 
x 0 2 ‘5 6 8 
¥ 1 3 2 5 3 
[Hint: N=5, Yx=21, Yy=14, Yx?=129, Exy=70 

Y=28/17+ (14/51) x Ans.] 
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2) 


Fit a least square straight line to the following data. 
x -3 -2 -] 0 | 2 3 
Y ] 1 2 2 3 3 4 


[Hint: N=7, Yx=0, VY=16 Yx7=28, Yxy=14 
Y=2 + (0.5) x Ans.] 


Least squares quadratic curve: 


3) 


4) 


Fit a least square parabola to the following data. 
x 00 O01 O02 03 04 
Y 1.26 1.50 0.56 0.24 0.39 


{Hint: n=5, Yx=1.0, ¥x’=0.3, ¥x*=0:1, Ex*=0.0354, YY=3.95, Lxy=0.49, yx’y=0.1214 
Y=1.41+ (3.42) x +1.07 x? Ans. J 


Fit a least squares quadratic curve to the following data 
xX 1 2 3 4 


a 1.9 1.7 1.8 1.4 Estimate y (1.75) 


(Hint: n=4, Dx = 10, Yx?= 30, Ex? = 100, Yx*= 354, VY = 6.8, xy = 16.3, Ex’y = 47.3 
Y=1.59+ (0.32) x + (-0.092) x”, y = 1.868 at x=1.75 Ans.] 


Curvilinear Regression 
Exponential curve 


5) 


6) 


7) 


Fit an exponential curve of the form y=ae™ for the following data 


x 1 Z 3 4 

y 11 12 13 14 

Fit an exponential curve to the following data 

X 1 2 3 5 
Y 3 4 5 3 Estimate y (4.5) 


(Hint: n=4, Sx=log x=3.4011, YY=log y=5.1281, Yx’=4.27746, Yxy=4.4888 
Y= (3.50119) x! 447, y=17.10049(at x=4.5) Ans.] 


Estimate y at x=4, by fitting a least square curve of the form y=b/x(x-a) to the 
following data: 


x 2.1 3.1 4.1 5.1 6.1 

Y 0.35 040 035 040 0.35 

[Hint: 5x=20.5, NY=13.5113, Yx?=94.05, Ex’=467.605, Dxy=26.8, 
a=5.262180, b=-1.0186, y=0.201754(at x=4) Ans. ] 


Ans. 


Ans. 


Ans. 


Ans. 


The residual 


regression lin 
n 


a) SSE=)° 


f=] 
n 


c) SSE = > 
i=l 
(a) 


The least squ 
aand Pare: 


(b) 


x, =1104 


a) y=3.225 
c) y=4.212 
(c) 


The regressio 


n=10,)> x 


a) y= 0.065 
c) y= 0.069 
(d) 


=0.1214 


fy =47.3 


x(x-a) to the 


Ans. 


Ans. 


Ans. 
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OBJECTIVE TYPE QUESTIONS 
The residual sum of squares or sum of squares of the errors about the 
regression line (SSE) given by 


a) SSE=Se? =S\(y, ~a-bx,) ») SSE? = Se? =S(y, —~a-—bx,y 
i=l 


i=l i=l i=l 


c) SSE = ye =S\(a + bx, =y Ve d) SSE = Sie? =S (a+ by, ~y,) 
i=l i=l j=l i=l 
(a) 


The least squares estimates a and b of Regression the regression coefficients 
aand £ are computed from 


n 


Sx yy, 


=1 — i=l 
a) q=1_, p= 1 
n 


n 
>~y-byx, > -¥y-7) 
b) a= i=l i=l : b= i=l . 
0 ba: ea 
ia 

(x-xXy-y)  Yy,-b>ox, 
c) a= 41______, b= 2 penne) Ces d) None of the above 

> (x-x)y u 

i=} 
(b) 


The regression line for the given data 


30 30 + 30 30 
Six, =1104, Vy, =1124, )ox,y, = 41.355, Dox; = 41,086, 
i=l i=] i=l i=l 


a) y=3.2255+0.01787x b) y=4.0015+1.2534x 
c) y=4.21264+0.01787x d) y=2.21264+0.01787x 
(c) 


The regression line for the given data 


n=10,>\x=2000, )y=8.35, }’ xy =2175.40, >) x’ = 532,000, 


a) y =0.069 +0,0058x b) y= 0.069 + 0.158x 
c) y= 0.069 +0.235x d) y =0.069 + 0.0038x 
. d) 
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5: Two or more independent variables in a regression equation, it is known as 
a) Curve Linear Regression b) Multiple Regression 
c) Linear Regression d) None of the above 
Ans. (b) 
6. The paired values plotted on a graph marked by dot is called 
a) Bar Diagram b) Statist’cal Diagram 
c) Scatter Diagram .«,d) None c. the above: 
Ans. (c) ee 
7. The formula for Correlation Coefficient r is given by 
S SS 
a)r=— b) r=— 
S,, Sy. 
S, 
¢:r=——_—— d) None of the above “The basic idea behi 
S255 
Ans. (c) 
g Th cee dd bola i In our daily li 
: e equation of second degree parabola is Wikdnie Ieihe ate: 
a) y=atbx+e b) y=atbx+cx this situation they hz 
c) y=a+bx d) y=ax+b the customers and th: 
Ans. (b) Examples of v 
P desk , Jobs waiting fi 
9, Sample Correlation Co-efficient for the given data board, patients arriv 
nome ae  Sondo d) 0.747 petting ticket near th 
A 2 . )0. ¢) 0. ) 0.7470 repairing, arriving v 
nes 3) vehicles, machines e 


10. The least square line that fits a set of sample’ points is given by y - 


Where the constants a and b are determined by the normal equations. fais ae 
normal equations are 
a) DV = NAF D Xerccnee (1) Sxy =adxtb Dx? (2) ae as 
b) DV =At+ DD x... (1) Saxy = aL xt bd x? (2) 
c) Dy = Nat BY Ke (1) Sxy = aD xt bUx? We (2) eee 


d) Dy =ntb UX. (I) Bay Ha rb 2 x sce! (2) 


Ans. (d) 


is known as 


QUEUING THEORY 


“The basic idea behind teaching is to teach people what they need to know.”-carl rogers 


In our daily life, it is seen that a number of people arrive at a railway ticket 
window. If the arrivals too frequent they have to wait for getting railway tickets. In 
this situation they have to form a queue, called the waiting line, arrivals are called 
the customers and the persons issuing the tickets are called a server. 


Examples of waiting lines 

Jobs waiting for processing by a computer, calls arriving at telephone switch 
board, patients arriving to the doctor’s clinic, waiting customers in a queue for 
getting ticket near the window at a cinema hall, waiting cars in a motor garage for 


repairing, arriving vehicles at traffic signal etc. The customers may. be persons, 
vehicles, machines etc. ; 


ny y- ssyene system 


'470 


>quations. De ee ein ars Wg ge gh fe ee og ee ae eo ie 1 


7.2 Problems and Solutions in Probability & Statistics 


71 


THE ELEMENTS OF A QUEUING SYSTEM 


1) 


The Input or Arrival pattern: It represents the pattern in which 
customers arrive and join the system. The inter-arrival time also 
represents it. Inter arrival time is the time period between two successive 
arrivals. Arrivals may be separated by equal intervals of time or unequal 
but known intervals of time. Whose probabilities are known which are 
called random arrivals. 


The number of customers arriving per unit time is called arrival rate. 


The probability of an arrival in the next interval of time does not depend 
upon customers already in the system means the arrivals are completely 


random and it follows the Poisson process with mean equals the average 


number of arrivals per unit time that isA. 


2) The service mechanism (Or service pattern) 


3) 


4) 


The service mechanism is concerned with service time. The time which 
is requested for servicing a customer is called service time. It may be 
constant or may change with the customer but it is assumed that the 
service time is constant for all customers. 

Since the arrival pattern is assumed to be random, the time required for 
servicing the customer that is service time is also taken as random. 
Hence the service time follows exponential distribution with mean i.e., 
reciprocal of the mean rate of service. 

The queue discipline: The simplest discipline is “first come, first 
served”. The customers are served in the order of their arrivals. For 
example in a Cinema hall, near the ticket windows or at railway stations 
etc. Other discipline may be “last come, first served” For example in a 
big Godown, the items which come last are taken out first. Other queue 
discipline is “service in :andom order” Notations to describe the nature 
of service discipline 


FIFO —> First in, First out 
or FCFS = First come, First served 
| LIFO -> Last In, First out 
or FILO —> First In, Last out 
SIRO -> Service in Random order 
Service arrangements 


Arrivals directly enter the service station, to get required service, 
without waiting in the queue. If the server is free at that time. Otherwise 
they have to wait in the queue till the server gets free. 


Service facilities are of the following types 


1. Sing 
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Queuing Theory 7.3 


1. Single queue — one server, i.e., the number of queue is one and the 
number of server is also one. 


2. Single queue — several servers i.e., the number of queue is one but 
the number of servers may be more than one. This is an example of 
parallel counter for providing service. 


3. Several queue — one server i.e., the number of queue may be more 
than one but the number of server is one for providing service. 


4. Several servers i.e., the number of servers are many to provide 
service. They may be arranged in parallel or in series. 


Parallel means a number Of service channels providing identical 
service facilities. Arrivals have to wait in a single queue until one 
of the service channels is ready to serve. Series means a customer 
must pass through all thexservice channels in sequence before 
service is completed. 


The service provided in multistage in sequential order, this type of 
system is known as queue in tandem. 


5) Customer behavior 


Bulk arrival — Generally the customers arrive to the server one by one. 
But some times customers may arrive in groups. Such arrival is called 
as bulk arrival. 


Jockeying — If there is more than one queue, the customers from one 
queue will be tempted to join another queue because of its smaller size. 
This type of behavior of the customers is known as queue jockeying. 


Balking — some times customers may leave the. queue because the 
queue is too long and they have no time to wait. This property is known 
as balking of customers. 


Reneging — When a waiting customer leaves the queue due to 
impatience. 
7.2 A LIST OF SYMBOLS 
n — Number of customers in the system 
c —> Number of servers in the system. © 
P,(t) > Probability of having n customers in the queuing system at time t. 
P,— Steady — state probability of having n customers in the queuing system. 
E, — State in which there are n calling customers in the queuing system. 


An > Mean arrival rate of customers. 


(Expected number of arrivals per unit time) 
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7.4 


tt — Service rate of the server 

i, > Mean service rate (Expected number of customers served per unit time) 
S — Number of parallel service stations 

L, > Average number of customers waiting in the system. 

L, — Average number of customers waiting in the queue. 


W, — Average waiting time of the customers in the queue 


W, — Average waiting time of the customers in the system 


TRANSIENT, STEADY STATES AND EXPLOSIVE STATE 

A system is said to be in “transient state” when its operating characteristics 
are dependent upon time. A system is said to be in steady state when the 
behavior of the system is independent of time t. For a sufficiently large time t 
(t —> 00 ) the probability distributions of arrivals, waiting time and servicing 
time does not depend on time, becomes independent of the initial state of 
queue. 


Mathematically, in Steady State 
Let P,(t) denote the probability that there are n units in the system at time t, 
the change of P,(t) with respect to t is given by 
aP,(t) 
dt 
Lim P.(t)=P, (Independent of t) 


> PO cae 
90 at dt 


In some situations, if the arrival rate of the system is larger than its service 
rate, means the queue length will increase with time; such case is called the 
explosive state. 


PROBABILITY DISTRIBUTIONS IN QUEUING SYSTEMS 


It is assumed that customers joining the queuing system arrive in a random 
manner and follow a Poisson distribution and the intervals between 
successive arrivals are distributed negative exponentially: Service time are 
also assumed to be exponentially distributed. 


If the arrivals are completely random, then the probability distribution of 
number of arrivals in a fixed time-interval follows a Poisson distribution. To 
derive the arrival distribution in queues, we make the following three 
assumption (axioms) 
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Queuing Theory 7.5 


1. Assuming that there are n units in the system at time t and the 
probability that exactly one arrival (birth) will occur during small time 
interval At is given by AAt + O(At) . Thus P\(At) = AAt + O(At) where A 
is independent of t, is the arrival rate and O(At) includes the terms of 
higher order of At. 


2. The time At to be so small that the probability of more than one arrival 
in time At is [O(At)] almost zero. 


OR 
The probability of two of more arrivals during the small time interval At 
is negligible 
i.e., P,(At) + B (At) + O(AL) = 1 


3. The number of arrivals in non-over lapping intervals are statistically 
independent, that is the process has independent increments. 


DISTRIBUTION OF ARRIVALS (PURE BIRTH PROCESS) 


The model in which only arrivals are counted and no departure take place is 
called pure birth model. The term ‘birth’ refers to the arrival in the system 
and the death refers to the departure of a served unit. 


We prove the number of arrivals in a time interval (0, t) is a random variable 
which follows a Poisson distribution with parameter At. 


We want to determine the probability of n arrivals in a time interval of length 
t, denoted by P,(t), where n > 0 is an integer, 


When n> 0 
There may be two mutually exclusive ways of having n units at time (t + At) 


1. There are n units in the system at time t and no arrival takes place during 
the time interval At. Hence there will be n units at time (t + At) also. 


The probability of these two combined events will be 
= probability of n-units at time x probability of no arrival during At 
= P,(t). (1 - AAt) 


[Since probability of exactly one arrival in At = AAt, probability of no 
arrival is (1 - AAt)] 


2. There are (n-1) units in the system at time t and one arrival takes place 
during time At. Hence there will be n units in the system at time (t + At). 


Hence there will be n units in the system at time (t + At). 


The probability of these two combined events will be 


7.6 Problems and Solutions in Probability & Statistics 


=P _,(t)xAdt Equation 
[Since probability of (n — 1) units at time t = P,.:(t) Now by t 
Probability of one arrival in time At = AAt] 4 P’(t) 
oN). 
The probability of n arrivals at time (t + At), P(t) 
0 
ie, P.(t+At)=P,()(-AAD + P,, (HARE  asdecdees cs, (A) thiearatie 
When n = 0ice., there is no customer in the system. Then log P,(t) 
P(t + At) = Probability [no unit at time t) x Probability [no arrival in time At] Theweon: 
=PQ@)C-A7AD nove vaeads (B) condition 
Thus P,(0) = 
P(t+At)=P,(t)(1-AAt) + PO) ANE hadutvodse eed (A) 
Substituti 
P(ttAN=BU)(I-AAD) ——teeaeeneen (B) = 
Rewriting (A) and (B) and dividing throughout by At, aan 
P(t+At)- P(t) eau 
A AP) + APO 
At 
+ At)—-P. Or 
At On substit 
Taking limit At > 0 on both side of the above equations By the eq 
_ P(t + At- FO _ 
Lim ii =—-AP(L)FAP (1) srteeeeteeees (C) 
And Or 
. P(t+An-A(t : ele 
me dues ae) Sach) -  — eeianauive (D) Which is 
At30 At 
Itiplyir 
By the definition of first derivative paaaa as 
P - IP. ' 
Lim PLEAD PD _ APO _ prey 
A130 At dt 
Equation © implies 
PUS2AROCARS@! j= Avance (E) Integrating 
Equation (D) implies 
Where Bi 


PWS3R@Q _ -datteenmen (F) 


A) 


val in time At] 


B) 


A) 
B) 


C) 


D) 


(E) 


F) 
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Equation (E) and (F) are cailed differential difference equations. 
Now by the equation (F) 

AO __ 

A(t) 
Integrating both sides with respect to t, we get 
logRQ)=-At+A ee eeeee (G) 


The constant of integration can be ,calculated by using the boundary 
conditions nm 


P(0)= 1, n=0 
m0, n>0 


Substituting n = 0 in equation (G) 
P,(0)=1, gives A =0 
Thus 
log P(t) =—At 
Or P(t)=e* 
On substituting n = 1, gives P(0)=0 
By the equation E 
PQ) =-AR()+AR() 


Or P (t)+AP(t) = Ae 
Which is the linear differential equation of first order, can be solved by 
multiplying both sides of this equation by the integrating factor 2 a e” 


e"[P ()+ARO=A 


d at -_ 
pe Ol 


Integrating both sides w.r.to t, 

ENP) =At+ BO eee (H) 
Where B is a constant of integration on putting t= 0 

e°P(0)=B 
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> e°x0=B Integrati: 
=> B=0 
On substituting B = 0 in(H ) Shetek bietatean (I) 
e"P(t)=At a . 
At Ate pea! 
> P(j)=+= 
Similarly , Putting n =2 in ( E.) we get” > 
: P, (t) + AP, (t) = AP. >(t) Therefore 
At. 
P(t) + AP,() =A| — i 
IE 
Hence, in 
ad <4 AMAL) ? 
Or Pt 
r PAG ? (t)] = 1 
Integrating w.r.to ‘t’ 
e"P,(t)= a + Cc Which is. 
: 7.6 DISTRIB 
On putting t = 0 
P,(0)=0+C Assume tl 
7 no arrival 
Or C=0 2h time mear 
n=2, iO= ee from the s 
aan 1. Probat 
Similarly , 
3 -dt 
n=3, P.(t)= (atye™ . 2. Probab 
Bo ; i.e., the 
In general in time 
= (Aty"e™ 3. The m 
n=m, £,()= |m indepe: 
eee ; : N(t) ha 
By mathematical induction, assume n = m the result is true, we prove for n = : 
m+ 1 the result is true then by the equation (E) First we ol 
7 ways. 
A(At)"e m At 
 Pagl O+ Agg (= | Case | 


d Atay” 


=z \e os 7 it) ] = = 


dt 
la Case II 


I) 


ve prove for n= 


7.6 
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Integrating both sides 


m+ 
oP (y= Ao" _ 
(m+1)|m 
Again, putting t = 0 
P,,,(0)=0+D 
=> 0=D 
Therefore 
m+l—At 
P.(t)= Go e* 


[m+ 


Hence, in general 


pp =e” 


Which is Poisson distribution formula with mean At. 


DISTRIBUTION OF DEPARTURES (OR PURE DEATH PROCESS) 


Assume that there are N customers in the system at time t = 0. Also assume 
no arrival (birth) can occur in the system. Departures occur at a rate Lt per unit 
time means output rate is p. We want to derive the distribution of departures 
from the system by assuming following three axioms. 


1. Probability (one departure during At)] = pAt + O(At)? = pAt 
[Since O(At)’ is negligible] 
2. Probability (more than one departure during At] = O(AtY = O 
i.e., the term At is so stnall that the probability of more than one departure 
in time At is negligible. 


3. The number of departures in non-overlapping intervals are Statistically 
independent and identically distributed random variable means the process 
N(‘) has independent increments. 


First we obtain the differential difference equation in three mutually exclusive 
ways. 


CaseI : WhenO<n<N 
As in the pure birth process, we have 


P(t+At)=P()[I-wAt]+ P,(QMAE cccccccceses (A) 


Case II : Whenn=N 
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In the equi 


Since there are exactly N units in the system, P,,,(¢) =0 


PyG@+AN=PyOU- At cea esseeecene (B) 
Case III : Whenn=0 
P(tt+AN=PRO+ROMPA —_ naccaeee scene (C) Theselude 


Since there is no unit in the system at time t, the question of any departure At 
does not arise. Therefore in this case probability of no departure is unity. 


Dividing by At and taking limit At > 0 
In equation (A), (B) & (C) we get 


2 P(PPAD =P). . Or 1 
Lim ie =-HP,(t)+ HF O - from (A) 0<n<N Bis 
. Py(t+At—- P(t J 
pert ed at 1G a - from (B) n=N 
AIO At 
Hence / 
Lim 0 SN- FO - wpe -from (C)n=0 
a At Now putting 
Or Pi(t)=—MP (+ UP (D0 seseeaetsees (D) ; 
Pr(QQ)=—MPyQ) —aneneene ene E 
v ()=—MPyO (E) pte Gs 
PQQ=uUP() aes AF) 
from equation (E), we get fy O =—u 
Py) 
d 
or ~[log Py ()]=-H 
at N 
; ; We have > 
Integrating w.r.to t on both sides, 7 
log Py) =—ut+ A 
Or ] = 


Where A is the constant of integration. Its value can be determined using the 
boundary conditions 


‘P,(0)=1 thus A = 0 = 
log P(t) =—ut 


or Pjo=e" 


‘departure At 
is unity. 


<n<N 


ned using the 
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In the equation (D), put n = N-1, then 
Py) = —HPO)+ uP, (0) 
Py.) =-uP,_,()+ we“ 
Py s(t) + WP, (= we 
The solution of this equation is given by 
P._(t.el" ee fu eM cel” *) dt+C 
Pys(O.e" = [yu dt +C 
Or Py.) = ute +Ce 
Put t = 0, to determine C, 
P,_,(0) =0 gives C=0 


ute ™ 
ll 


Now putting n = N — 2 in equation (D), we get 


Hence Py (t= 


2 -at 
Py.a() =e 


For n =N -—i, we get, 
ew! (uty! 
PO)= P= 


= ee (uty 


[V=n 


forn=1,2,........ N. 


N 
We have »: P(t)=1 


n=0 


N 
Or l=) Pwo 
n=0 


= P)+ > PO) 
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77 


P (t+ At) = P,(t)x probability (no arrival in At)x probability (no service completed in At) 


RW =1-D PO 


N (uty eo 


=1- 
n=l N=n 
N-n--ut 
oes HSN 
N-n 
P=) , 


yo eu 


(ut 
1-) ————_ for n=0 
2 N-n fe 
The number of departures in time t follows the truncated Poisson distribution. 


MODEL I 

(M/M/1) : (GD/co/co) 

It represents a single — server exponential queuing system with Poisson or 
Markovian arrivals, Poisson or Markovian departures. The inter — arrival 
times (time between successive arrivals) are independent exponential random 
variables having mean 1/A. The successive service times are also assumed to 
be independent exponential random variables having mean 1/y. This model is 
based on ‘First in — First out’. 

1 denotes the single server. In this exponential model GD denotes queue 
discipline is general discipline. First 0 denotes number of customers 
permitted in the system are infinite. Second infinite (00) denotes the size of 
source from which customers arrive is infinite. 


Obtain the difference differential equations 
Let the probability that there are n customers in the system at time t is P(t). 
Then the probability that the system has n — customers at time (t + At) may be 


expressed as the sum of the combined probability of following four mutually 
exclusive and exhaustive events. 


+P.(t)x probability (one arrival in At)x probability (one service completed in At) 
+P. ,(t)x probability (on arrival in At)x probability(one service completed in At) 
+P_,(t)x probabili. (one arrival in At)x probability(no service completed in At) 


= P,(1)(1— Abt) (1 - At) + P,(0) (AL) (HAD) 


+P,,, (QUALI AAt)+ P, (0) AAt(L— HAN) 


P (t+ At)- 
Dividing by 


Or d 


If there is : 
during At. tt 


F(t + At) = P(t)x 


Py(t+ At) 
Dividing by 


. Ptt- 
Lim fol 
Ai0 


R()=-. 
Equation (A) 
P()=- 


RQ=-/ 
Obtain the ste 
The probabili 


state is reache 

A 

—<lasts 

i 

If A= yu ther 
A 

If —>1 thes 
7 


In the steady s 


istribution. 


Poisson or 
2r — arrival 
tial random 
assumed to 
iis model is 


iotes queue 
* customers 
. the size of 


tis P(t). 


- At) may be 
yur mutually 


impleted in At) 
deted in At) 
deted in At) 
deted in At) 


Queuing Theory 7.13 


P,(t+ At) — P(t) =-(A+ w)P,() At + P,, (0) At + P._, (1) AAt 
Dividing by At and taking limit At > 0, we get 


Lim ODEO (14. WB) + UP gt) + AP, 


n2| a ; 
Or Pi) =-(A+ WP, (1) + pP (DFP A) vrcscsececee (A) 


If there is no customer in the system at time (t + At), there will no service 
during At. then for n = 0. 


F,(t+ At) = P,(t)x probability(no arrival in At)+ B(t)x probability(no arrival in At) 
x probability(one service completed in At) 
= (Od -AAr) + P(t)- AAt) pAt 
Fy(t+At)-P(t)= AP, (HAt+ P(t)(l- AAt) At 
Dividing by At and taking limit At > 0, we get 
Lim R(t+ = -Bw® 


Ai->0 A 


=-AR()+uP() , n=0 


P(t) =-ABP(t)+ uP(t) abated (B) 
Equation (A) & (B) are called differential difference equations. 
PQ) =-(A+M)P, )+P.yQutP, (OA n>I 


Py (t)=-AR,(0) + uP) n=0 
Obtain the steady — state difference differential equations: 
The probability of n customers in the system at any point of time after steady 


state is reached, taking the limit as t +00 in (A) & (B) 
A 
—<last+o 


If A= yw there is no queue 


If A > | the state is called the explosive state. 
L 


In the steady state 
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3. To determine 


YP, =1 
n=0 ; 


P(t) > P, and “P+0 are [ > 0 


From (A) and (B) 
O=-(A+ p)P, + HP + AP, nz , 
af A 
Or +(A+p)P, = MP FAP a ; ¥(4) f 
a n=0 
And O=-AP,+ uP, n=0 
A), 
Or AP, = uP, nr(4)i 
From the above equations 
A 
F mae 1 
0 (4 
P, -(44}n-42 P 
L 
4 Pei 
-(22#|4n-22 ‘ 
H JH H 
: f,=1-p 
-(2+i}4n-42 
U a L Which is the 


4, Probability th 


Il 


RIS gl» 


Bas) 
Ely 
Se 


2 
4) P 
HL Or 
Which is the 
there are n cu 


Probability th 


Ra) 
" 
foe 


Similarly 


ae) 
| 
fa 
kes 
= 
au 
Lo) 


6. Average or 


3. 
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To determine Po, the probability that there is no customer in the system 


n=0 HL 
fg n 
n+(2)n {4} Pte cei, (4) P,=1 
P t 
1 
Bh A =1 
a 
u 
R=1-4 


Fi =1-p where poe 
Lu 


Which is the probability that there is no customer in the System: 
Probability that there are n customer in the system 


c(i 
ole) 


Or P, = p"(1-%) 

Which is the probability distribution of queue length or the probability that 
there are n customers in the system. 

Probability that a service channel is busy of its traffic intensity 

A _ mean arrival rate 


a yu ~ mean service rate 


6. Average or expected number of custotitefs i the system is 
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fet 


4 
ee ie 
, pet l-p 
fh es 
Or | aero 
H-A 1l-p 
7. Average length o: waiting line or average or expected numbcr of 


customers in the queue or average-or expected queue length. 


L, = D(n-De, 
n=] 
n=] n=l 
3 Yon] Sr -B| 


n=0' ~*~) Ln=0 


ere ae ey 
fins a [1-(-p)] 


Average or ex 
Ws 
Average waitil 
Ws 


Average waiti 


W, = 


W. = 
PW >0)=1- 
Therefore W 
Probability tha 


Pro 


10. 


ted numbcr of 
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ai Daog 
l-p 
= p . 
ee 2a 
Mu 
A 
pee 
ii 
“2 
MA) 
2 2 
tee | a 
l-p pw(u-A) 
Average or expected waiting time of a customer in the queue. 
Ap 


re I 


eA) = 


Average waiting time of a customer who has to wait 


eee ase eee 
wn-A Wp) 
Average waiting time of a customer in the system 
Re sere ees 
nA W- P). 
a a 
* PW >0) 
PW >0)=1-PW =0)=1-P, =l-(l-p)=p 
Therefore W = eee aterm are be 
ul-p)p u-A 


Probability that queue tength is greater than or equal ton 


Probability (=n) -(4) =p" 
HJ) 
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13. 


7.8 


Probability density functionof both waiting and service time distribution 
(u- Aer 


Probability density function of waiting time distribution 


A (uxae for t>0 
L 
afi - 4) z for t=0 
7 
MODEL II 


(M/M/1): (GD/N/o) 

In this model, 1 denotes the single server. GD denotes queue discipline is 
general discipline. N denotes that maximum number of customers permitted 
in the system is N. Infinite (00) denotes the size of source from which 
customers arrive is finite. 


This model is different from model I, in the model IT number of customers 
permitted in the system is N whereas in the model I number of customers 
permitted in the system is infinite. Therefore the difference equations of 
model I are valid for this model as long as n<N. 


The additional difference equation for n= N, is 
P,(t-+ At) = P,(O[1- AL] + BO pAt + O(At) 
forn=0 ......... (A) 
Pi(t+Ath=P,( 1-(At MAt|+ P_,QAAt + PQ uAt+ O(AP) 


fo WET. Doxa GN = Teed) 
and 


P, (t+ At) = Py [1-0 + WAL] + Py DAA + Ox pAt + O(At) 
P, (t+ At) = Py (O[1— wt] + Py (DAA + O(AL) ...--- (©) 


forn=N, Py,,()=0, A=0 
Now dividing equation (A), (B) and (C) by At and taking limit as At 0 


P, (t) =-AP,()+ HR forn=0 


P/(t)=-(A 
Py (()=-pl 


In the case o: 
then the steac 


O=-AP, +. 
O=-(At+ yp 
O=-uP, + 


Form the abo 


R= 


For obtainin 


» 


n= 


listribution 


sue discipline is 
omers permitted 
ree from which 


yer of customers 
yer of customers 
ce equations of 


tAt + O(AL) 


n(:)) 


t+ O(At) 


(C) 


it as At—>0 
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P'(()=AAFWP,OFAP Ot MPO) for = 1, 2, eeeeeeees N-l 
Py (t)=—MPy(t)+ APy sO) forn=N 


In the case of steady state, when t-> 00 P(t) > P, and hence P. (t)0 
then the steady state difference equations are given by 


O=-AR+uUP . for n=0 
O=-(A+ w)P + AP + LP, for n= 1y 2) aserdessens N-1 
O=-uP.+AP,, ; forn=N 
Form the above equation 
p =4R, 
L 
2 
P= (4) P 
7 
Similarly 
3 
P= (4] P, 
H 
reo 
vv) 
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= N41 yh 
Or i, nae =! where 9 =— 
l-p Ht 
l=2 
Or By = 1p 


N+1 


Or R= 


———— pF] O<n<N 


It A< yw and N +0 we get model I. 


¢ Average number of customers in the system is ‘given by 


+ Effec! 
+ Expec 
° Expec 
¢ Expec 
MODEL I :(M/M 


Example 7.1. T] 
Poisson distributic 
also follows Poissi 


a) Thep 
i.e., Py 
b) = The pi 
i.e., Ps 
c) Avera 
i.e., L, 


d) = Avera, 


ES 
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1-(N+1)0*% +N op"! > = 
xl (N+)lp" +N p | eer, 

N 

2 


¢ — Effective arrival rate .A' = A(1= P,): 


@ Expected number of customers waiting in the queue ae 


A} 
L,=L,-— 
Lt 
# Expected waiting time of a customer in the system 
L 
w= 
¢ Expected waiting time of a customer in the queue _ | 
A 
W,=W,-—, 
HL 
SOLVED EXAMPLES - 


MODEL I :(M/M/1) : (GD/20/s) 


Example 7.1. The arrival rate of customers at a railway ticket window follows 
Poisson distribution with a mean of 50 per hour. The service rate of a window clerk 
also follows Poisson distribution with a mean of 70 per hour. Find. 
a) The probability of having 0 customer in the system. ~~... 
i.e., Po 
b) The probability of having 5 customers in the system ; 
i.e., Ps; : Bia dh 


c) Average number of waiting customers in the system 


ie., L, 
d) Average number of waiting customers in the queue 
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ie, Lg Example 7.2. 
e) Average waiting time of customer in the system an exponential c 
ae W. a 7 which they cam 
.2., Ws average rate of 
f) Average waiting time of customer in the queue Poisson distribu 
ie. Wa for the mechani 
Solution Given that brought es 
A rev al rate, = 50 per hour Solution Given: 
Service rate, 1. = 70 per hour Ae 
A 50's a 
The utilization factor 9 = — =—~=0.71 2 
a) The probability of having 0 customer in the system H 
P,=1-p=1-0.71=0.29 The proba 
Ans. f= 
b) The probability of having 5 customer in the system Average ic 
Ps=(1-p).p° 
=(1- 0.71) 0,71)” Average n 
= (0.29) (0,180) 
Ans, 
c) Average number of waiting customer in the system Example 7.3. | 
a p _ 9,71 _ 0.71 = 2.448 can serve 12 stu 
*1-p 1-071 0.29 ~ Poisson distribu 
find. 
d) Average number of waiting customer in the queve 1 er 
2 2 ; , 
; 504 ie 
by = Son OED oO § 1.7382 2. Ave’ 
1~p (1-0,71) 0.29 3. Ave 
e) Average waiting time.of customer in the system 4. Ave 
KW = 1 = 1 _ 1 2 0.049 Solution 
"p= g). 700-0.71) 7000.29) 20.3 Give 
f) — Average waiting time of customer in the queue Ani 


p 0.71 0.71 ‘is 


MQ-p) 70(01-0.71) 700.29 Say 


0.049 
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Example 7.2. A motor garage mechanic finds that the time spent on his jobs has 
an exponential distribution with mean 40 minutes. If he repairs cars in the order in 
which they came in and if the arrival of cars is approximately Poisson with an 
average rate of 8 per 8 hours day and the service rate of the mechanic follows 
Poisson distribution with mean of 15 cars per day. What is the expected idle time 
for the mechanic for each day? How many jobs are ahead of the average car just 
brought in? 


Solution Given that 
A=8 cars per day 
p=15 cars per day 
p= < = = = 0.533 
#15 
The probability for the mechanic to be idle is 
P, =1-p =1-0.533 = 0.467 
Average idle time per day = 8x 0.467 
= 3.736 hours 
Average number of cars in the system 


p _ 0.533 _ 0.5 
l-p 1-0.533 naa 
=1.141 cars 


Example 7.3. On an average of 10 students arrive every 5 minutes while the clerk 
can serve 12 students in 5 minutes in an engineering college to pay fees. Assuming 
Poisson distribution for arrival rate and exponential distribution for service rate 
find. 


Average number of students in queue 
Average number of students inthe system 


who 


Average time a student waits before being served 
4. Average time a student spends in the system. 

Solution 

Given that 


Arrival rate 2 = 2 =2 students / minute 


12 
Service rate “= = = 2.5 students / minute 
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1. Average number of students in queue 


» | OF. 4 
~ u(u—-A) -2.4(2.4-2)  (2.4)(0.4) 
= 4.166 — 
} 2. Average number of students in the system 
ee Sees, es ee 
U-A 24-2 04 
3. Average time a student waits before served 

A 2 2 


(uA) _2.4(2.4—2)  (2.4)(0.4) 
4. Average time a student spends in the system 
Sa ees =2.5 minutes 


~p-A. 24-2 04 


Example 7.4. The service time follows exponential (negative) distribution and the 
service rate follows Poisson distribution at a single window to update account book 
in a bank. The arrival rate of customers follows Poisson distribution. The arrival 
rate and the service rate are 35 customers per hour and 45 customers per hour 
respectively. Find 


1. Utilization of the updating clerk 

2. Average number of waiting customers in the queue 

3. Average number of waiting customers in the system 

4. Average waiting time per customers in the queue 

5. Average waiting time per customers in the system — 
Solution : Given that 


The arrival rate of customers at a single window in a bank to update account 
book 


A =35 customers per hour 
And the service rate 44 = 45 customers per hour 
35 


1. Utilization of the updating clerk p= fe = S 


=0.777 


2. Average number of waiting customers in the queue 


/ 

/ 
3 AV 
4 AV 
5 Av 


Example 7.5. 
authority (RTA 
wheeler is regis 


1. The 
2: The 
3 The 

201 


Solution : Give 


Registrati 
1. The 
offi 
2. The 
We 
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2p _ (0.7779 _ 0.6048 


/ 4 : a 
7 ’ d-p) G0-@.777) 0.2223 
).4) = 2.72064 customers 
3. Average number of waiting customer in the system 
v= wae = ee = 3.48 customers 
© |-p °.1-0.777 0.223 
4. Average waiting time per customer in the queue 
05777 9.777 
W, =P =" = 0.0777 hour 
bh 45-35 10 
).4) ee 5. Average waiting time per customer in the system 
1 ] ] 
/~=aT =— = (0.1 hour 
| H-A 45-35 10 
tes ; 

Example 7.5. Assuming that the time between registrations at a road transport 
vution and the authority (RTA) office follows an exponential distribution where one new two 
account book wheeler is registered after every 19 minutes find 
1. The arrival 1. | The average number of registrations of two wheeler per year 


ters per hour 


2: 
3 


The probability that no registration will occur in any one day. 


The probability of 40 registrations by the end of next 3 hours given that 
20 registrations were done during the last 2 hours. 


Solution : Given that 


Registration rate per day 2 = 


1. 


ydate account 


2: 


One new two wheeler is registered after every 10 minutes 
24x 60 


=144 


The average number of registrations of two wheeler per year at RTA 
office 


At =144x 365 days 
= 52560 registrations / year 


The probability that no registration will occur in any one day. 
(Aty"e" 
|n 


A=144,n=0,t=1 day 


We have P(t) = 
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(144 x 1)° ei 


AO 


-144 
=e 
=2.88x10° 


3. The probability of 40 registrations by the end of next 3 hours given that 
20 registrations were : 


done during the last two hours. 


A= ~ = 6 registrations / hour 


7 (At)” e* 


n = 20 registrations ; 
Since in the last two hours 20 registrations has been done and we have to find 
probability of 40 registrations by the end of next 3 hours 
=>t=1 


6x1 207 ont 
P, (1) = SS 


_ (3.6561x10"*) (2.4787 310) 
(2.4329 x 10'%) 


= 3.7249x10% 


Example 7.6. The arrival rate of customers at a railway ticket single booking 
counter follows Poisson distribution and the service time for the customers follows 
exponential (negative) distribution and hence service rate follows Poisson 
distribution the arrival rate and the service rate are 8 customers per hour and 14 
customers per hour, respectively. Find 


1. Utilization of the booking clerk 
Average number of waiting customers in the queue 


2 

3. Average number of waiting customers in the system 
4 Average waiting time per customer in the queue 

5 


Average waiting time per customer in the system 


Solution 
1 Uti 
2: Avi 
3. Avi 
4. Av 
5. Ave 
Example 7.7. 


30 customers p: 
cashier is 34 pe 


apply. Find 
1. Wh 
2. Ave 
3. Ave 
4. Ave 
5. Ave 


Solution : Give: 


_given that 


iave to find 


‘le booking 
iers follows 
vs Poisson 
our and 14 
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Solution : Given that 
The arrival rate of the customers A =8 customer/hour 


The service rate 44=14 customers / hour 


1. Utilization of the booking clerk p = i = - = 0.5714 
°, rad 


2. Average number of waiting customers in the queue 
p’ — (0.5714) 
““I=p (05714) 
3. | Average number of waiting customers in the system 
pP 0.5714 
a ep 120.5114 
4. Average waiting time per customer in the queue 
W, =—2— = 93T4 | 9.095 hours 
(u-A) 14-8. 
5. Average waiting time per customer in the system 


N= — 0.1666 hours 


= 0.761 customers 


= 1.333 customers 


Example 7.7. A shopping mall has a single cashier. Arrival rate of customers is 
30 customers per hour. The average number of customers that can be serviced by 
cashier is 34 per hour. If the conditions for the use of single channel queuing model 
apply. Find 


What is the probability that the cashier is idle? 

Average number of customers in the queuing system? 

Average number of customer in the queue? 

Average time a customer spends in the queue waiting for service. 


Oe ee Nos 


Average time a customer spends in the system? 


Solution : Given that 
Mean arrival rate 2 = 30 customers per hour 


Mean service rate 44 = 34 customers per hour 


A 30 
= 4 29 - 0.88035 
“ 34 


LH. 


7.28 Problems and Solutions in Probability & Statistics 
Example 7.9. ; 


i. Probability that the cashier is idle counter clerk fal 
PR=\l-p deposit counter i 
~1—0.88235 bank manager re 
customers proble 
= 6.1176 ; ee 

2. Average number of customers in the queuing, system 5 i 
‘ < ‘ ai 
i= P__ 0.88235 0.88235 takers 
© l-p i-0.88235 0.11765 3 What 

= 7.499 customer 

3. Average number of cusioimers in the queue Solution Given ti 
__p?__ (0.88235) _ 0.77854 
“ I-p 1-0.88235 0.1176 ; 1 


= 6.62025 customers 
4, Average time a customer spends in the queue waiting for service 


We p__ 0.88235 
* w-A 34-30 
= 0.22058 minutes 1. the pc 
5. ~~ Average tirae a cusiomer spend in the sysiern 
Ws=1/p-A = 1/34 -30 =0.25 minutes 
Exampie 7.8. A car mechanic repairs cars in the order in which cars come and if 
the arrivai of cars is approximately Poisson with an average rate of 10 per 8 hour 
day, and the car mechanic finds that the time taken for his work has an exponential ) Th 
distribution with mean 30 minutes. What is his expected idie time each day and the : ; a 
average number of cars waiting in the system for repairing eer 
Solution : Given that 
Mean arrival rate A = 10 cars per day 
8 x > 
Mean service rate “= ert 60 =l6cars/day oe bat 
A _ 10 
p=—=-—=0.625 
16 
I. Mechanic expe tcd idie time each day 
P(®) =1~ p =i-—0.625 = 0.375 Example 7.10. In 


average interval o 


2. Average numoer of cars waiting in the sysiem for repairing : 
minutes to serve a 


L.=———=- —- = | .066 cars 1. Averas 


2. Expect 


ice 


sme and if 
ser 8 hour 
xponential 
ay and the 
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Example 7.9. A bank has one counter who takes all customers deposit. One 
counter clerk takes, on an average, 4 minutes per customer. Customers come to 
deposit counter in a random manner on an average of 10 customers per hour. The 
bank manager received a large number of customers complaint for solving the 
customers problem, he decided to find answer of following questions. 


1. What portion of his time is the counter clerk expected to be idle? 


2. What is the average length of time that a customer would be expected 
to wait to deposit their amount? 


3. What is the average length of the waiting time to be expected? 
Solution Given that . 
The mean arrival rate 2 =10 customers / hour 


The mean service rate 42 =1 customer in 4 minutes 


= =15 customer / hour 


A 10 
= 7 = Fi 
1 the portion of his time is the counter clerk expected to be idle 
f,=\-p 
=] Zag = z = 0.33 
15 


2.‘ The average length of time that a customer would be expected to wait 
to deposit their amount 


; =e nn 033 hour 
3. What is the average length of waiting time to be expected 
ne P. _ (0.666)’ _ 0.444 
* I-p 1-0.666 0.334 
= 1.329 ~ 1.33 
Example 7.10. In a big bazaar at a billing counter, the customers arrive at the 


average interval of six minutes where as the counter clerk takes on an average 5 r 
minutes to serve a customer. Find 


1. Average waiting time of the customers at a billing counter 
2. Expected average waiting time in the line 
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Average number of customers in the line 
Average number of customers in the service counter area. 
Probability that the counter clerk is idle 


Probability of finding more than 3 customers in the system. 
Probability of having 5 tustomers in the system 


Pe AIDMPY 


Solution : Given that 
The mean arrivai rate A =6 minutes, one customer 


= . =10 customer / hours 


The mean service rate 44 =5 minutes, one customer 


60 


= = =12 customer / hour 


A 10 
p=—=— = 0.8333 
#12 
1. Average waiting time of the customers at a billing counter 
y -—_ 2! 21-05 hours 


* y-A 12-10 2 
2. Expected average waiting time in the line 


—_—— — 0.833 _ 0.8303 _ 0.4166 hours 
fea 12-10. ° 2 


3. Average number of customers in the line 
‘i £ 


Pe 
q j- Pp 
- (0.8333) _ 0.6944 
4 1—(0.8333) 0.1666 
= 4.1680 customers 
= 4 customers 


4. Average number of customers in the service counter area 
_ Pp. 0.8333 _ 0.8333 8333 
"Top 1-0.8333 0.1666 
= 5.0018 customers 
= 5 customers 


~ Probability that customer has to wait more than 30 minutes in the system. ? 


Prot 


Prob 
svsce 


I 


Prob: 


Probe 


Example 7,11. C 
and that shop has 
processed by the c 


1. 


mA B® WN 


The pi 
The av 
The ay 
The av 
The av 


Solution : Given ti 


The arrival r: 


The average 


a 
e system. 
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Probability that the counter clerk is idle 
hy=l-p 
=1-—0.8333 
= 0.1066 


Probability that customer has to wait more thar 30 anne in the 


system 
P (T>t=30 minutes = % heirs) 
= een 
= e210? = 9! = 0.368 
Probability of finding mdtt thant 3 clistéihérs IH the system 
P(k>3)=p*"! 
= (0.8333)"! 
= (0.8333) 
= 0.482 
Probability of having S customiers in the system 
Fs =p" (1- p) 
= (0.833) (1 - 0.8333) 
= (0.40107)(0.167) 
= 0.06697 


Example 7.11. Customers arrive at tate 6f 36 customers pet hour in a boot house 
and that shop has a single cashier. The average number of customers that can be 
processed by the cashier is 34 per hour; Caléiilite 


1. 


2. 
3. 
4 
5 


The probability that the cashiet is idte 

The average number of customtets i the quetiliig system 

The average number of custoitiers in the quetie 

The average time a custoittef spetias th thé system 

The average time a customier spends in thé qiietie waiting for service. 


Solution : Given that 


The arrival rate of customers in a boot house is A = 30 customers / hour 
The average number of customers that can be processed by the casher is 
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= 34 customers / hour 


1. The probability that the cashier is idle 6 
We know that 
The utilization factor 9 = a = a = 0.882 - 4 
Me rn: gb Bag 
Now ~ 1 
P, =1-p =1-0.882 = 0-118 1. Probat 
2. | The average number of customers in the queuing system P 
eee te Pp = 0.882 _ 0,882 =7474 
ws af po ~1-0.882° “0.118 
3. The average number of customer in the queue 
= p _ (0.882)" 882) _ 9.77719 71719 6.592 
l-p ~ 10.882 — “0.118 
4. The average time the customer spends in the system 2. Averag 
bie ee ee 2 019 ton i, 
~ al p) 34(1-0.882) 34(0.118) 
=14.97 minutes : 
5. The average time a customer spends in the queue waiting for service : 
a 0.882 _ 0.882 L, = (0.3112)f1(0. 
os HM- ) 34(1— 0.882) 34x0.118 | +6(0.6% 
= 0.2198 hours 
£13.18 minutes =O OLT2)10 
MODEL I] : (M/M/1): (GD/N/x) 
Example 7.12. Assuming that the inter arrival time in a railway marshalling yard 
follows an exponential distribution, wheré goods train arrive at the rate of 40 trains 
per day. Service time is also follows an-exponential distribution with mean of 25 pee 


minutes. Find ; 5 
1. Probability that the jai is empty 
2. Average queue length, given that, the capacity of the yard is 10 trains - = 


Solution Given that - - : = 
A= 40 trains / ify 


mers / hour 


) hours 


minutes 


‘or service 


rshalling yard 
te of 40 trains 
h mean of 25 


is 10 trains 
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40 I 
~ 60 x24 36 


trains / minutes 


1 
= — trains / minutes 
aay: 


=—= ead = 0.6944 
36 
1. Probability that the yard is empty 
R= oe where N = 10 
—p 
1-0.6944 


~ 1=(0.6944) 


_ 9.3055 _ 0.3055 
1-0.0181 0.9818 
2. Average queue iss 


po rane" 


=(0.31 14) 3°n(0.31 14)" 


n=0 


= 0.3114 


= (0.3112)[1(0.6944)' + 2.(0.6944)? + 3(0.6944)° + 4(0,6944)* + 5(0. 6944)°. 
+6(0.6944)° + 7(0.6944)’ +8(0.6944)° +9(0,6944)? +10(0. 6944)!] 


= (0.3112)[0.6944 + 0.9643 +1.0045 40.9300 + 0.8072 + 0.6726 
+0.5449 + 0.4324 + 0.3378 + 0.2606] 


= (0.3112) (6.6487) 
= 206 Ans, 
‘s Lp l-p 
0.6944 | 1-10 + 1)(0.6944)"* + 10(0.6944)!# | 


0.9818 


5 ORT] 


0.3056 
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_ 0.6944 x 2.9263 


1— (0.6944)! 


|eosou 


,2i,-—— = 2.06 — £00277). - 0.00809) 
# 0.04 
= 2.06 — 0.6868 
121,373 


Example 7.13. The arrival of cars follows Poisson distribution at a car parking 
place with a mean of 20 cars per hour. The capacity of parking place is 8 cars. Each 
car spends time at parking place follows exponential distribution with mean of 10 


hours. Find 
The number of cars, on an average in the parking place’ 


Solution : Given that N=8 
A=20 cars /hour 


= = =033 cars/ minutes 
ote 
P*10x6 
A 10x60 


=“ = = 200 
Re 3 


Number of 


Example 7.14. [ 
there are 10 chair 
next shop. The a4 


service time is 
customer. Find 
1. Probe 


Solution Given tt 


Arriv 


Servi 
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| Number of cars, on an average in the parking place 


1—(0.33)*" | 
= (0.6706) (5.2612) 
= 3.5281 


! 
| 
: ona n(0.6706)" 
| 


Example 7.14. In a barber shop, he can cut hair of only one person at a time and 
there are 10 chairs to sit. If a customer epmes to shop and finds it full he goes to the 
next shop. The arrival rate of the customers to the shop is 10 per hour and the 


a 8 eee 1 : 
service time is negative exponential with an average of —=2 minutes per 
) customer. Find 
1. Probability that the barber shop has no customer i.e., Bh 


Solution Given that ~“N=10 


Arrival rate A =10 customers / hour 


a car parking = a = ; = 0.166 customers / minutes 


is 8 cars. Each 60 
th mean of 10 


=0.5 | 
A 006 553 

HH 0.5 
{ 
l-p 
1 R= m4 
0 1— p” 1 I 
10333 ! 

1—(0.332)" 

7 0.668 = 0.668 = 0.668 
1—0.000005 0.999 


7.36 Problems and Solutions in Probability & Statistics 


Example 7.15. Assembled computer systems are inspected in the assembly line. 
The arrival rate of the computer systems follows Poisson distribution and it is 20 
systems per hour. The inspection rate also follows Poisson distribution with a mean 
of 25 systems per hour. Find 
1. | Average waiting number of systems in the queue for inspection in front 
of the inspection station as well as in the system. 
2. Average waiting time per system in the queue in front of the inspection 
station as well as in'the system. 
If the waiting space is sufficient for a maximum of 5 computer systems 


Solution : Given that 
The arrival rate of the computer system is 
A = 20 systems per hour 
The inspéction rate or service rate 
jt =25 systems per hour 


Number of waiting space N = 6 computer system 


1. Average waiting number of systems in the queue for inspection 
Ai 
LaLa 
7 
Where 


A! =A(-P,) and P, -| 50" 


1-p™*! 
1-0.8 
P, =| ————— |(0.8)* 
° Fecal ) 


_ (0.2)(0.3276) 
"0.7378 
A! = A(1— P,) = 20(1 - 0.0888) = 18.224 
_ pll-(N +p" +Np™" 
, (l-p)(1-p*") 

_ (0.8)[1- (5 +1) (0.8)° +5(0.8)™ 

~ (10.8) (1-0.8°*") 
_ 0.8)[1-1.9660 +1.3107] 
- (0.2) (0.7378) 


L,=L, oe 1.868 - 18224 _ 1 368-0.7289 = 1.139 
L 25 


= 0.0888 


= 1.868 


2. Avert 


Where 


Example 7.16. | 
exponential servi 
minutes and the ¢ 


1. The: 
25 Avert 
3. Aver 
4. The 
5. The] 


Solution : Given 
Arrival rate 


Service rat 
1. The ; 
Le= 


sembly line. 
and it is 20 
with a mean 
ction in front 


ae inspection 


‘stems 


‘tion 
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2. Average waiting time per computer system in the queue ~ 
1 
as fae 
L 
Where 
W, =o 
1.868 «1.868 —_—*1.868. 


= SS ee = 0.1025 hours 
AU-P,) 200-0.088) 18.224 


Wew se 
L 


15 
25 


= 0.1025 —-0.04 
= 0.0625 hours 


Example 7.16. In big bazaar with one cashier. Assume Poisson arrivals and 
exponential service times. Suppose that 10 customers arrive on the average every 5 
minutes and the cashier can serve 12 in 5 minutes. Find 

1. The average number of customers queuing for service 

2. Average time a customer spends in the system 

3. Average time a customer waits before being served 

4. The probability of having more than 10 customer in the system _ 

5. The probability that a customer has to queue for more than 2 minutes. 


Solution : Given that 
Arrival rate is A =10 customers 5 minutes 


10 E ; 
= 3 = Z customers / minutes, 


Service rate is “=12 customers 5 minutes 


= 7 = 2.4 customers / minutes 
2 : 
peta 2083 
He 24 “3 
1. | The average number of customers queuing for service 


p _ 0.833 _ 0.833 


: =—— = 4,98=5 
I-p 1-0.833 0.167 
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2. Average time a eustemet spends in the system 


ad p) 2.40, - mg (2.4)(0.167) _ 


~ 2.5 minutes 
3. Average time a customer waits before being served 
0.833 


"Ml pd © BA 0,839) 
0.833 


"O; 4) (0,167) 
= 2.07 minutes 


4. The probability « of haying more than 10 customers in the system 
P(2 10) = 2" 
= (0.83 3)" 
5. The probability that a customer.has 10 queue for more than 2 minutes 
P(W 22)=(l-p)p f pee?) dt 
= (1-0.833)(0,833)3 740°! at 


=9,139 fe" af 


40,4004 2, 
= Q, 139; —— | 
es od 
= 0,139. = | 
|, 0-400, 0.40 
9,22 1 
ae 400. 0 xi 


= 0,425 


ey kM 


per hour ‘and the service, trate, of . bike, i is 15, bikes per hour. The arrival rate and 
the service rate, fallow Poisson. distribution. The number of parking space for bike is 
only 2. Pind L,, bys Ws; - 
Solution —Giyen, that 

Arrival, rate, 4 = 29) bike / hour. 

Service rate. #.= 15, bike / hour 


Ra 


an 


ninutes 


system 


an 2 minutes 


ate of 20 bikes 
rival rate and 
yace for bike is 


1. 8 L,= 
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N=2 
p= Cag AC 
©) 
p {i-(V+)p"4+N pp" 
i-=p"" l-p 
1.333 Cy (2 411.333)? +2(1.333)"" | 
1--(1.333)" 1-1.333 
_ 1.333 [1-5.3306+4.737 | 
771.3685 -0.333 | 


s 


1-1.333 [< 
eer ele (1 333 | 


= 0.2433[0.(1.333)°+1.(1.333)'+2.(1.333)] 
= 0.2433[1.3334+3.5537]  =1.188 


2. Expected number of customers waiting in the queue — 


A} 
L, =L.-— 
Ll 
Where 1! is effective arrival rate 
=A(1- Py) 
1- 
and Py = Fw pr 


1-1.333 oat 333) | 


= (0.2433) (1.7768) 
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_ = 0.4323 
A' =A(1-P,) 
= 20(1 — 0.4323) 
=11.352 
L, =1.1898-(9252) 
15 
=1.188—0.7568 
= 0.4312 bike - Ans. 


3. Expected waiting time of a customer in the queue 


W,=W,—— 
Lt 


a10a68= 
15 


= 0.1046 —0.066 
= (0.0379 hours Ans. 
4. Expected waiting time of a customer in the system 
W, =o 
1.188 


= ——— = 0.1046 hours Ans. 
11.352 


_ Example 7.18. The arrival rate of the lorry at a weighing station which has single 
weighing bridge follows Poisson distribution with mean of 50 lorries / hour. The 
service rate also follows Poisson distribution with mean of 52 lorries per hour. The 
number of parking space for lorries is 5 vehicles. Find the following 


1. | Average waiting number of lorries in the queue in front of the weighing bridge. 
2 Average waiting time per lorry in front of the weighing bride 

3. Average waiting number of lorries in the system 

4 Average waiting time per lorry in the weighing station 


Solution : Given that 


The arrival rate A = 50 lorries / hours 


The service rate 1: = 52 lorries / hours 


The num 
1. AV 
W. 

2. 
3 A 


Ans. 


Ans, 


tich has single 
2s / hour. The 
per hour. The 


thing bridge. 
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The number of parking space for lorries N = 5 
1. | Average waiting number of lorries in the queue 


Where 


1 
a 


as zh 


1-0.9615 
1—(0.9615)**! 


ase x 0.8217 
= 0.1508 

= A(I- Py) 

= 50(1 -— 0.1508) 
= 42.46 


W, =W,-— 
mn 


Aatees |(0961 5) 


= 0,0563-—- 
By, 


= 0.0563-0.0192 
W, = 0.03706 


3. Average waiting number of lorries in the system 


_ pll-( +p" +N") 
. (i-p)d-p"") 


_ (0,9615)1- (5+ DO. 9615) +5(0.9615)°*""] 
(1—0.9615)(1—0.9615°*"') 


7.42 Problems and Solutions in Probability & Statistics 


_ (0.9615)[1 — 6x 0.82176 +5x 0.79012] 
(0.0385) (0.2098) 


_ (0.9615)[1— 4.93050 + 3.9506] 
7 8.0773x107 
0.01932, 
~ 8.0773x 107 
=2.391 
L 

= 2.391-0.8165 
=1.5745 

L, 2.391 


= = = = 0,0563 
A’ 42.46 


Example 7.19. The arrival of cars follows Poisson distribution at a car parking 
place with a mean of 20 cars per hour. The capacity of parking place is 8 cars. Each 
car spends time at parking place follows exponential distribution with mean of 10 
hours. Find the number of cars, on an average in the parking place 


Solution : Given that N = 8 
A =20 cars / hour. 


= 2 = 7 = 0.33 cars / minutes 
60 3 x 
yt 
PS10x 60 
psc = 200 
y2 
Number of cars, on an average in the parking place 
N 
L,= RS, np" 
Cae aks | = ee 
re Fea lp e 


2¢ 


~T-2 
2: 


—5.12 


= 3.906 


=[3.906 
= 7.99 
a 8 


Example 7.20. | 
arrival rate is 20 
mean rate of 15 1 
patients. Find 


1. The « 

2. The} 

3. The « 
Solution : Given 
The : 

The ¢ 


/ 
Acco 


d 


car parking 
-cars. Each 
nean of 10 
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{SBR So 


n=0 
= 3.88x107°[0x(200)” + 200 + 2(200)? + 3(200)° + 4(200)* 
+ 5(200)° + 6(200)° + 7(200)’ +.8(200)° 
= 3.88x 107" (2.056 x 1077] 
=7.99 ~8 
Lu? 1-(N+1)p"+Np*™" 
s 1-p**! l-p 
_ 200 | 1-(8 +1)200° +8(200)*" 
1-200°" 1-200 
____200 1—2.30410'? + 4.096107! 
~5.12«10” +199 


4.07296 x 107! 
199 


=[3.90625 x 107'? ][2.0467 x10'°] 


= 7.99 
~ 8 


= 3.90625 x 10| 


Example 7.20. Patients arrive at a clinic according to a Poisson distribution and the 
arrival rate is 20 patients per hour. Examination time per patient is exponential with 
mean rate of 15 per hour. In the meine room accommodation facility is for only 10 
patients. Find 


1. The effective arrival rate at the clinic 
2. The probability that an arriving patient will not wait . 
3. The expected waiting time until a patient is discharged from the clinic 


Solution : Given that 
The arrival rate at a clinic 
A = 20 patients per hour 
The examination time or service rate 
4 =15 per hour 


Accommodation facility in the waiting room 
N =10 patients 
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1. The effective arrival rate at the clinic 
As A(— Py) or A = w(L, =1;) 
We know that 


Py -| =, |0" where p=4 = 7° =1.333 
l-p HS 


-| 1-1.333 1.333)" = 033) 47.75) = 0.2614 


11,333" ~ (22.61) 
Al=AQ-P,) 
= 20(1 — 0.2614) 
=14.77 
2. The probability that an arriving patient will not wait 
Bain 


_ 1-1.333. _ 0.333 
=“T=0333)0"" ~ 61 
P, =0.0147 
3. The expected waiting time until a patient is discharged from the clinic 
, =? [@enerene| 
ws lap l-p 
_ 1.333f1—(10 +1)@,.333)"° +1001.333)°"'] 
7 (1-1.333)(1—1.333!*) 
_ 1.333[1-194.84 + 236.11] 
7 (0.333)(22.61) 
_ (1.333)(42.27) 
~ (0.333)(22.61) 
= 7.48 
L, _ 748 


s 


* A 14.77 


=0.506 hours 


Example 7.21. P< 
distribute and arr 
accommodate mo! 
mean rate of 20 pe 


1) Theet 
2) ‘Find tl 
3) Thee 
Solution Given th: 
Arriva 
Meetit 

1) The ef 
A! 

P, 

A! 

2) The pri 


the clinic 
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Example 7.21. Parents arrive at a college to meet principal according to Poisson 
distribute and arrival rate is 30 parents per hour. The waiting room does not 
accommodate more than 14 Parents. Meeting time per parent is exponential with 
mean rate of 20 per hour. Find 


1) The effective arrival rate at the college 
2) Find the probability that an arriving parent will not wait. 
3) The expected waiting time until a parent will leave the college. 
Solution Given that: 7 
Arrival rate of the parent is - 
A =30 parents per hour 
Meeting time or service rate of the parents is 


= 20 parents hour 


els 
hk 20 
1) The effective arrival rate at the college 
A‘ =A(1-P,) 
ae 
Py = Cale 
1-1.5 
“terse! 
0.5 
= 291.92 
736.80" ) 
= 0.3340 
A =A1- F) 
= 30(1 - 0.3340) 
=19.977 
~ 19.98 


2) The probability that an arriving parent will not wait 
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= We 
436.89 
=1.14x10° 
= 0.00114 
3) The expected waiting time until a parent leave the college 
_ All -(N +p + Np") 
; d-p)d-p"") 


_ 151-4 + 0.5)" +140.5)°")7] 
(1-1.5)(1—1.5"*"") 
_1.5[1- 4378.93 + 6130.51] 


(0.5)(436.89) 
=12.03 
Ww, = ae ee 0.6023 hours 
A 19.98 


Example 7.22. Cars arrive at a parking piace in big bazaar according to a Poisson 
distribution with mean 5 cars per hour. The time for keeping each car at the parking 
place, varies but is found to follow an exponential distribution with mean 10 
minutes per car. Parking place nas space of only 5 cars. Find 


1. The effective arrival rate 
2. The expected number of parking spaces occupied 
Solution : Given that 
The arrivai rate at a parking place A = Scars / hour 
The time for keeping each car at the parking place or service time 
#=10minwies/car 


= 6cars/ hour 


= 0.8333 


The effective arrival rate 


A =AU-P,) 


The expected 


1 


Example 7.23. A 
service distributio: 
is sufficient only 1 
The arrival rate of 
is with mean of 12 


1. The steady s 
2. The probabil 
3. The average 


Solution : Given t! 
The ar 

A 

The se 


Queuing Theory 7.47 


<p _ t= 0.8333 _ _0:1666 _ py r594 
1—p™*"'  1-(0.8333)" 0.6651 
A! =A(\- P,) 


= 5(1-0.2504) 
he college | = 5(0.749) 
= 3.747 
The expected number of parking spaces occupied 
p - LUN} 1+ -1 0") 
? (l-p)[l-p*"] 
_ (0.8333)’[] ~ 5(0.8333)** + (5 —1)(0.8333)°] 
(1-0.8333)[]1 —(0.8333)°] 
= 0.6943[1 —2.4108 + 106071] 
0.1667(0.665 1) 
=1.229 Ans. 


Example 7.23. At a railway station, assuming Poisson arrivals and exponential 
service distribution, only one train is handled at a time, the space in the railway yard 


Py, = 


) a Poisson is sufficient only for 4 trains to wait while other is given signal to leave the station. 
the parking | The arrival rate of trains at the station with mean of 6 per hour and the service rate 
1 mean 10 is with mean of 12 per hour. Find 


| 1. The steady state probabilities for the various number of trains inthe system 
2. The probability that there is no train in the system (both waiting and in service) 
3. The average waiting time of a new train coming into the yard. 


Solution : Given that 
The arrival rate of trains at the station | 

A=6 per hour | 
The service rate is 44 =12 per hour 


The maximum number of trains in the system N = 5 
FL = he" 
The probability that there is no train in the system 
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1p 1-05. 05 A cas 


R=T G75" 09" A = 
P,=Rp" | 
P=Pp P= Pp P=Rp P,=Rp" Rah : 
P =0,508(0.5)'  P, = 0.508(0.5)" = 0.508(0.5)> P, = 0.508(0.5)' -P, = 0.508(0.5)" | 
P=0254 P,=0.127 B= 0.0635 P, = 0.0317 = 0.0158 
L, = Bing" 
n=0 
=P[p'+2p?+3p°+4p' +5p'] | 
=Pp'+2Pp+3Rp+4Rp'+5Poo | : : 
~ 0.254+2%0.127 + 3(0.0635) +4(0.0317) + 5(0.0158) | : 
= 0.254 +0.254+0.1905 +0.1268 + 0.079 | Wher 
L, = 0.9043 
| | W 
Or 
_ pll-(N +p" +Np™ | Ww 
d= pyd=P™) : 


_ (0.5)[1- 6 +1)(0.5)° +5(0.5)°""] 
7 (1-0.5)(1-0.5°") 


(0.5)[1 0.1875 + 0.07812] “ | 
- Bald ite ; Example 7.24. In 
(0.5) Oo) | and the servers. 

L, = 0.9048 1. = The bic 
Thus the average number of trains in the system is 0.9048 | 2, The mi 
1 3. ‘The tol 

Each train takes on an average D = 0.08 hours for getting service. | 4. Ration 
5. Airport 
3. The average waiting time of a new train coming into the yard. 6. Teleph 
W,=(0- 0.9048)(0.080) = 0.0723hours 7. Mainte 

7 8. Traffic 
9. A fires 
| 10. A plum 


:= 0” 
, = 0.508(0.5)° 
» = 0.0158 


ice. 


vard. 
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-| PS joosias 


1-0.015625 
= ee 0.03125 
0.984375 
= 0.0158730 
A= A(l— Py) 
= 6(1-0.0158730) 
= 5.90476 
Where 
W,=—= Zed = 0.153232 
A 5.90476 
1 
W, =W,—— 


= 0.153232- (1/12) 
= 0.069902 
= 0.07 hours 


Example 7.24. In the following examples of queuing system identify the customers 
and the servers. 


1. The bicycle repair shop 

The materials — handling equipment in a factory area 
The toll gate 

Ration shop 

Airport runways 

Telephone booth 

Maintenance shop 

Traffic signal 

A fire station 

10. A plumbing shop 


COP NAMA PWN 
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Solution 

Customers’. 
Bicycles 
Materials 
Vehicles 
Ration card holders 
Planes 
Customers 
Breakdown machines 
Vehicles 
Fire tender 
Customers 


SOURS Re eS 


pa 
° 


Model I :(M/M/1) : (GD/co/«) 


EXERCISE 


Servers 

Repair man 
Material handling equipment 
Toll collectors 
Shopkeeper 
Airport Runways 
Telephone Booth 
Mechanics 
Signal point 
Filling station 
Plumbing shap 


1) The arrival rate of patients at a clinic follows Poisson distribution with a mean 
of 30 per hour. The service rate of a doctor also follows Poisson distribution with a 


mean of 50 per hour. Find. 


a) The probability of having 0 patients in the system. _ i.e., Po 
b) The probability of having 5 patients in the system _i.e., Ps 
c) | Average number of waiting patients inthe system _i.e., Ls 
d) Average number of waiting patients inthe queue _—i.e., La 


e) Average waiting time of patients in the system i.e., Ws 


f) Average waiting time of patients in the queue 
[Hint: Arrival rate, 4 = 30 per hour, Service rate, 1 = 50 per hour 
The utilization factor p = 2/ p = 30/50 = 0.6 


ie., Wa 


a) The probability of having 0 patient in the system Po=1- p=1-0.6=0.4 Ans. | 


b) The probability of having 5 patients in the system Ps=(1- p ) p° ={1-0.6) (0.6)"=0.031104 Ans. 
c) Average number of waiting patients in the system L= p/(1- p)=0.6/(1- 0.6)=1.5patients Ans. 


d) Average number cf waiting patients in the queue L>= p/-p)= (0.6)7/(1- 0.6)=0.9 patients Ans. 
e) Average waiting time of patients in the system W.=1/ pt (1- p)=0.05 Ans. : 


f) Average waiting time of patients in the queue W,= p/p ( 1- p)= 0.03 Ans.] 


2) On an average of 10 programmes are run every 5 minutes on a computer, 
while the computer can run 12 programmes in 5 minutes. Assuming Poisson 


distribution for arrival rate and exponential distribution for service rate (output from 


compiiter) find. 


Aw N 


Averag 
Averag 
Averag 
Averag 


[Hint: Arrival rate 2 — 


1.Average numl 


2.Average numb 


3. Average time 


4 


/ 


. Average time 


3) The service tit 
rate follows Poisso: 
The arrival rate of « 


service 


1. 
2. 
3. 
4, 
5. 


rate are 40 c 
Utilizat 
Averagi 
Averagi 
Averagi 
Averags 


[Hint: The arrival rate ¢ 
per hour And the se 


1, 
2 


Utilizatio: 
Average t 
Lg= p. 
Average t 
L= p/(l- 
Average \ 
W.= 


Average \ 


juipment 


ion with a mean 
stribution with a 


i) 


a2 


5)°=0.031104 Ans. 
6)=1.5patients Ans. 
))=0.9 patients Ans. 


s.] 


on a computer, 
suming Poisson 
rate (output from 


1 
2. 
3. 
4 
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Average number of programmes in queue 

Average number of programmes in the system 
Average time a programme takes before getting output. 
Average time a programme takes in the system. 


10 


[Hint: Arrival rate 2 = — = 2 programmes / minute, Service rate 1=12/5=2.4 programmes/ minute 
5 


1.Average number of programme in queue 


ee ar a, Or 
Mua) 2.4(2.4-2) (2.4)(0.4) 


2 2 


2.Average number of programmes in the system = ——_. = —_—___ = 


5 
Wah 2429. 04 


3. Average time a programme takes before getting output 


A 2 2 


= = = == 2.0833 minutes 
u(u-A) 2.4(2.4-2) (2.4)(0.4) 


4. Average time a programme takes in the system __! 1 1 = 2,5 minutes Ans.] 


y-A 24-2 OA 


3) The service time follows exponential (negative) distribution and the service 
rate follows Poisson distribution at a single window to deposit money in a bank. 
The arrival rate of customers follows Poisson distribution. The arrival rate and the 
service rate are 40 customers per hour and 50 customers per hour respectively. Find 


1. 
2. 


3% 
4. 
3: 


Utilization of the depositing clerk 

Average number of waiting customers in the queue 
Average number of waiting customers in the system 
Average waiting time per customers in the queue 
Average waiting time per customers in the system 


Hint: The arrival rate of customers at a single window in a bank to deposit money 2=40 customers 
Pi y 
per hour And the service rate p=50 customers per hour 


1. 
2. 


Utilization of the depositing clerk p = VV p = 40/50 = 0.8 Ans. 
Average number of waiting customers in the queue 
Lg= p7/( 1- p)= (0.8)/(1- 0.8)=3.2 customers Ans. 
Average number of waiting customer in the system 
L= p/(1- p)=0.8/(1- 0.8)= 4 customers Ans. 
Average waiting time per customer in the queue 
W,= p/( p - A)= 0.8/50-40= 0.08 hour Ans. 

Average waiting time per customer in the system 

W,=1/ p - 4 =1/50-40 = 0.1hour Ans,] 
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4) Customers arrive at the rate of 30 customers per hour in a barber shop. That 
shop has a single main he can cut hair of only one person at a time. The average 
number of customers that can be serviced by the barber is 34 per hour. Calculate 


The probability that the barber is idle 

The average number of customers in the queuing system 
The average number of customers in the queue 

The average time a customer spends in the system 


AR WN > 


The average time a customer spends in the queue waiting for service. 


(Hint: A = 30 customers / hour, £4 = 34 customers / hour 


1. The probability that the barber is idle The utilization factor A _ 30 0.882 Ans. 


Pp = ri 4 34 = 
P, =1-p =1-0.882 = 0.118 Ans. 
2: The average number of customers in the queuing system 
F 882 
L, = — 0.882 _ 0.882 _ 5 474 Ans. 
I-p 1-0.882 0.118 
3. The average number of customer in the queue 
2 2 
i _ P_ _{0.882)" _ 0.7779 _¢ 509 Ans 
I~p 1-0.882 0.118 
4. The average time the customer spends in the system 
W = pee eae = rat pant ee = 0.249 Hours=14.97 minutes Ans. 
*  ywl-p) 340-0.882) 34(0.118) 
5. The average time a customer spends in the queue waiting for service 


p 0.882 0.882 


Wo -——— = = = 0.2198 hour’ s=13.1 8minutes Ans.] 
7 w-p) 34(1-0.882) 34x0.118 


Model II :(M/M/1): (GD/N/) 


5) In a railway marshalling yard, goods trains arrive at the rate of 35 trains per 
day, inter arrival time follows an exponential distribution. Service time is also 
follows an exponential distribution with mean of 15 minutes. Find 


1. Probability that the yard is empty 
2. Average queue length, given that, the capacity of the yard is 10 trains 


[Hint: \=35 trains / day=35/60x24=7/288 = 0.02430 trains / minutes 1 =1/15 Trains / minutes 
p= MV pw=(15*7)/288=0.3645 


1. Probabil 
f= a 


2! Average 


6) Ina car workst 
cars in the worksh 
comes to workshor 
of the customers | 


exponential with an 
1. Probab 


{Hint: N = 10, Arrival r 


Service r 


1. Queue can fc 
(a) Arrivals ¢ 
(b) Arrivals « 
(c) Service fé 
(d) There are 
Ans. (b) 


ber shop. That 
e. The average 
-, Calculate 


‘for service. 


‘ = (0,882 Ans. 


7? minutes Ans. 


18minutes Ans.] 


f 35 trains per 
e time is also 


lis 10 trains 


rains / minutes 
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I. Probability that the yard is empty 


P, oer ae Where N = 10, Po= 0.6355 Ans. 
lop 
2. Average queue length 
_ 1 N N+ 
L,= — naa eS ee = 0.57347, 
' Il-p l-p 
Pp bow 
P= 6, p= 0.0000262 
1—P,) ~ 
L,=L, ea 0.20898 Ans.] 


ya 


6) Ina car workshop, mechanic can repair only one car at a time and there are 10 
cars in the workshop. Only 10 cars can be parked in the workshop. If a customer 
comes to workshop and finds it full, he goes to the next workshop. The arrival rate 
of the customers to the shop is 10 per hour and the service time is negative 


ae 1 ; 
exponential with an average of —=2 minutes per customer. Find 


1. Probability that the workshop has no customer i.e. Py 


{Hint: N = 10, Arrival rate A =10 customers / hour = = = : = 0.166 customers / minutes 
Service rate LZ = = minutes / customers = 0.5, 9 = tal = vat = 0.332 
2 ae ° 05 
1 pe tee -_1-0.332_ 0.668 _ 0.668 _ 9 669 414) 


ee 1=p™" ~1=(.332)™" ~ 1-0:000005 0.999 


OBJECTIVE TYPE QUESTIONS 
1. Queue can form only when 
(a) Arrivals equals number of services 


(b) Arrivals exceed service capacity 
(c) Service facility is capable to serve all the arrivals 


(d) There are two service facilities 
Ans. (b) 
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2. 


, Ans. 


Ans. 


Ans. 


Ans. 


Ans, 


Customer behavior in which he moves from one queue to another with more 
than one server is known as 

(a) Reneging (b) Jockeying 
(b) a 


(c) Balking (d) None if them 


Multiple servers always will be in series, Statement is 


(a) True (b) False 
(c) Both (a) & (b) correct (d) none if the above 
(b) 


Multiple servers may be 
(a) In Series (b) In combination of Parallel and Series 
(c) In Parallel (d) All of the above 


(d) 


For a Poisson exponential single server and infinite population queuing model 
(a) The arrivals occur in a Poisson fashion 

(b) The system has a single service facility 

(c) Both (a) & (b) are correct (d) None of the above 


(c) 


For a Poisson exponential single server and infinite population queuing model 
which of the following is correct 


(a) E(n) =E(m) -/p (b) E(v)=E(w)-1/ 
(c) E(m)= AE(w) (d) E(n)=E(v) © 
(c) | 
Which of the following is correct? | 
(a) The distribution of waiting time is not related to queue discipline used in 

selecting the waiting customers for service. 
(b) The probability of a n customers arriving during a time interval t, 

according to Poisson law is given by P(n) e “(At)"/n! 
(c) When the waiting customer becomes impatient and decides to leave the 

queue, the customer is said to have balk. 
(d) In the generalized queuing model, an arrival can be considered as a death, 

where as a departure can be considered as births. 


8. Which of 

(a) Thec 
come 
(b) Thee 
of qu 
; (c) Both 

Ans. (a) 

9. The formu 
(a) Mean § 
(c) Mean § 
(d) Mean 

Ans. (d) 

10. The patter: 
(a) Service 
(c) Service 

Ans. (c) 

ll. Ifthe custc 
(a) Balking 

Ans. (c) 

12. The Traffic 
(a)<1 

Ans. (a) 

13. When the t 
is called 
(a) Transie! 

Ans. (b) 

14. If the opera 
called 
(a) Transie1 

Ans. (a) 

15. The Probab 
(a) 1-At 

Ans. (b) 


ar with more 


2 if them. 


suing model 


suing model 


line used in 
al t, 
1 leave the 


d as a death, 
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8. Which of the following is not correct? 
(a) The only way the customers are serviced in queuing situations is the first 
come — first service basis. 
(b) The expected length of the system should be equal to the expected length 
of queue plus one. 
(c) Both (a) & (b) not correct (d) None of the above 
Ans. (a) 
9. The formula of the traffic intensity is 
(a) Mean Service rate (b) Mean Arrival rate 
(c) Mean Service rate/ Mean Arrival rate 
(d) Mean Arrival rate/ Mean Service rate 
Ans. (d) 
10. The pattern according to which the customers are served is called 
(a) Service mechanism (b) Service rate 
(c) Service discipline (d) Arrival rate 
Ans. (c) 
11. If the customer leaves the counter due to some reason, it is called 
(a) Balking (b) Jockeying (c) Reneging (d) Priority 
Ans. (c) 
12. The Traffic intensity p is 
(a)<1 (b)>1 (c)=1 (d) e™ 
Ans. (a) 
13. | When the behavior of the system becomes independent of time then the state 
is called ‘ 
(a) Transient State (b) Steady State (c) Explosive State (d) None of them 
Ans. (b) 
14. If the operating characteristics (behavior) dependent on time then the state is 
called 
(a) Transient State (b) Steady State (c) Compressible State (d)None of them 
Ans. (a) 
15. The Probability of exactly one arrival in At time is given by 
(a) 1-At (b) AAt (c) P,t (1-At) (d) None of them 
Ans. (b) 
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16. 


Ans. 


21. 


Ans. 


22. 


The Probability of no arrival in At time is given by 
(a) 1-At (b) AAt (c) AAt-1 (d) None of them 


. (a) 


The model in which only arrivals are considered and no departures take place 
are called 


(a) Pure Death model eng __ (b) Pure Birth model 
(c) Both (a) & (b) ~ (d) None of them 


. (a) 


The model in which only departures are considered and no arrival take place 
are called 


(a) Pure Death model (b) Pure Birth model 
(c) Pure Death model/ Pure Birth model (d) None of them 


. (a) 


The Probability that one departure takes place in the small interval of time is 
given by 
(a) pAt (b) pAt? (c) 1-pAt (d) None of them 


~ (a) 


In the model of (M/M/1):(cc/FIFO),the cee number of customers/units in 
the system is oe by — 


(a) bg= + - ran (b)£,= aa (c) Le =i (d) None of them 
(a) 


In the reference of above question. expected number of customers/units i in the 
queue is ae by : | 


(a) i, > 
(a) 


“e Pape ee 7 | 
ras (b) i, = (c) Ls = ae (d) None of them 


‘In the reference of above question the expected waiting time per customer or 


unit in the system and expected waiting time per customer or unit in the queue 
respectively is given by 


(a) W,= =i, W, = W, =] )W,=2, We=W,—u | 


ue 


() We ele X. WW l/p d) None of them 


. (a) 
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8.1 


STOCHASTIC PROCESSES 


“Attitudes are more important than facts.” 


INTRODUCTION TO STOCHASTIC PROCESSES 


A stochastic process is a sequence of random variables {x,} where teT is 
time. The range space for x; may be discrete or continuous. (In other words to 
analyse any mathematical model, we require not only several random 
variables.but also several different families of random variables which are 
functions of time. For example, In the queuing system; waiting in a queue w 
(t) is a random function of time. Such random functions of time are called 
stochastic processes. Some types of stochastic processes are given below 


8.1.1 Discrete State and Continuous state process 


Discrete state and continuous state processes depend on the values the state 
can take. values of state may be finite (countable) or infinite. If values of state 
are finite or countable the process is called a discrete — state process. For 
example the number of customers in a queuing system can take only discrete 
values; it is called discrete state process. The waiting time W (t) may be 
infinite, is called continuous state process. 


8.1.2. Markov Process 


This chapter introduces a special type of stochastic process called.a Markov 
process. If the futures state of a process depends only on the present and is 
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8.2 


8.3 


independent of the past, then the process is called a Markov process. In 
Markov process, next state can be analyzed based on the present state. A 
discrete state Markov process is called a Markov chain. For example a 
sequence of repeated trial of an experiment in which the out come at any step 
in the sequence depends at most on the out come of the preceding step and 
not on any other previous out come. Such a sequence is called a Markov 
chain or Markov process. There are two types of Markov chains 


1) Discrete — Time Markov chains 
2) Continuous — Time Markov chains 


Examples > 

1) A man either eats idly or vada each day. He never eats Idly for continuous 
2days but if he eats vada then the next day he is just as likely to eat it 
again as he is to eat Idly. 

2) A man goes to office by either Bus or Taxi. If he goes one day by Bus he 
is 70% sure to go by Taxi next day, but if he goes by Taxi one day he is 
60% sure to go by Taxi next day. 


PROBABILITY VECTOR 
A vector e = [e1,€. senses 2n| is called a probability vector if its all elements 
are positive (nonnegative) and their sum is one that is 

1) Each e,20 2) Cy Fy Teerererseens +é@, =1 
STOCHASTIC MATRIX 


A square matrix P = [Pj] is called a stochastic matrix if each row of P is a 
probability vector. 

8.3.1. Theorem 

If two matrices A and B are stochastic matrices, then the product A.B is also 
a stochastic matrix. All powers of A and all powers of B are stochastic 
matrices. > ~ 


van 


8.4. REGULAR STOCHASTIC MATRIX 


A stochastic matrix P is said to be regular if all the elements of some power 
P* of P are positive. 


8.5. TRANSITION MATRIX 


A Markov process or Markov chain consists of a sequence of repeated trials 

of an experiment with the property that 

1) In the experiment of repeated trials each out come belongs to a finite set 
{b,,b>.......5,} called the state space of the system. 


2) In 
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2) In the experiment of repeated trials, the outcome of any future trial 
depends only on the outcome of the present (preceding) trial and not on 
any other previous or past trial. 


For the given probability p,,, if b ), occurs immediately after b;, the following 
n — square matrix. 


Di Bs, ef e b,, 
| Py Pi2 a. Pin 
by} Pr P22. P2n 

P= 
b, Pu Pn2 vases Pun 


This matrix P is called the transition matrix of Markov process. 


Thus transition matrix is a rectangular array which consist the transition 
probabilities for a given Markov process. In transition matrix row denotes the 
current state of the system and the columns denote the alternative states to 
which the system can move. 


In the transition matrix of the Markov chain if Py =9, when no transition 
occurs from state i to j (Transition is impossible) and pj =1, when the 
system is moving from i to j. 
8.5.1. Theorem The transition matrix M of a Markov process is a stochastic 
matrix. 

8.6 MARKOV PROCESS CLASSIFICATION OF STATES 
Suppose a transition matrix P, with Markov process is 


Pu Piz, Pin 

Pri P22 P2n 
P= 

Pri Pua + + + Prn 


The probability vector is 
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8.7 


Then i the distribution of the Markov process has following probability vector 
e; = [ei 9&9 Sovees Cin | 
Ifthe initial state distribution at time t = 0 is ep. 


Then the subsequent state distribution can be abstained by multiplying the 
previous state distribution by the transition matrix P 


& P=e 

€; P= ey 

Cy P= & 

€; P=e4 -----— 

& = &oP 

€) =e P=(@P)P=eoP™ 

3 =e) p=(e,P) P=(@oppP) P=% p 
8.6.1 Theorem 


If an initial state distribution ep is given 
Then for i = 1, 2 --------- 


€ = &)_1 P= eop' 
TRANSITION DIAGRAM 
Two transition diagrams are shown in the figure, it shows the transition 


probabilities. The states are vertices in the diagram and probability Pj is 
denoted by arrow (edge) from state b; to the state bj. 


1/2 


ok, 
Pad ON. 


(Diagram a) (Diagram b) 
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2+5+0 
| => Non ze 


Example 8.2 : 
probability vect: 


Solution 


For given 
V, which 
by multip| 


ene 
8 


ty vector 


lying the 


transition 
lity Pi is 
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Transition matrix of the diagram a, 
bh bb 
bj1/2 0 1/2 
P=b| |! 0 0 
b)1/2 1/2 0 


Transition matrix of the diagram b, 
. Be By Be By 


Bb} 0 1/2 1/2 0 
by} 0 1/2 1/2 0 


Si 
bl1/2 0 0 1/2 
blt/2 0 0 1/2 
SOLVED EXAMPLES 


Example 8.1 : Show that the non zero vector e = [2,5,0,1] is the probability vector. 
Solution 

Given non zero vector e = [2, 5, 0, 1] is not a probability vector 

For any vector to be a probability vector it should follow two conditions 

(1) All entries should be non negative 

(2) Addition of al entries should be one. 


For the given non zero vector all entries are positive but addition of all 
entries is 


2+5+0+1=8#1 
= Non zero vector e = [2, 5,.0, 1] is nota probability vector. 


Example 8.2 : In the previous example for the non zero vector e = [2, 5, 0, 1] find 
probability vector. 


Solution 


For given non zero vector e = [2, 5, 0, 1] there is a unique probability vector 
V, which is a scalar multiple of e. This probability vector V, can be obtained 
by multiplying e by the reciprocal of the addition of its entries. That is 


y=te=|2 248 4 


ae ae aa ae 


8.6 Problems and Solutions in Probability & Statistics 


Example 8.3 Check the following stochastic matrix is regular or not 


ble 
7/8 1/8 


We know. that for any stochastic matrix to be regular, all the entries or 
elements of some power, p* of p should be positive for the given matrix 


ve | “ge ‘| 
7/8 1/8) L7/8 1/8 


Ix1+0x7/8 1x04+0x1/8 
7/8x141/8x7/8 7/8x0+1/8x1/8 


ed 
63/64 1/64 


A? = A’xA 


es eae 
63/64 1/64] L63/64 1/64 


1x 1+0x 63/64 1x0+0x1/64 
= | 63 1 63 63 bet 


+—x—— =x 


64 64 64 64 64 64 
1 0 
= | 4095 1 


4096 4096 


=> A is not a regular matrix, since every power A* of A will have 1 and 0 in 
the first row. : 


Solution 


Example 8.4: Suppose A = ° | 
1/2 1/2 


Square stochastic matrix, and e = [1/2 1/2] is a probability vector than show 
that eA is also a probability vector 


Solution 
First we have to find eA matrix by multiplying e matrix with A, 


eA =[1/21/2] ae | 


1/2 1/2 


Since the 


Thus eA : 


Example 8.5: 


| 0 
1 0. 
Solution 


(a) 


Thus ever 
entries, an 


(b) A 


- entries or 
atrix 


e 1 and 0 in 


r than show 
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= [Sorts 2x1/2 U/2x141/2x1/2 | 
=[1/4 3/4] 
Since the sum of the elements of (e. A) Matrix is 


Thus eA is a probability vector. 


Example 8.5 ; Determine which of the following stochastic matrices are regular 


0/2 1/2 0 
@|' y )| 0 1 0 
1 0 2 ta la 


Solution 


#.|! ° | | 
Ll OJ LI 0 
_ | 1x1+0xl 1x0+0x0] 1] 9 
Benes Seal q 
AM=A™xA | 


ae 


Thus every power of A is the matrix A. Thus every power of A has zero 
entries, and so A is not regular. 


1/2 1/2 0 
(b) A =/0 1. 0 
1/2 1/4 1/4 


1/2°1/2. Ol) paso 6 
A=|/0 1 0 0 1 O 
1/2 1/4 1/4] [1/2 1/4 1/4 


8:8 Problems and Solutions in Probability & Statistics 


1/2x1/24+1/2x0+0x1/2 = 1/2x1/2+1/2x14+0x1/4 = 1/2x0+1/2x0+0x1/4 
= 0x1/2+1x0+0x1/2 Ox1/2+1x1+0x1/4 0x0+1x0+0x1/4 
1/2x1/2+1/4x041/4x1/2 1/2x1/2+1/4x141/4x«1/4 1/2x0+1/4x041/4x1/4 


1/4 3/4 0 
=| 0 I 0 
3/8 9/46 1/16 
Thus A is not regular. 
Matrix A, has one in the diagonal element 
=> A is not regular. 
1 3 -l 
Example 8.6: GivenA=/2 1 2 /& u=[l 3 -2]findu.A 
11 1 
Solution 
3 -1 
uA=[I 3. -2] 1 2 
1 1 


— KR — 


=[1x 143% 24(-2)x 1 1x 343% 14-2) x 1 1x (-1)+3x 2+(-2) x 1] 
= [146-2 3+3-2 -1+6-2] 


=[5 4 3] 
Example 8.7 : Find the unique fixed probability vector S of each matrix 
1/2 1/2 
Ore 0.3 0.4 (b) B= 
= LOS: 0:5). oe 2/3 1/3 
Solution 


Suppose probability vectors 
S= [x 1-x] s.t.S.A=S 
0.3 0.1 


a) as] ? 


[0.3x+(1—x)0-5 0.7x+(1-x)0.5]=[x 1-x] 
[0.3x+ 0-5-0.5x 0.7x +0.5-0.5x] = [x 1-x] 


(b) 


Th 


Su 


0+0x1/4 
Ox1/4 
4+1/4x1/4 


(2) x1] 


(b) 


Sfochastic processes 8.9 


[0.5-0.2x 0.5+0.2x]=[x 1-x] 


On comparing with L.H.S we obtain the following two equations. 


0.5 -0.2x =x 0.5 + 0.2x = I- x 
0.5=1.2x 1.2x=0.5 

0.5 
xX = — 

1.2 

= 0.4166 


Thus S = [x 1-x] 

= [0.4166 1-0.4166] 

= [0.4166 0.5834] 
— be a 

2/3 1/3 
Suppose probability vector 
S= [x 1~ x] st. SB=S 
LQ. 1/2 


teed Be 7 a 


Pee bo 
Foe preqd-2)| =f 1-x] 


253 | ees 
~->KxXEX —xt+-=1-x 
3 6 6 3 

On solving on solving 
x= 4/7 x =4/7 


Thus S = [x 1-x] 


[4/7 1-4/7] 


[4/7 3/7] 


8.10 Problems and Solutions in Probability & Statistics 


Example 8.8 Check the following stochastic matrix is regular or not 1 
0 1 0 3° 
A=/1/5 2/5 2/5 
1/3 1/3 1/3 x+ 
Solution 
We know that for any stochastic matrix to be regular, all the entries or 3? 


elements of some power P* of P should be positive for the given matrix 


O° P20 PO. a 0 On 
AS NTS DIS 27S eis 275. 275 
1383. 173 1/3 1/3 1/3 a 
e 
0x0+1x«1/5+0x1/3 Ox1+1x2/54+0x1/3 0x0+1«x2/5+0x1/3 nor 
=11/5x04+2/5x1/54+2/5x1/3 1/5x14+2/5x2/5+2/5x1/3 1/5x0+2/5x2/5+2/5x1 Fira 
1/3x04+1/3x1/541/3x1/3 9 1/3x14+1/3x2/54+1/3x1/3-1/3x04+1/3x2/5+1/3x1 Fro 
1/5 2/5 2/5 ; Thi 
=| 16/75 -37/75 22/75 | 
1+5+4 
24/135 26/45 33/135 
ge teas me S = [I/1¢ 
=> A is regular since, all entries in A“ are positive. 
; : pn ‘ Method |] 
Example 8.9 Find the unique fixed probability vector S of the following regular 
: : ; If the pro! 
stochastic matrix 
0 1 0 | : [x y 1 
P=|1/5 2/5 2/5] 
0-1/2" 1/2 . [x y 1 
Solution Method I , 
Suppose unique fixed vector u 1 
u=[x y z] of P : [ror yxt4 
Form the matrix equation 
0 1 0 
[x y z| 1/5 2/5 27/5 = [x y z] zy mie ys 
0 1/2 1/2 2 > 
. ' 
l 2 1 Bed iM Ses =y=x 
Oxx+—x y+Ox2 xxl+—xyt—x2 Oxxt+—yt—x 2 |= |x Zz 
a a, ra | [ey 2] 5 
y = 5x 
Ep. eee yee =[x z| 
SG 4 
Probabilit 


: 
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1 
_ =X 1 
rg (1) 
2 1 
x+—yt—z=y 2 
setae (2) 
2 1 
> entries or er ee (3) 
atrix : F 
On solving equation | (3) 
? 4 
We know that the system has a non zero solution. To assign arbitrary 
i+0x1/3 non zero value to one of the unknowns x = 1 
15421 5xI From equation (1) y =5 
baelagel From equation (3) z= 4 


Thusu=[1 5 4] isa fixed point of P. 
1 +5 +4 = 10 then unique fixed probability vector of P is 
S = [1/10 5/10 4/10]=[1/10 1/2 2/5] 


; Method II 
‘ing regular If the probability vector is S s.t SP = S, it can be represented in the form 


[x y 1-x-y] From the following matrix equation 
0 1 0 

[x y I-x-y] 1/5 2/5 2/5 =[x y l-x-y] 
OQ) AQ: 12 . 


[x04 yxd-r(l-x=y)x0 welt yxee(-x- 91/2 mOrZy+(I-x- ya 


= [x y I-x-y] 
ae as ee 
BE a ata ere 2 ya5 gx 59 |= y x-y] | 
1 1 1 1 
[x » 2] Sees | » 2 oe 
y = 5x Keeping y = 5x 
x= 1/10 
y=1/2 


Probability vector 


[ 
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eee 
10 2 5 
Example 8.10 Suppose ¢é =[1/2 1/2] i8 the initial state distribution for a 
markov process with the following transition matrix. 


p= [0 e 
1 0 Example 8.11 F 
Find e), e2 and e3 which are given 
Solution 
We know that 
& =o P 
=[1/2 1/2] i a 
= [1/2 x1/24+1/2x1 1/2x1/2+1/2x0] e< 
[ps 44] 
= [3/4 1/4] | 
€2=& P Solution 
1 i212 
-|3 All 1 | 
Seles. seek at P= 
a berare ara 
[344 +0) Example 8.12 
8 4 8 given below. 
ol 
‘18 8 =) 
=P 


tion for a 


. Stochastic processes 8.13 


SS ee a2 
gs s}i{ 1 oO 


Example 8.11 Find the transition matrix corresponding to each transition diagram 
which are given below. 


Di 
Piaeranye) (Diagram b) 


Solution 
b bb. b 
ic b ne oe ay 
bfi/2 1/2] : 
= P=b| 0 1/2 1/2 
Bl TL2 U2 an 
- dbl oO oO 1 


sj Example 8.12 Draw a transition diagram for each transition matrix which are 


| given below. 


by b 
4 b : Wer 
(a) bfl/2 1/2 (b) 
| P= P=b|1/2 1/2 0 
b| 1 0 


| b| 1 0 0 


8.14 Problems and Solutions in Probability & Statistics 


Solution: 


1/2 1/2 
1/2 2 
‘Om OMEOMNO 
; 1/2 


(Diagram a) (Diagram b) 


Example 8.13 A person A goes to Tirupathi temple Padmavathi temple & 
Shrikalahasthi. A always goes first Tirupathi then Padmavathi temple then 
Shrikalahasthi. If A first goes to Shrikalahasthi he is just as likely to go Tirupathi & 
padmavathi temple. Find the transition matrix of this markov process 
Solution 

Tirupathi temple — T 

Padmavathi temple — P 

Shrikalahasthi +s 


rT PS 

T; 0 1 0 
T=P| 0 0 1 
S|1/2 1/2 0 


Example: 8.14 A student tries to take admission in only three college A, B and C. 
first he goes to college A, second day to college B then third day to C. He never 
goes to some college in two continuous days. But if he goes either B or C, then the 
next day he is twice as likely to go to college A. Find out how often, in the long run 
he tries to each college 


Solution 
The transition matrix of Markov process is 
A B Cc 
Al O41 0 
P=B\2/3 0 1/3 
C|2/3 1/3 0 


nN 


w | oe 


TI 
4! 


\/2 


? 


1/2 


ii temple & 
temple then 
) Tirupathi & 


> A, B and C. 
1 C, He never 
or C, then the 
n the long run 
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Suppose fixed vector u = [x y z] of transition matrix P. Thus 


0 1 0 
[x y z]]2/3 0 1/3) =[x «y z] or 
2/3 1/3 O 
2 2 
qa (1) 
pie yey (2) 
3 
tyer 3) 
3 


We know that the system has a non zero solution. To assign arbitrary 
non zero value to one of the unknowns. 


z=1 
From equation third y=3 


From equation first Sx3+xl=x 


6+2 
3 


=X 
8. 
—-=x 
3 
Thus u = [x y z} 
8 F : 
-|3 3 | is a fixed point of P. 


; +341= = Then unique fixed probability vector of P is 
20 3/20 1,204 
3; 13 


& 
gee Soe ee ee 
£20 1 20-1 20 
-|2 = | [0.40 0.45 0.15] 
5 20 20 


Thus, in the long run, he (student) tries 40% of the time in college A, 
45% of the time in college B and 15% of the time in college C. 


8.16 Problems and Solutions in Probability & Statistics 


Example 8.15 A representative from book publishing company, distributes books in 
only two engineering colleges A and B. First he goes to college A and second he 
goes to college B. He never goes to same college in two continuous days. If he goes 
to college B then the next day he is just as likely to go again as he is to go to college 
A. Find out how often, in the long run he goes to each college. 


Solution 
The transition matrix of the Markov process is 


A B 


ATO 1 
P= 
Ane 7 


Suppose fixed vector u = [x y] of transition matrix P. Thus 


0 1 
coed c AG: | 
a= () 


1 
+—y= 2 
ar daa (2) 


We know that the system has non zero solution. To assign arbitrary non 
zero value to one of the unknowns x = 1 


1 


From equation (1) y =2 
Thus u=[x y] 
u= [1 2] 
1 + 2 =3 then unique fixed probability vector of P is 
S= [1/3 2/3] 


Thus in the long run, he (representative) goes 1/3 of the time to college 
A and 2/3 of the time to college B. 


Stochastic Pro 
1) Is the no: 
[Hint: All 

Given noni 


2)  Forther 
[Hint: v=1 


3) If A= 


‘ 


vector tt 
[Hint: eA: 
eA is a prc 


4)  GivenA 


[Hint: ux. 


= fl 
= fi 
= fl 


5) Check t 


[Hint:A? 


A is regu 


NE 
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s books in 
second he EXERCISE 


If he goes Stochastic Process 


to college 1) Is the nonzero vector e= [2, 6, 0, 1] is a probability vector? 
[Hint: All entries are nonnegative but addition of all entries=2+6+0+1=941 
Given non zero vector is not a probability. vector Ans.] 


2) For the nonzero vector e= (2, 6, 0, 1] find probability vector 
[Hint: v=1/9 xe= [2/9, 6/9, 0/9, 14} - Ans} . 


1 
3) If A= 3 | is a square stochastic matrix and e=[3/4 1/4] is a probability 


4 4 
vector then show that eA is also a probability vector 


[Hint: eA= [13/16 3/16] since the sum of the elements of (eA) matrix is 13/16+3/16=1, Thus 
eA is a probability vector Ans.] 


1-r 1 
4) GivenA=|3 2 -2| & u=[123]FinduxA. 
11 1 


bitrary non 11 1 
[Hint uxA=[123]}x|3 2 -2 
11 1 


= [PxD42x343x1 1K 142«243%T 1142%-243%1] 
= [1+6+3 14443 1-443] 
= [10 8 0] Ans} 


5) Check the following stochastic matrix is regular or not. 


0 1 
> to college A=] 1 


3 
4 
[Hint:A?= A x A= | 


16 16 


A is regular since, all entries in A? are positive Ans.] 


3 
4 
13 


Ww | 


| 


a a eee 
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6) Find the transition matrix correspondingly to transition diagram which is 


given below. 


1/2 1/2 


1/2 
Di 
(Diagram a) (Diagram b) 
bb, 
(Hint: a) pabfl/2 1/2 ame 
ea *G 


OBJECTIVE TYPE QUESTIONS 


1. In the following non zero vector which is probability vector 

a) e = [2, 5, 3, 0] b) e = [3, 1, 0, 5]. 

c)e = [3/9, 1/9, 0, 5/9] d) None of the above 
Ans. (c) 
2. Which of the following of stochastic matrix is regular matrix? 

e - b ‘al Ola 1° 
a) b) c) d)'None of the above 
1/2 1/2 1 ge ee [7/8 1/8 

Ans. (a) 
3. Which of the following of stochastic matrix is not regular matrix? 


0 1 0 1 1 0 
a) b) c) d) None of the above 
172° Ti2 3/4 1/4 3/4 3/4 


Ans. (c) 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Which of 


Which of 


a) ; 
1/2 


. (c) 


Which of 


ol 
1/2 


(c) 


in the abo 
a) (a) is se 
Cc) (a) is nc 


(c) 
In the follc 
a) [3/9 1 


c) [1/2 1 
(c) 


In markov 
a) Equal to 
c) Less tha 
(a) 


7 


vhich is 


f the above 


K? 


of the above 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 
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Which of the following is stochastic matrix? 


1/2 1/2 2 ] 

a) ie 1/3 a b) {1/2 1/2] c) 3 03 d) None of the above. 

1/2 1/2 0 1 0 100 
(d) 
Which of the following is not a stochastic matrix? 

4 1 0 0 t op 
a) ' | by} 1/2 1/2 Oj} c)} 3 $3 d) None of the above 
0 0 1 1/2 1/2 0 


(c) 


Which of the following is stochastic matrix? 
a, oat 1 0 0 
a) I ° | b) | c)]| 0 0 1] d) None of the above 


- (¢) 


1/2 1/2 0 ae 1/2 1/2 0 

in the above question (a) is not a stochastic matrix since 

a) (a) is sequence matrix b) (a) is having only two rows 

C) (a) is nota square matrix |. d) None of the above 

(c) 

In the following non zero vectors which is not a probability vector 
1 1 1 1 

a) {3/9 1/9 0 5/9 bj- = -= = 

) ) F 2 4 ;| 

c) [1/2 1/3 1/6 1/6] d) None of the above. 

(c) 

In markov analysis, sum of the transition probabilities must be equal to 

a) Equal to | b) greater than one 

c) Less than one d) none of the above _ 


(a) 
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10. The transition matrix P of a Markov process is a 


a) Stochastic matrix b) Always not stochastic matrix 
c) Probability vector d) None of the above 
Ans. (a) 
11. Inthe transition matrix of the Markov chain if P;j = 0, it denotes 
a) System is moving from j to i b) System is moving from i to j 
c) Transition is possible _ d) Transition is impossible 
Ans. (d) 


12. Inthe transition matrix of the Markov chain if P;, = 1, it denotes 


a) System is moving from j to i b) Both (a) & (c) one correct 
c) System is moving from i to j d) Transition is impossible. 
Ans. (c) 


13. Ina matrix of transition probability 
a) The element Pj; denotes the probability of the system is moving from i to j 
state or j to i state. 
b) Pj; = 0, denotes that transition is possible 
c) The sum of probability of each row is equal to one 
d) All of above are correct. 
Ans. (c) 


14. Ina matrix of transition probability, the sum of the probability values must be 
equal to one, in each : 


a) Row b) Column 
c) Row & column both d) None of the above 
Ans. (a) 


15. Which of the follow ing is correct? 


a) Transition “robabilities can also be represented by a probability tree diagram. | 


b) The transition matrix P of a markov Process in not a stochastic matrix 
c) In Mark or analysis, sum of the transition probabilities must be equal to zero 
d) All of the above incorrect. 

Ans. (a), 


Binoi 


{Bine 
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5s 
Critic 
Value 
Value 
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c matrix 
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APPENDIX 


Statistical Tables 


Binomial distribution Function 


[Binomial probability sums: > d(x5n, p)= >My | ec | 
x=0 


x=0 


. Poisson Distribution Function 


x k 
[Poisson probability sums: F(x: A) = ye" © ] 
k=0 


. Areas under the standard Normal 


curve from 0 to z (Normal Tables) 

to, — Critical values of the t-distribution 

ae — Critical Values of the chi-squared Distribution 
Critical Values of the F-Distribution 

Values of Fy o5(¥,,¥,) 

Values of Foo, (V2) 


Fisher’s Z-Transformation 


(Values of Z a fee} 
2 I-r 


Reference table of critical Values for a given L.O.S a 


A.2 Problems and Solutions in Probability & Statistics 


2 Binomial distribution Function 


Binomial probability sums: Y dlxsn, p)= 


Z 
x N-X 

DNey Pq 

x=0 . 


5 ae —T Sees oy = 
njr| 010 | 0.20 | 0.25 0.30 | 0.40 0.50 | 0.60 | 0.70 | 0.80 | 0.90 
110! 09000 | 0.8000 | 0.7500 | 0.7000 } 0.8000 | 0.5000 } 0.4000 ; 0.3000 0.2000 | 0.1000 
1 | 1.0000 | 1.0000 1.0000 | 1.0000 | _ 1.0000 _[ 1.0000 | 1.0000 1.0000 1.0000 | 1.0000 | 

2/0| 08100 | 0.6400 | 0.5625 0.4900 | 0.3600 | 0.2500 | 0.1600 | 0.0900 | 0.0400 | 0.0100 
+ | 0.9900 | 0.9600 } 0.9375 | 0.9100 | 0.8400 | 0.7500 | 0.6400 | 0.5100 | 0.3600 | 0.1900 
>| 4.0000 | 1.0000 | 1.0000 | 1.0000 } 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 

+ ai bere I + 

3101 0.7290 | 0.5120 | 0.4219 | 0.3430 | 0.2160 | 0.1250 | 0.0640 | 0.0270 | 0.0080 | 0.0010 
41 0.9720 | 0.8960 | 0.8438 | 0.7840 | 0.6480 me [ae 88 [nce 0.0280 
> | 0.9990 | 0.9920 | 0.9844 | 0.9730 | 0.9360 | 0.8750 | 0.7840 0.6570 | 9 4880 | 0.2710 
3 | 1.9000 | 1.0000 | 1.0000 | 1.0000 1.0000 _| 1.0000 4.0000 ; 1:0000 | 1.0000 | 1.0000 

L L 

2/0! 06561 | 0.4096 | 0.3164 | 0.2401 | 0.1296 | 0.0625 | 0.0256 } 0.0256 | 0.0016 | 0.0001 
1 | 0.9477 | 0.8192 | 0.7383 | 0.6517 | 0.4752 | 0.3126 | 0.3125 | 0.0837 | 0.0272 | 0.0037 
>| 0.9963 | 0.9728 | 0.9492 | 0.9163 | 0.8208 | 0.6875 0.6875 | 0.3483 | 0.1808 | 0.0523 
3| 0.0000 | 0.9984 | 0.9961 | 0.9919 | 0.9744 | 0.9375 0.9375 | 0.7599 | 0.5904 | 0.3429 
41 4.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 
0 | 0.5905 | 0.3277 | 0.2377 | 0.1681 | 0.0778 0.0102 | 0.0024 | 0.0003 | 0.0000 
11 0.9185 | 0.7373 | 0.6328 | 0.5282 | 0.5282 | 0.1875 0.0308 | 0.0067 | 0.0005 
>| 0.9914 | 0.9421 | 0.8965 | 0.8369 | 0.8369 | 0.5000 0.1631 | 0.0579 | 0.0086 
31 0.9995 | 0.9933 | 0.9844 | 0.9692] 0.9692 | 0.8125 0.4718 | 0.2627 | 0.0815 
4} 1.0000 | 0.9997 | 0.9990 | 0.9976 | 0.9976 | 0.9688 0.8319 | 0.6723 | 0.4095 
eal 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 4.0000 | 1.0000 | 1.0000 

Pee roenrere | : 

6101 0.6314 | 0.2621 | 0.1780 | 0.1176'| 0.0467 | 0.0156 | 0.0041 | 0.0007 | 0.0001 | 0.0000 
+ | 0.8857 | 0.6554 | 0.5339 | 0.4202 | 0.23333 | 0.1094 | 0.0410 | 0.0109 | 0.0016 | 0.0001 
>| 0.9841 | 0.9011 | 0.8306 | 0.7443 | 0.5443 | 0.3438 | 0.1792 | 0.0708 | 0.0170 | 0.0013 
3| 0.9987 | 0.9830 | 0.9624 | 0.9295 | 0.8208 | 0.6563 | 0.4557 | 0.2557 | 0.0989 | 0.0158 
4| 0.0000 | 0.9984 | 0.9954 | 0.9891 | 0.9590 | 0.8906 j 0.7667 | 0.5798 | 0.3447 | 0.1143 
5 | 1.0000 | 0.9998 | 0.9998 | 0.9993 | 0.9959 | 0.9844 | 0.9533 | 0.8824 | 0.7379 | 0.4686 
6 4.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 

Tol + — { } + }_ | 

7101 0.4783 | 0.2097 | 0.1335 | 0.0824 | 0.0280 | 0.0078 | 0.0016 | 0.0002 | 0.0000 
+ | 0.8503 | 0.5767 | 0.4449 | 0.3294 | 0.1586 | 0.0525 | 0.0188 | 0.0038 | 0.0004 | 0.0000 
>| 0.9743 | 0.852¢ | 0.7564 | 0.6471 | 0.4199 | 0.2266 | 0.0963 | 0.0288 | 0.0047 | 0.0002 
3| 0.9973 | 0.9667 | 0.9294 | 0.8740] 0.7102 | 0.5000 | 0.2898 | 0.1260 | 0.0333 | 0.0027 
4| 0.9998 | 0.9953 | 0.9871 | 0.9712 | 0.9037 0.5801 | 0.3529 | 0.1480 | 0.0257 
5 | 1.0000 | 0.9996 | 0.9987 | 0.9962 | 0.9812 0.8414 | 0.6706 | 0.4233 | 0.1497 
6 4.0000 | 0.9999 | 0.9998 | 0.9984 0.9720 | 0.9176 | 0.7903 | 0.5217 

| i7| ‘ia _[.1.0000 | 1.0000 | 1.0000 1.0000 | 1.0000 | 1.0000 | 1.0000 
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0.9996 
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0.6974 
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0.9972 
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Pre yl 
) 0.90 


—E - 
30 | 0.1000 
30 ; 1.0000 


——E 
00 } 0.0100 

00 | 0.1900 
00 | 1.0000 


—t 
80 | 0.0010 
(40 | 0.0280 
i80 | 0.2710 
100 | 1.0000 
tL —_—_ 


16 | 0.0001 
272 | 0.0037 
308 | 0.0523 
304 | 0.3429 


1.0000 
an 
0.0000 


0.0005 
0.0086 
0.0815 
0.4095 


4.0000 
a 


0.0000 
0.0001 
0.0013 
0.0158 
0.1143 
0.4686 
1.0000 


0.0000 
0.0002 
0.0027 
0.0257 
0.1497 


0.5217 
4.0000 
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n Lr | 0.10 0.20 0.25 fase 0.40 0.50 | 0.60 0.70 0.80 0.90 
O | 0.4305 ; 0.1678 0.1001 0.0576 | 0.0168 | 0.0039 | 0.0007 | 0.0001 | 0.0000 
1 | 0.8131 | 0.5033 | 0.3671 | 0.2553 |! 0.1064 | 0.0352 | 0.0085 | 0.0013 | 0.0001 
2 | 0.9619 | 0.7969 | 0.6785 | 0.5518 | 0.3154 | 0.1445 | 0.0498 | 0.0113 | 0.0012 | 0.0000 
3 | 0.9950 | 0.9437 | 0.8862 | 0.8059 | 0.5941 | 0.3633 | 0.1737 | 0.0580 | 0.0104 | 0.0004 
4 | 0.9996 | 0.9896 | 0.9727 | 0.9420 | 0.8263 | 0.6367 |; 0.4059 | 0.1941 | 0.0563 ; 0.0050 
5 | 1.0000 | 0.9988 | 0.9958 | 0.9887 | 0.9502 | 0.8555 | 0.6846 | 0.4482 | 0.2031 | 0.0381 
6 0.9991 | 0.9996 | 0.9987 | 0.9915 | 0.9648 | 0.8936 | 0.7447 | 0.4967 | 0.1869 
7 1.0000 | 1.0000 | 0.9999 } 0.9993 | 0.9961 | 0.9832 | 0.9424 | 0.8322 | 0.5695 
8 1.0000 | 1.0000 | 1.0000 ; 1.0000 | 1.0000 } 1.0000 | 1.0000 
aE.  oaecel - 
9} 0 | 0.3874 ; 0.1342 | 0.0751 | 0.0404 | 0.0101 | 0.0020 | 0.0003 ; 0.0000 
1 | 0.7748 | 0.4362 | 0.3003 | 0.1960 | 0.0705 | 0.0195 | 0.0038 | 0.0004 | 0.0000 
2 | 0.9470 | 0.7382 | 0.6007 | 0.4628 | 0.2318 | 0.0898 | 0.0250 | 0.0043 | 0.0003 {| 0.0000 
3 | 0.9917 | 0.9144 | 0.8343 | 0.7297 | 0.4826 | 0.2539 | 0.0994 ; 0.0253 | 0.0031 | 0.0001 
4 | 0.9991 | 0.9804 | 0.9511 | 0.9012 |; 0.7334 | 0.5000 | 0.2666 | 0.0988 | 0.0196 | 0.0009 
5 | 0.9999 | 0.9969 | 0.9900 | 0.9747 | 0.9006 | 0.7461 | 0.5174 | 0.2703 | 0.0856 | 0.0083 
6 | 1.0000 } 0.9997 | 0.9987 | 0.9957 | 0.9750 | 0.9102 | 0.7682 | 0.5372 | 0.2618 | 0.0530 
7 4.0000 | 0.9999 | 0.9996 | 0.9962 | 0.9805 | 0.9295 } 0.8040 | 0.5638 | 0.2252 
8 1.0000 | 1.0000 | 0.9997 | 0.9980 | 0.9899 ; 0.9596 | 0.8658 
9 1.0000 | 1.0000 | 1.0000 } 1.0000 | 1.0000 
10| 0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 joss 1.0000 | 1.0000 | 
11] 0 | 0.3138 | 0.0859 | 0.0422 | 0.0198 | 0.0036 ; 0.0005 
1 | 0.6974 | 0.3221 | 0.1971 | 0.1130 | 0.0302 | 0.0059 
2 0.0327 | 0.0059 | 0.0006 ; 0.0000 
3 0.1133 | 0.0293 | 0.0043 | 0.0002 
4 0.2744 | 0.0994 | 0.0216 | 0.0020 | 0.0000 
5 0.5000 | 0.2465 | 0.0782 ; 0.0117 | 0.0003 
6 0.7256 | 0.4672 | 0.2103 | 0.0504 | 0.0028 
7 0.8867 | 0.7037 | 0.4304 | 0.1611 | 0.0185 
8 0.9673 | 0.8811 | 0.6873 | 0.3826 | 0.0896 
9 0.9941 | 0.9698 | 0.8870 | 0.6779 | 0.3026 
10 0.9995 | 0.9964 | 0.9802 | 0.9141 | 0.6862 
pe 1.0000 1.0000 | 1.0000 1.0000 1.0000 | 
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0.2824 
0.6590 
0.8891 
0.9744 
0.9957 
0.9995 
0.9999 
1.0000 


0.0687 
0.2749 
0.5583 
0.7946 
0.9274 
0.9806 
0.9961 
0.9994 
0.9999 
1.0000 


0.0317 
0.1584 
0.3907 
0.6488 
0.8424 
0.9456 
0.9857 
0.9972 
0.9996 
1.0000 


0.0138 
0.0850 
0.2528 
0.4925 
0.7237 
0.8821 
0.9614 
0.9905 
0.9983 
0.9998 
1.0000 


0.40 { 
0.0022 
0.0196 
0.0834 
0.2253 
0.4382 
0.6652 
0.8418 
0.9427 
0.9847 
0.9972 
0.9997 
4.0000 


0.0002 
0.0032 
0.0193 
0.0730 
0.1938 
0.3872 
0.6128 
0.8062 
0.9270 
0.9807 
0.9968 
0.9998 
1.0000 


0.0000 
0.0003 | 0.0000 
0.0028 | 0.0002 
0.0153 | 0.0017 
0.0573 | 0.0095 
0.1582 | 0.0386 
0.3348 j 0.1178 
0.5618 | 0.2763 
0.7747 | 0.5075 
0.9166 | 0.7472 
0.9804 | 0.9150 
0.9978 | 0.9862 
1.0000:| 1.0000 


0.0000 
0.0001 
0.0005 
0.0043 
0.0256 
0.1109 
0.3410 
0.7176 
1.0000 
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0.2542 
0.6213 
0.8661 
0.9658 
0.9935 
0.9991 
0.9999 
1.0000 


0.5846 
0.8416 
0.9559 
0.9908 
0.9985 
0.9998 
1.0000 


0.0238 
0.1267 
0.3326 
0.5843 
0.7940 
0.9198 
0.9757 
0.9944 
0.9990 
0.9999 
1.0000 


0.1010 
0.2811 
0.5213 
0.7415 
0.8883 
0.9617 
0.9897 
0.9978 
0.9997 
1.0000 


0.0097 
0.0637 
0.2025 
0.4206 
0.6543 
0.8346 
0.9376 
0.9818 
0.9960 
0.9993 
0.9999 
1.0000 


0.0475 
0.1608 
0.3552 
0.5842 
0.7805 
0.9067 
0.9685 
0.9917 
0.9983 
0.9998 
1.0000 


0.0013 
0.0126 
0.0579 
0.1686 
0.3530 
0.5744 
0.7712 
0.9023 
0.9679 
0.9922 
0.9987 
0.9999 
1.0000 


0.0001 
0.0017 
0.0112 
0.0461 
0.1334 
0.2905 
0.5000 
0.7095 
0.8666 
0.9539 


0.9888. 


0.9983 
0.9999 
1.0000 


0.0000 
0.0001 | 0.0000 
0.0013 | 0.0001 
0.0078 | 0.0007 
0.0321 | 0.0040 
0.0977 | 0.0182 
0.2288 | 0.0624 
0.4256 | 0.1654 
06470 | 0.3457 
0.8314 | 0.5794 
0.9421 | 0.7975 
0.9874 | 0.9363 
0.9987 | 0.9903 
1.0000 | 1.0000 


0.0000 
0.0002 
0.0012 
0.0070 
0.0300 
0.0991 
0.2527 
0.4983 
0.7664 
0.9450 
1.0000 


0.0000 
0.0001 
0.0009 
0.0065 
0.0342 
0.1339 
0.3787 
0.7458 
1.0000 


0.0008 
0.0081 

0.0398 
0.1243 
0.2793 
0.4859 
0.6925 
0.8499 
0.9417 
0.9825 
0.9961 

0.9994 
0.9999 
1.0000 


0.0001 
0.0009 
0.0065 
0.0287 
0.0898 
0.2120 
0.3953 
0.6047 
0.7880 
0.9102 
0.9713 
0.9935 
0.9991 
0.9999 
1.0000 


0.0000 
0.0001 | 

0.0006 | 0.0000 
0.0039 | 0.0002 
0.0175 | 0.0017 
0.0583 | 0.0083 
0.1501 | 0.0315 
0.3075 | 0.0933 
0.5141 | 0.2195 
0.7207 | 0.4158 
0.8757 | 0.6448 
0.9602 | 0.8392 
0.9919 | 0.9525 
0.9992 | 0.9932 
1.0000 | 1.0000 


0.0000 
0.0004 
0.0024 
0.0116 
0.0439 
0.1798 
0.3018 
0.5519 
0.8021 
0.9560 


1.0000 


0.0000 | 
0.0002 
0.0015 
0.0092 
0.0441 
0.1584 
0.4154 
0.7712 


1.0000 
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0.10 


0.2059 
0.5490 
0.8159 
0.9444 
0.9873 
0.9978 
0.9997 
1.0000 
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0.7892 
0.9316 
0.9830 
0.9967 
0.9995 
0.9999 
1.0000 
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0.9174 
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0.0065 
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r | 0.10 


0.30 


0.40 


0.50 


0.60 


0.80 


0.90 


OMAN AAR WNH AO 


0.2059 
0.5490 
0.8159 
0.9444 
0.9873 
0.9978 
0.9997 
1.0000 


0.20 0.25 


0.0352 | 0.0134 


0.1671 
0.3980 
0.6482 
0.8358 
0.9389 
0.9819 
0.9958 
0.9992 
0.9999 
1.0000 


0.0802 
0.2361 
0.4613 
0.6865 
0.8516 
0.9434 
0.9827 
0.9958 
0.9992 
0.9999 
1.0000 


0.0047 
0.0353 
0.1268 
0.2969 
0.5155 
0.7216 
0.8689 
0.9500 
0.9848 
0.9963 
0.9993 
0.9999 
1.0000 


0.0005 | 0.0000 


0.0052 
0.0271 
0.0905 
0.2173 
0.4032 
0.6098 
0.7869 
0.9050 
0.9662 
0.9907 
0.9981 
0.9997 
1.0000 


0.0005 
0.0037 
0.0176 
0.0592 
0.1509 
| 0.3036 
0.5000 
0.6964 
0.8491 
0.9408 
0.9824 
0.9963 
0.9995 
1.0000 


0.0000 
0.0003 
0.0019 
0.0094 
0.0338 


0.2131 
0.3902 
0.5968 
0.7827 
0.9095 
0.9729 
0.9948 
0.9995 
1.0000 


0.0951 | 


16 | 0 


0.0281 
0.1407 
0.3518 
0.5981 
0.7982 
0.9183 
0.9733 
0.9930 
0.9985 
0.9998 
1.0000 


0.0100 
0.0635 
0.1971 
0.4050 
0.6302 
0.8103 
0.9204 
0.9729 
0.9925 
0.9984 
0.9997 


0.0033 
0.0261 
0.0994 
0.2459 
0.4499 
0.6598 
0.8247 
0.9256 
0.9743 
0.9929 
0.9984 


0.0003 
0.0033 
0.0183 
0.0651 
0.1666 
0.3288 
0.5272 
0.7161 
0.8577 
0.9417 
0.9809 
0.9951 
0.9991 
0.9999 
1.0000 


0.0000 
0.0003 
0.0021 
0.0106 
0.0384 
0.1051 
0.2272 
0.4018 
0.5982 
0.7728 
0.8949 
0.9616 
0.9894 
0.9979 
0.9997 
1.0000 


0.0000 
0.0001 
0.0009 
0.0049 
0.0191 
0.0583 
0.1423 
0.2839 
0.4728 
0.6712 
0.8334 
0.9349 
0.9817 
0.9967 
0.9997 
1.0000 


0.0000 
0.0002 
0.0015 
0.0070 
0.0267 
0.0817 
0.2018 
0.4019 
0.6482 
0.8593 
0.9719 
1.0000 


0.0000 
0.0001 
0.0005 
0.0033 
0.0170 
0.0684 
0.2108 
0.4853 
0.8147 
1.0000 


1.0000 
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at, Sh ee ec 
NOOO WD 
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0.1668 
0.4818 
0.7618 
0.9174 
0.9779 
0.9953 
0.9992 
0.9999 
1.0000 


0.0225 
0.1182 
0.3096 
0.5489 
0.7582 
0.8943 
0.9623 
0.9891 
0.9974 
0.9995 
0.9999 
1.0000 


0.0002 | 


0.0021 
0.0123 
0.0464 
0.1260 
0.2639 
0.4478 
0.6405 
0.8011 
0.9081 
0.9652 
0.9894 
0.9975 
0.9995 
0.9999 
1.0000 


0.0000 
0.0001 
0.0012 
0.0064 
0.0245 
0.0717 
0.1662 
0.3145 
0.5000 
0.6855 
0.8338 
0.9283 
0.9755 
0.9936 
0.9988 
0.9999 
1.0000 
1.0000 


0.0000 
0.0001 
0.0005 
0.0025 
0.0106 
0.0348 
0.0919 
0.1989 
0.3595 
0.5522 
0.7361 
0.8740 
0.9536 
0.9877 
0.9979 
0.9998 
1.0000 


0.0000 
0.0001 
0.0005 
0.0026 
0.0109 
0.0377 
0.1057 
0.2418 
0.4511 
0.6904 
0.8818 
0.9775 
1.0000 


A.6 Problems and Solutions in Probability & Statistics 


OOnN DOA Ff WN =| CO 
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0.9999 
1.0000 


0.9995 
0.9999 
4.0000 


0.9972 
0.9994 
0.9999 
1.0000 


0.8204 
0.9165 
0.9682 
0.9904 
0.9978 
0.9996 
1.0000 


0.0839 
0.1820 
0.3345 
0.5261 
0.7178 
0.8668 
0.9538 
0.9896 
0.9989 


—; TT ar} ah 2, 

n r 0.10 0.20 0.25 0.30 | 0.40 0.50 0.60 | 0.80 0.90 
co L. 4 

18! 0 | 0.1501 | 0.0180 | 0.0056 | 0.0016 | 0.0001 | 0.0000 
1 | 0.4503 | 0.0991 | 0.0395 | 0.0142 | 0.0013 | 0.0001 
2 | 0.7338 | 0.2713 | 0.1353 | 0.0600 } 0.0082 | 0.0007 | 0.0000 
3 | 0.9018 | 0.5010 | 0.3057 0.1646 0.0328 | 0.0038 | 0.0002 
4 | 0.9718 | 0.7164 | 0.5787 | 0.3327 | 0.0942 | 0.0154 0.0013 | 0.0000 
5 | 0.9936 | 0.8671 | 0.7175 | 0.5344 | 0.2088 | 0.0481 0.0058 | 0.0003 
‘6 | 0.9988 | 0.9487 | 0.8610 | 0.7217 | 0.3743 | 0.1189 | 0.0203 0.0014 | 0.0000 
7 | 0.9998 | 0.9837 | 0.9431 | 0.8593 | 0.5634 | 0.2403 | 0.0576 | 0 0061 | 0.0002 
8 |.1.0000 | 0.9957 | 0.9807 | 0.9404 0.7368 | 0.4073 | 0.1347 | 0.0210 | 0.0009 
9 0.9991 | 0.9946 | 0.9790 | 0.8653 | 0.5927 | 0.2632 | 0.0596 | 0.0043 0.0000 
10 0.9998 | 0.9988 | 0.9939 | 0.9424 | 0.7597 | 0.4366 | 0.1407 | 0.0163 0.0002 
11 1.0000 | 0.9998 | 0.9986 | 0.9797 | 0.8811 | 0.6257 | 0.2783 0.0513 | 0.0012 
12 4.0000 | 0.9997 | 0.9942 | 0.9519 | 0.7912 | 0.4656 | 0.1329 | 0.0064 
13 4.0000 | 0.9987 | 0.9846 | 0.9058 | 0.6673 | 0.2836 | 0.0282 
14 0.9998 | 0.9962 | 0.9672 | 0.8354 | 0.4990 | 0.0982 
15 1.0000 | 0.9993 | 0.9918 | 0.9400 | 0.7287 | 0.2662 
16 0.9999 0.9858 | 0.9009 | 0.5497 

1.0000 


0.0233 
0.0676 
0.1631 
0.3267 
0.5449 
0.7631 
0.9171 
0.9856 
1.0000 
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0000 i 


0.0003 
0.0017 
0.0086 
0.0352 
0.1150 
0.2946 
0.5797 
0.8649 
1.0000 


Bee 

0.3917 
0.6769 
0.8670 
0.9568 
0.9887 
0.9976 
0.9996 
0.9999 
1.0000 
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oO ON DOD OA RF W DY 


NO = =p ae oa oa a nw an on A 
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0.1216 
0.3917 
0.6769 
0.8670 
0.9568 
0.9887 
0.9976 
0.9996 
0.9999 
1.0000 


0.0115 


0.0692 
0.2061 
0.4114 
0.6296 
0.8042 
0.9133 
0.9679 
0.9900 
0.9974 
0.9994 
0.9999 
1.0000 


0.0008 
0.0076 
0.0355 
0.1071 
0.2375 
0.4164 
0.6080 
0.7723 
0.8867 
0.9520 
0.9829 
0.9949 
0.9987 
0.9997 
1.0000 


0.0000 
0.0005 
0.0036 
0.0160 
0.0510 
0.1256 
0.2500 
0.4159 
0.5956 
0.7553 
0.8725 
0.9435 
0.9790 
0.9935 
0.9984 


0.9997 


1.0000 


| | 


0.0207 ; 0.0016 | 0.0000 
0.0577 | 0.0065 | 0.0003 
0.1316 | 0.0210 | 0.0013 | 0.0000 
0.2517 | 0.0565 | 0.0051 ; 0.0001 
0.4119 | 0.1275 | 0.0171 | 0.0006 
0.5881 | 0.2447 ; 0.0480 | 0.0026 | 0.0000 
0.7483 | 0.4044 | 0.1133 | 0.0100 ; 0.0001 
0.8684 | 0.5841 | 0.2277 | 0.0321 | 0.0004 
0.9423 | 0.7500 | 0.3920 | 0.0867 | 0.0024 
0.9793 | 0.8744 | 0.5836 | 0.1958 | 0.0113 
0.9941 | 0.9490 | 0.7625 | 0.3704 | 0.432 
0.9987 | 0.9840 | 0.8029 | 0.5886 | 0.1330 
0.9998 | 0.9964 | 0.9645 | 0.7939 | 0.3231 
1.0000 | 0.9995 | 0.9924 | 0.9308 | 0.6083 
1.0000 | 0.9992 | 0.9885 | 0.8784 
1.0000 | 1.0000 | 1.0000 
i 


A.8 Problems and Solutions in Probability & Statistics 


2. Poisson Distribution Function 


x k 
Poisson probability sums: F(x: A) = ee seal 
a 
RS 0 4 2 3 4 5 6 7 8 
0.02 | 0.980 | 1.000 | 
0.04 | 0.961 | 0.999 | 1.000 
0.06 | 0.942 | 0.998 | 1.000 
0.08 | 0.923 | 0.997 | 1.000 
0.10 | 0.905 | 0.995 | 1.000 
0.15 | 0.861 | 0.990 | 0.999 | 1.000 
0.20 | 0.819 | 0.982 | 0.999 | 1.000 
0.25 | 0.779 | 0.974 | 0.998 | 1.000 
0.30 | 0.741 | 0.963 | 0.996 | 1.000 
0.35 | 0.705 | 0.951 | 0.994 | 1.000 
0.40 | 0.670 | 0.938 | 0.992 | 0.999 | 1.000 
0.45 | 0.638 | 0.925 | 0.989 | 0.999 | 1.000 
0.50 | 0.607 | 0.910 | 0.986 | 0.998 | 1.000 
0.55 | 0.577 | 0.894 | 0.982 | 0.998 | 1.000 
0.60 | 0.549 | 0.878 | 0.977 | 0.997 | 1.000 
0.65 | 0.522 | 0.861 | 0.972 | 0.996 | 0.999 | 1.000 
0.70 | 0.497 | 0.844 | 0.966 | 0.994 | 0.999 | 1.000 
0.75 | 0.472 | 0.827 | 0.959 | 0.993 | 0.999 | 1.000 
0.80 | 0.449 | 0.809 | 0.953 | 0.991 | 0.999 | 1.000 
0.85 | 0.427 | 0.791 | 0.945 | 0.989 | 0.998 | 1.000 
0.90 | 0.407 | 0.772 | 0.937 | 0.987 | 0.998 | 1.000 
0.95 | 0.387 | 0.754 | 0.929 | 0.984 | 0.997 } 1.000 
1.00 | 0.368 | 0.736 | 0.920 | 0.981 | 0.996 | 0.999 | 1.000 
1.1 | 0.333 | 0.699 | 0.900 | 0.974 | 0.995 | 0.999 | 1.000 
1.2 | 0.301 | 0.663 | 0.879 | 0.966 | 0.992 | 0.998 | 1.000 
1.3 | 0.273 | 0.627 | 0.857 | 0.957 | 0.989 | 0.998 | 1.000 
1.4 | 0.247 | 0.592 | 0.833 | 0.946 | 0.986 | 0.997 | 0.999 | 1.000 
1.5 | 0.223 | 0.558 | 0.809 | 0.934 | 0.981 | 0.996 | 0.999 | 1.000 
1.6 | 0.202 | 0.525 | 0.783 | 0.921 | 0.976 | 0.994 | 0.999 | 1.000 
1.7 | 0.183 | 0.493 | 0.757 | 0.907 | 0.970 | 0.992 | 0.998 | 1.000 
1.8 | 0.165 | 0.463 | 0.731 | 0.891 | 0.964 | 0.990 | 0.997 | 0.999 | 1.000 
1.9 | 0.150 | 0.434 | 0.704 | 0.875 | 0.956 | 0.987 | 0.997 | 0.999 | 1.000 
2.0 | 0.135 | 0.406 | 0.677 | 0.857 | 0.947 | 0.983 | 0.995 | 0.999 1.000 | 
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eee ; . x A 
Poisson distribution Function: F(x: 4) = Ye A ry 
k=0 : 


; : 
x ' 
0 1 2 3 4 5 ; 6 ! 7 8 9 
Wi (ee ees ce ee ee | 
10.5 ; 0.000 | 0.000 | 0.002 | 0.007 | 0.021 | 0.050 | 0.102 | 0.179 0.279 | 0.397 
11.0 | 0.000 ; 0.009 ; 0.001 | 0.005 ; 0.015 | 0.038 | 0.079 | 0.143 0.232 | 0.341 


' 
11.5 | 0.000 | 0.000 | 0.001 | 0.003 | 0.011 | 0.028 | 6.060 | 0.114 | 0.191 | 0.289 
12.0 | 0.000 | 0.000 | 0.001 | 0.002 


0.008 | 0.020 | 6.046 | 0.090 | 0.155 
12.5 | 0.000 | 0.000 ; 0.000 | 0.002 | 0.005 | 0.015 | 0.035 | 0.070 | 0.125 | 0.201 


[on] 
wd 
BS 
bh 


13.0 | 0.000 | 0.000 | 0.000 | 0.001 0.004 | 0.011 | 0.026 |! 0.054 0.100 ! 0.166 | 


13.5 | 0.000 | 0.000 | 0.000 | 0.001 | 0.003 | 0.008 | 009 | 0.041 6.079 | 0.135 | 
14.0 | 0.000 | 0.000 | 0.000 | 0.000 | 0.002 | 0.006 | 0.014 | 0.032 | 0.062 | 0.109 
14.5 | 0.000 | 0.000 | 0.600 | 0.000 | 0.001 | 0.004 | 0.010 | 0.024 | 0.048 | 0.088 
15.0 | 0.000 | 0.000 | 0.000 | 0.000 

; 


ca 0.003 | 0.008 | 0.018 | 0.037 | 0.070 
14 


0.888 | 0.932 | 0.960 | 0.978 
0.854 | 0.907 | 0.944 | 0.968 
0.815 | 0.878 | 0.924 | 0.954 | 0.974 | 0.986 | 
0.772 | 0.844 | 0.899 |; 0.937 | 0.963 | 0.979 
0.725 | 0.806 | 0.869 | 0.916 | 0.948 | 0.969 


0.573 | 0675 | 0.764 | 9.835 | 9.890 | 0.930 | 0957 
0.518 | 0.623. | 0718 | 0.798 | 0.861 | 0.908 | 0.942 
0.464 0.756 | 0.827 | 0.883 | 0.923 
0.413 0.711 | 0.790 | 0.853 | 0.901 
0.363 0.664 | 0.749 anneal eae 


26 27 28 29. 
mas ee =I er aca 
| 


23 


1.000 
1.000 
0.999 
0.999 
0.998 


1.000 
0.999 } 1.000 
0.999 | 0.999 | 1.006 


0.996 
13.5 | 0.965 | 0.980 | 0.989 | 0.994 
14.0 | 0.952 | 0.971 | 0.983 | 0.991 
14.5 | 0.936 | 0.960 | 0.976 | 0.986 
15.0 | 0.917 | 0.947 tees 0.981 


0.998 ; 0.999 | 1.000 
0.997 | 0.998 | 0.999 | 1.000 
0.995 | 0.997 | 0.999 | 0.999 | 1.000 | . 
2909 | 0.996 | 0.998 | 0.999 | 0.999 ; 1.000 


0.989 | 0.994 | 0.997 | 0.998 | 0.999 | 1.000 


~t~ i 


A.12 Problems and Solutions in Probability & Statistics 


3. Areas under the standard Normal 


curve from 0 to z (Normal Tables) He Ot 
Z 
0 Z 
Se 0 1 2 3 4 Ps 6 7 8 = 
00 | 0000 .0040 0080 0120 .0160 | 0199 .0239 0279 .0319 0359 y 0.40 
01 | 0398 0438 .0478 0517 .0557 | 0596 0636 0675 0714 0754 1 0395 
02 | 0793 .0832 .0871 .0910 .0948 | 0987 .1026 1064 1103 1141 2 0.269 
03 | 1179 1217 1256 1293 1331 | 1368 1406 1443 1480 1517 3 0.277 
04 | 1554 1591 .1628 .1664 .1700 | 1736 .1772 .1808 .1844 1879 4 0.271 
05 | 1916 1950 .1985 .2019 .2054 | .2088 .2123 2157 2190 2224 5 0.267 
06 | 2258 2291 .2324 .2357 .2389 | 2422 .2454 2486 .2518 2649 
07 | 2580 2612 2642 2673 .2704 | 2734 2764 .2794 2823 2852 : — 
og | 2881 2910 2939 .2967 .2996 | 3023 .3051 3078 3106 3133 
09 | 3159 3186 3212 .3238 .3264 | 3289 3315 3340 3365 3389 : ee 
40 | 3413 .3438 3461 3485 .3508 | 3531 3554 3577-3599 3621 i ee 
11 | 3643 3665 .3686 .3708 .3729| 3749 .3770 3790 .3810 3830 
12 | 3849 .3869 3888 3907 .3925 | 3944 3962 3080 3997. 4015 11 0.260 
13 | 4032 .4049 4066 .4082 .4099 | 4115 4131 4147 4162 4177 12 0.259 
44 | 4192 .4207 .4222 .4263 4251 | 4265 4279 4292 4306 4319 13 0.259 
45 | 4332 .4345 .4357 4370 .4382 | 4304 4406 4418 4429 4441 14 0.258 
16 | 4452 .4463 .4474 4484 .4495 | 4505 4515 .4525 4535 4545 | 15 0.258 
17 | 4654 .4564 .4573 4582 .4591 | 4599 4608 4616 4625 4633 i Pee 
18 | 4641 .4649 4656 4664 4671 | 4678 4686 4693 4699 4706 : ners 
49 | 4713 .4719  .4726 4732 .4738 | 4744 4750 4756 4761 «4767 4G ae 
20 | 4772 .4778 .4783 4788 .4793 | 4798 4803 4808 4812 4817 és Rey 
21 | 4821 .4826 .4830 4834 .4838 | 4842 4846 4850 4854 4857 30 on 
22 | 4861 .4864 .4868 4871 .4875 | 4878 4881 .4884 4887 4890 
23 | 4893 .4896 .4898 4901 .4904 | 4906 4909 4911 .4913 4916 21 0.257 
24 | 4918 .4920 .4922 4925 .4927 | 4929 4931 .4932 .4934 4936 22 0.256 
25 | 4938 .4940 .4941 4943 .4945 | 4946 4948 ..4949 4951 4952 23 0.256 
26 | 4953 .4955 .4956 .4957 .4959 | 4960 4961 4962 4963 4964 24 0.256 
27 | 4965 .4966 .4967 4968 4969 | 4970 4971 4972 4973 4974 25 0.256 
28 | 4974 .4975 .4976 4977. .4979 | 4978 4979 .4979 4980 4981 26 0.256 
29 | 4981 4982 .4982 4983 .4984 | 4984 4985 .4985 4986 4986 27 0.256 
30 | 4987 .4987 .4987 4988 4988 | 4989 4989 4989 4990 4990 28 0.256 
31 | 4990 .4991 .4991 4991 4992 | 4992 4992 4992 4993 4993 29 0.256 
32 | 4993 .4993 .4994 4994 4994 | 4994 4994 4995 4995 4995 30 0.256 
33 | 4995 .4995 4995 4996 .4996 | 4996 4996 4996 4996 4997 
3.4 | 4997 .4997  .4997 4997 .4997 | 4997 4997 4997 4007 4998 40 0.255 
35 | 4998 .4998 .4998 4998 .4998 | 4998 4998 4998 4998 4998 60 0.254 
36 | 4998 .4998 .4999 4999 4999 | 4999 4999 4999 4999 ©4999 120 | 0.254 
37 | 4999 .4999 4999 4999 4999 | 4999 4999 4999 4999 ©4999 e 0.253 
38 | 4999 .4999 4999 4999 4999 | 4999 4999 4999 4999 4999 
39 | 5000 .5000 5000 5000 5000 | 5000 5000 5000 5000 on 
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4. t, — Critical values of the t-distribution 


ZY 
ae 4 CLEP ERTZEZ 
0 a 

9 7 
0359 i 0.40 0.30 0.20 0.15 0.10 0.05 0.025 | 
1 0754 1 0.325 0.727 1.376 1.963 3.078 6314 12.706 
3 1141 2 0.289 0.617 1.061 1.386 1.886 2.920 4.303 
) 1517 3 0.277 0.584 0.978 1.250 1.638 2.353 3.182 
+ 1879 4 0.271 0.569 0.941 1.190 1.533 2.132 2.776 
) 2224 5 0.267 0.559 0.920 1.156 1.476 2.015 2571 
3 2649 6 0.265 0.553 0.906 1.134 4.440 1.943 2.447 
3 2852 7 0.263 0.549 0.896 1.119 1.415 1.895 2.365 
3 3133 8 0.262 0.546 0.889 4.108 1.397 1.860 2.306 
3 3389 9 0.261 0.543 0.883 1.100 1.383 1.833 2.262 
: ete 10 0.260 0.542 0.879 1.093 1.372 1.812 2.228 
7. 4015 11 0.260 0.540 0.876 1.088 1.363 1.796 2.201 
2. 4177 12 0.259 0.539 0.873 1.083 1.356 1.782 2.179 
3 4319 13 0.259 0.537 0.870 1.079 1.350 1.771 2.160 
9 4441 14 0.258 0.537: 0.868 1.076 1.345 1.761 2.145 
5 4545 | 15 0.258 0.536 0.866 1.074 1.341 1.753 2.131 
5 4633 16 0.258 0.535 0.865 1.071 1.337 1.746 2.120 
9 4706 17 0.257 0.534 0.863 1.069 1.333 1.740 2.110 
1 4767 18 0.257 0.534 0.862 1.067 1.330 1.734 2.101 
2 4817 19 0.257 0.533 0.861 1.066 1.328 1.729 0.293 
4 4857 20 0.257 0.533 0.860 1.064 1.325 1.725 2.086 
: pe 21 0.257 0.532 0.859 1.063 1.323 1.724 2.080 
i. “dese 22 0.256 0.532 0.858 1.061 1.321 1.717 2.074 
| ube 23 0.256 0.532 0.858 1.060 1.319 1.714 2.069 
3. 4964 24 0.256 0.531 0.857 1.059 1.318 1.711 2.064 
ane 25 0.256 0.531 0.856 1.058 1.316 1.708 2.060 
0 4981 26 0.256 0.531 0.856 1.058 1.318 1.706 2.056 
6 4986 27 0.256 0.531 0.855 4.057 1.314 1.703 2.052 
0 4990 28 0.256 0.530 0.855 1.056 1.313 1.701 2.048 
3 4993 29 0.256 0.530 0.854 1.055 1.311 1.699 2.045 
5 4995 30 0.256 0.530 0.854 1.055 1.310 1.697 2.042 
‘ ice 40 | 0.255 0.529 0.851 1.050 1.303 1.684 2.021 
eer 60 0.254 0.527 0.848 1.045 1.296 1.671 2.000 
a siaae 120 | 0.254 0.526 0.845 1.044 1.289 1.658 1.980 

e 0.253 0.524 0.842 1.036 1.282 1.645 1.960 

9 4999 J 
9 4999 


A.14 Problems and Solutions in Probability & Statistics 


t,, — Critical Values of the t-distribution 


a 

y | 0.02 0.015 0.01. | 0.0075 0.0025 0.0005 

1 | 15.895 21.205 31.821 | 42.434 63.657 | 127.322 | 636.590 

2 | 4849 5.643 6.965 | 8.073 9.925 14.089} 31.598 

3 | 3.482 3.896 4541 | 5.047 5.841 7.453 | 12.924 

4 | 2.999 3.298 3.747 | 4.088 4.604 5.598 8.610 

5 | 2757 3.003 3.365 | 3.634] . 4.032 4.773 6.869 5. 4° — Critic 
6 | 2612 2.829 3.143 | 3.372 3.707 4.317 5.959 

7 | 2517 2.715 | 2998} 3.203| 3.499 4.029 5.408 PY aga iat 
3 | 2449 2.634 2.896 | 3.085 3.355 3.833 5.041 

9 | 2398 2.574 2.821 | 2.998 3.250 3.690 4.781 Us Fascia lish 
10 | 2.359 2.527 2764} 2932]. 3.169 3.581 4.587 ce iecstiuietl ta 
11] 2328 2.491 2718 | 2879 6.106 3.497 4.437 lee 

12 | 2.303 2.461 2.681 | 2.836 3.055 3.428 4.318 al: oer 
13 | 2.282 2.436 2.650} 2.801 3.012 3.372 4.221 2 [Ole 

14 | 2.264 2415] 2624] 2771 2.977 3.326 4.140 Gb 0.606 

15 | 2.249 2307|° 26021 2746 2.947 3.286 4.073 1 
16 | 2.235 2.382 2583 | 2.724 2.921 3.252 4.015 Bh dese 

17, | 2.224 2.368 2.567 | 2.706 2.898 3.222, 3.965 i Aa 

18 | 2.214 2.356 2.552} 2.689 2.878 3.197 3.922 fed Daas 

19 | 2.205 2.346 2.530 | 2.674 2.861 3.174 3.883 Ta 008 
20 | 2.197 2.336 2528 | 2661 2.845 3.153 3.849 oe acti 

21 | 2.189 2.328 2.18) 2.649 2.831 3.135 3.819 Te | eee 
22 | 2183 2.320 2.508} 2.639 2.819 3.119 3.792 Ae | TROT 
23 | 2177 2.313 2.500] 2629 2.807 3.104 3.768 Ty, PROT) ct 
24 | 2172 2.307 2.492 | 2.620 2.797 3.091 3.745 ol ee oe 
25 | 2.167 2.301 2.485 | 2.612 2.787 3.078 3.725 Wy S88E |, 
26 | 2.162 2.296 2.479 | 2.605 2.779 | ° 3.067 3.707 18} 6.265) | 
27 | 2.158 2.291 2.473 | 2.598 2.771 3.057 3.690 Ve Gesa a 
28 | 2.154 2.286 2.467| 2.592 2.763 3.047 3.674 SOc) gaa 
29 | 2.150 2.282 2.462 | 2.586 2.756 3.038 3.659 a ean (ae 
30 | 2.147 2.278 2.457 | 2.581 2.750 3.030 3.646 22) SR 
40 | 2125} | 2.250 2.423 | 2.542 2.704 2.971 3.551 cool IM assed kee 
60 | 2.099 2.223 2.390] 2.504 2.660 2.915 | 3.460 al Pee 
120 | 2.076 2.196 2.358 | 2.468 2617 2.860 3.373 Zo), Bo2d tM 
o | 2054], 2170] 2326] 2432 2.576 2.807 3.291 co ce 


sear : 27) 11.808) 12 
28 | 12.461} 12 

29) 13.121 | 14 

30} 13.787] 14 
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| 
0.0005 
636.590 
31.598 
12.924 0 Ve 
8.610 2 i, . fe Ay. aoa 
6.869 5. Y%,° — Critical Values of the chi-squared Distribution 
5.959 i a 
5.408 ” {0.995 | 099 | 098 | 0975 | 095 | 090] 080 | 075 | 078 | 050 
fe 1 | 0.04393 | 0.03157 | 0.03628 .| 0.03982 J.0.00393 0.0158 | 0.0642 | 0.102 | 0.148 | 0.455 
ea 2 | 0.0100] 0.0201} 0.0404! 0.0506) 0.103] 0.211| 0.446] 0.575| 0.713! 1.386 
oe 3} 0.0717] 0.115) 0185; 0.216] 0.352; 0.584] 1.005] 1.213] 1.424] 2366 
eee 4 0.207} 0.297] 0.429; 0.484] 0.711] 1.064] 1.649! 1.923] 2.195| 3.357 
Saas 5 0.412] 0.554] 0.752] 0831] 1145] 1610] 2343] 2.675! 3.000! 4.354 
aaa 6 0.676} 0.872} 1.134} 1.237] 1.635] 2.204] 3.070] 3.455| 3.828! 5.348 
4.073 7 0.989 1.239 1.564 1.690 2.167 | 2.833 | 3.822] 4.255| 4671] 6.346 
cots 8 1.344] 1.646] 2.032] 2.180] 2.733] 3.490] 4.594 6.071 5.527] 7.344 
3,965 9 1.735 2.088 0.532 2.700 3.325 | 4168] 5.380] 5.899] 6.393] 8.343 
3.922 10 2.156 2.558 3.059 3.247 3.940] 4865} 6.179] 6.937] 7.267] 9.342 
hes 11; 2603; 3.053; 3.609; 3.816] 4.575} 5.578! 6.989] 7.584] 8.148 | 10.341 
3.849 12 3.074 3.571 4.178 4.404 5.226 | 6.304] 7.807] 8.438] 9.034} 11.340 
Sag 13) 3565) 4107] 4.765) 5.009] 5.892] 7.0421 8634] 9.299! 9.926] 12.340 
ee 14{ 4.075} 4660} 5368; 5.629] 6.571] 7.790] 9.467 | 10.165 | 10.821 | 13.339 
Gee 15; 4601) 5.229; 5985] 6.262] 7.261} 8.547 | 10.307! 11.036 | 11.721 | 14.339 
as46 16; 5.142) 5812} 6614}; 6908] 7.962} 9.312] 11.152] 11.912 | 12.624 | 15.338 
eer 17; 5697] 6408} 7.255! 7.564} 8.672} 10.085 | 12.002 | 12.792 | 13.531 | 16.338 
ae 18} 6.265) 7.015} 7.906] 8.231]. 9.390 | 10.865 | 12.857 | 13.675 | 14.440 | 17.338 
a 19) 6844} 7633} 8567; 8907; 10.117} 11.651 | 13.716 | 14.562 | 15.352 | 18.338 
a674 20; 7.434} 8.260] 9.237; 9.591] 10.851 | 12.443 | 14.578 | 15.452 | 16.266 | 19.337 
Wass 21] 8.034} 8897] 9.915} 10.283} 11.591 | 13.240 | 15.445 | 16.344 | 17.182 | 20.337 
“ean 22] 8643} 9.542] 10.600} 10.982) 12.338 | 14.041 | 16.314 | 17.240 | 18.101 | 21.337 
mines 23) 9.260] 10.196) 11.293] 11.688! 13.091 | 14.848 | 17.187 | 18.137 | 19.021 | 22.337 
ake 24] 9.886} 10.856] 11.992] 12.401} 13.848 | 15.659 | 18.062 | 19.037 | 19.943 | 23.337 
sad 25| 10.520} 11.524] 12.697! 13.120] 14.611 16.473 | 18.940 | 19.939 | 20.867 | 24.337 
50 26] 11.160} 12.198] 13.409} 13.844; 15.379] 17.292 | 19.820 | 20.843 | 21.792 | 25.336 
27; 11.808 | 12.879} 14125! 14.573] 16.151 | 18.114 | 20.703 | 21.749 | 22.719 | 26.336 
28| 12.461] 13.565] 14.847] 15.308] 16.928 | 18.939 | 21.588 22.657 | 23.647 | 27.336 
29} 13.121 | 14.256} 15.574] 16.047] 17.708 | 19.768 | 22.475 | 23.567 | 24.577 | 28.336 
30} 13.787} 14.953! 16.306] 16.791 | 18.493 | 20.599 | 23.364 | 24.478 | 25.508 | 29.336 
! {* ehh 


A.16 Problems and Solutions in Probability & Statistics 


Xn — Critical Values of the Chi-squared Distribution 


a 


c 0.30 0.25 0.20 0.10 0.05 poo 0.02 0.005 | 0.001 
1 1.074 | 1.323| 1.642] 2.706; 3.8411 5.024) 5.412 7.879 | 10.827 
2 | 2.408) 2.773} 3.219] 4.605| 5.991} 7.378 7.824 10.597 | 13.815 
3 | 3665} 4.108) 4642} 6.261) 7.815] 9348! 9.837 12.838 | 16.268 
4 | 4878] 5.385] 5.989] 7.779} 9.488 | 11.143 | 11.668 14.860 | 18.465 
5 | 6.064; 6.626] 7.289] 9.236 | 11.070 | 12.832 | 13.388 16.750 | 20.517 
6 | 7.231] 7.841] 8.558 | 10.645 | 12.592 | 14.449 | 15.033 18.548 | 22.457 
7 | 8.383} 9.037] 9.803 | 12.017 | 14.067 | 16.013 | 16.622 20.278 | 24.322 
8 | 9.524 | 10.219 | 11.030 | 13.362 | 15.507 | 17.535 | 18.168 21.955 | 26.125 
9 | 10.656 | 11.389 | 12.242 | 14.684 | 16.919 | 19.023 | 19.679 23.589 | 27.877 
10 | 11.781 | 12.549 | 13.442 | 15.987 | 18.307 | 20.483 | 21.161 25.188 | 29.588 
11 | 12.899 | 13.701 | 14.631 | 17.275 | 19.675 | 21.920 | 22.618 26.757 | 31.264 
12 | 14.011 | 14.845 | 15.812 | 18.549 | 21.026 | 23.337 | 24.054 28.300 | 32.909 
13 | 15.119 | 15.984 | 16,985 | 19.812 | 22.362 | 24.736 | 25.472 29.819 | 34.528 
14 | 16.222 | 17.117 | 18.151 | 21.064 | 23.685 | 26.119 | 26.873 31.319 | 36.123 
15 | 17.322 | 18.245 | 19.311 | 22.307 | 24.996 | 27.488 | 28.259 32.801 | 37.697 
16 | 18.418 | 19.369 | 20.465 | 23.542 | 26.296 | 28.845 | 29.633 34.267 | 39.252 
17 | 19.511 | 20.489 | 21.615 | 24.769 | 27.587 | 30.191 | 30.995 35.718 | 40.790 
18 | 20.601 | 21.605 | 22.760 | 25.989 | 28.869 | 31.526 | 32.346 37.156 | 42.312 
19 | 21.689 | 22.718 | 23.900 | 27.204 | 30.144 | 32.852 | 33.687 38.582 | 43.820 
20 | 22.775 | 23.828 | 25.038 | 28.412 | 31.410 | 34.170 | 35.020 39.997 | 45.315 
21 | 23.858 | 24.935 | 26.171 | 29.615 | 32.671 | 35.479 | 36.343 41.401 | 46.797 
22 | 24.939 | 26.039 | 27.301 | 30.813 | 33.924 | 36.781 | 37.659 42.796 | 48.268 
23 | 26.018 | 27.141 | 28.429 | 32.007 | 35.172 | 38.076 | 38.968 44.181 | 49:728 
24 | 27.096 | 28.241 | 29.553 | 33.196 | 36.415 | 39.364 | 40.270 |. 45.558 | 51.179 
25 | 28.172 | 29.339 | 30.675 | 34.382 | 37.652 | 40.646 | 41.566 46.928 | 52.620 
26 | 29.246 | 30.434 | 31.795 | 35.563 | 38.885 | 41.923 | 42.856 

27 | 30.319 | 31.528 | 32.912 | 36.741 | 40.113 | 43.194 | 44.140 

28 | 31.391 | 32.620 | 34.027 | 37.916 | 41.337 | 44.461 | 45.419 

29 | 32.461 | 33.711 | 35.139 | 39.087 | 42.557 | 45.722 | 46.693 

30 | 33.530 | 34.800 | 36.250 | 40.256 | 43.773 | 46.979 | 47.962 


6. Critical 


OWN DO Ok WN = 


Seek ce eae 
ah WM = CO 


16 


WOWONNN NNN NNN YN SFP SP 
COCO ON DOA fFwWBNH AHA COO ON 


15 | 0.001 


10.827 
13.815 
16.268 
18.465 
20.517 
22.457 
24.322 
26.125 
27.877 
29.588 
31.264 
32.909 
34,528 
36.123 
37.697 
39.252 
40.790 
42.312 
43.820 
45.315 
46.797 
48.268 
49.728 


51.179 
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6. Critical Values of the F-Distribution 


Values of Fy os (v, a) 


oOmon mont WD = 


= 
to) 


11 3.09 3.01 2.95 2.90 
12 3.00 2.91 2.85 2.80 
13 2.92 2.83 | 2.77 2.71 
14 2.85 2.76 | 2.70 2.65 
15 2.79 2.71 2.64 2.59 
16 2.74 2.66 | 2.59 2.54 
17 2.70 2.61 2.55 2.49 
18 2.66 2.58 | 2.51 2.46 
19 2.63 2.54 | .2.48 2.42 
20 2.60 2.51 2.45 2.39 
21 2.57 2.49 | 2.42 2.37 
22 2.55 2.46 | 2.40 2.34 
23 2.53 2.44 | 2.37 2.32 
24 2.51 2.42 2.36 2.30 
25 2.49 2.40 | 2.34 2.28 
26 2.32 2.27 
27 2.31 2.25 
28 2.29 2.24 
29 2.28 2.22 


Ww 
oO 


A.18 Problems and Solutions in Probability & Statistics 
Critical Values of the F-Distribution Critical * 
Values of Fj 95 (v,.¥%)) 


< 
nN 


241.9 | 243.9} 245.9 | 248.0] 249.1 250.1 251.1 | 252.2 | 253.3 | 254.3 


19.40] 19.41| 1943] 19.45 | 1945} 19.46 | 19.47 | 19.48 | 19.49 | 19.50 
879| 874| 870! see} 864} 862] 859! 857; 855] 8.53 

5.96 | 5.91 586) 580} 5.77| 575] 5.72) 569| 566! 563 

446| 4431 440] 436 
406| 400; 394] 387] 384! 381{| 377] 3.74] 3.70| 367 

364} 357] 3511 344] 3411 3.38} 334] 330] 3.27] 3.23 

3.35] 3.28! 3.22) 315] 312] 308] 3.04] 301] 297] 293 

3.14! 3.07{/ 3.01} 294] 290} 286] 283} 279] 275] 271 

10 298! 291} 285| 277] 274| 270] 266] 262] 258) 2.54 
11 285} 2.79] 272] 265] 261] 257] 253] 249] 245] 2.40 
12 275| 269| 262] 254] 251] 247] 243] 238] 234] 2.30 
13 267| 260| 253, 246] 242] 238] 234! 230] 225] 2.21 
14 260! 253! 246| 239) 235] 231] 227] 222] 218] 2.13 
15 254} 248; 240] 233) 229] 225! 220] 216) 211] 207 
16 249] 242] 235) 228} 224} 219] 215] 211] 206] 201 
17 245| 238| 231] 223] 219) 215] 210] 206] 201] 1.96 
18 241| 234| 227] 219] 215] 211] 206] 202] 197] 192 
19 238| 231] 223] 216] 211} 207] 203] 1.98] 1.93] 188 
20 235| 228] 230] 212} 208} 207} 199] 195] 190] 1.84 
21 232) 2.25| 218! 210] 205! 201] 196] 1.92! 1.87] 1.81 
22 230} 223| 215) 207] 203} 1.98; 1.94} 189] 184] 1.78 
23 | 227{ 220] 213] 205} 201] 196] 191.) 186] 181] 1.76 
24 225| 218] 211] 203} 1.98] 194] 189] 1.84) 1.79] 1.73 
25 224} 216} 209] 2.01 496] 192] 187] 182] 1.77.| 1.71 
26 222} 215] 207| 199] 195] 1.90} 185] 180] 1.75| 1.69 
27 220} 213| 206] 197] 193] 188] 1.84] 1.79] 1.73 | 1.67 
28 219] 212| 204} 196] 14.91] 187] 1.82] 1.77] 1.71] 1.65 
29 218! 210] 203} 194; 190! 185] 181] 1.75] 1.70] 1.64 
30 | 2.16] 209} 201] 193] 189} 184) 1.79] 1.75] 168} 1.62 
40 208} 200} 192| 184] 179! #174] 169} 164] 1.58} 1.51 
60 1991 192] 1841 1.75| 170! 165} 159! 153] 1.47] 139 
120] 1.91 183| 1751 166) 161{ 155] 150] 143] 135] 1.25 
we 183} 175] 167{ 157] 1521 146} 1.39] 1.32] 1.22] 1.00 
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Critical Values of the F-Distribution ~ 


Values of Fy 5, (V,,¥2) 


OWN DOR WD = 


10 10.04 
11 9.65 5.071 489!) 474 4.63 
12 9.33 482 | 464] 4.50 4.39 
13 9.07 462; 444] 4.30 4.19 
14 8.86 446] 428] 4.14 4.03 
15 8.68 432] 4.14] 4.00 3.89 
16 8.53 4.20] 4.03 3.89 3.78 
17 8.40 410 | 3.93 3.79 3.68 
18 8.29 4.01 | 3.84 3.71 3.60 
19 8.18 3.94 | 3.77 3.63 3.52 
20 8.10 3.87 | 3.70 3.56 3.46 
21 8.02 3.81 | 3.64 3.51 3.40 
22 7.95 3.76 | 3.59] 3.45 3.35 
23 7.88 3.71 | 3.54 3.41 3.30 
24 3.67 | 3.50 3.36 3.26 
25 3.63 | 3.46 3.32 3.22 
26 3.59 | 3.42 3.29 3.18 


27 3.15 
28 3.12 
29 3.09 


w 
to) 


A.20 Problems and Solutions in Probability & Statistics 


Critical Values of the F-Distribution 
Values of Foo, (¥,5/2) 


7. Fishe 


0 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
1. 
1. 


* For negativ 
verse. 


Confidence 
Level 


Lat 


8. Refer 


- La 72 ant 
+ Zap 
for T.T.7 
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7. Fisher’s Z-Transformation 


Values of Z ae Reve 


l-r 


* For negative values of r put a minus sign in front of the corresponding Z’s, and vice 
verse. 


Confidence 
eo 99.73% | 99% | 98% | 96% | 95.50% | 95% | 90% | 80% | 68.27% | 50% 


8. Reference table of critical Values for a given L.O.S a 


) 
) 
> 
2 
3 


ny OO UW > 


For T.T.T, R.O.T.T. And L.O.T.T 


4% 1% 0.5% | 0.2% 

0.05 0.04 0.01 005 .002 
-1.96 ; ; -2.81 | -3.08 
and 1.96 and and 


2.81 3.08 


“nN 2 OO DM 


- fA NO W 


Addition Rule 
Additive Theot 
Alternative Hy 


Axioms of Prol 


Baye’s Theoret 
Bernoulli Proce 
Binomial distri 
Binomial distri 


Birth process, j 


Chebyshev’s TI 


Chi-Square Dis 
Distribution), 5, 


Chi-Square Disi 
Distribution), 5. 
Collectively Ex 
Combination, 1. 
Conditional Pro 


Confidence inte 
small samples, ‘ 


Confidence inte. 
Confidence inte: 
Confidence inte: 
Confidence inte: 
Constants of the | 
Continuous Prot 


Continuous Ran 


Addition Rule of Probabilities, 1.5. 


Additive Theorem, 1.5 


Alternative Hypothesis, 3.4 
Axioms of Probability, 1.3, 1.4 


B 


Baye’s Theorem, 1.7 


Bernoulli Process 2.1 


Binomial distribution, 2.2 


Chi-Square Distribution (X? - 
Distribution), 5.7 


Chi-Square Distribution (X? - 
Distribution), 5.7 


Collectively Exhaustive Events, 1.2 
Combination, 1.3 
Conditional Probability, 1.7 : 


Confidence interval for p for 
small samples, 5.1 


Confidence interval for p, 5.1 


Confidence interval forp, 3.2 


Continuous Uniform Distribution, 1.13 
Critical Region, 3.4 

Curvilinear Regression, 6.2 

Death Process, 7.9 ; 


Discrete Random Variable, 1.8 
Discrete Uniform Distribution, 1.12 


Distribution of Arrivals (Pure Birth 
process), 7.5 


Distribution of departures (or Pure Death 
Process), 7.9 


Distribution, 1.9, 2.14, 2.9 


Cumulative distribution, 1.10, 1.11 
Discrete Probability Distribution, 1.9 


Equally Likely Events, 1.2 
F 


ene ad 


F — Distribution, 5.6 
F — Distribution, 5.6 


Finite Population, 2.14 ; 
Fitting of straight line, 6.1 


General Addition Rule of Probabilities, 1.5 


1.2 Problems and Solutions in Probability & Statistics 


Goodness of fit (7 - Test), 5.8 


H 


Hypothesis, 3.3 


Infinite population, 2.15 


Interval Estimation, 3.3 


Large Sampling, 2.13 
Left one tailed test, 3.5 


Level of Significance, 3.4 
M 

Markov Process Classification of States, 8.3 
distribution, 1.13 


Mean or expected value, 1.12 


Mean, 2.2, 2.6 


Median of the normal distribution, 2.11 


| Median, 2.9 


Mode of the Normal Distribution, 2.11 
Mode, 2.9 


Model I (M/M/1) : (GD/co/), 7.12 
Model II (M/M/1): (GD/N/cc). 7.18 


Multiple Regression, 6.10 


Mutually Exclusive Events, 1.1 
N 


Normal Distribution, 2.8, 2.9, 2.10, 2.11 


Independent Events, 1.7 


Normal Distribution, 2.8, 2.9, 2.10, 2.11 


Normal! equations, 6.9, 6.11 


Null Hypothesis, 3.4 


Number of possible samples, 2.14 
P 


Parabola, 6.9 


Parameters, 2.13 


Permutation, 1.2 


Poisson distribution, 2.4, 2.5, 2.6 


Poisson distribution, 2.4, 2.5, 2.6 
Population, 2.13, 2.14, 2.15, 2.12 


Probability Distribution, 1.9 


Probability Distributions in Queuing 
Systems, 7.4 


Probability vector, 8.1 


Queuing system, 7.1, 7.3 
Random Sampling, 2.13 
Random Variable, 1.8 


Recurrence relation, 2.2 


Regression, 6.10 
Regular Stochastic matrix, 8.2 
Residuals, 6.6 


Right one tailed test, 3.5 


Sample size, 3.2 
Sample Space, 1.1 


Sampling Distribution of Differences and 
sums, 2.15 


Sampling dis 
Sampling Di 
Sampling w 
Sampling w 
Sampling, 2 
Size, 2.12, 2 
Small samp 
Small Samp 
Space, 1.1 


Spearman’s 
coefficient, 


Standard De 
Standard ert 
Statistical H 
Statistics, 2. 
Steady State 
Stochastic n 
Stochastic p 
Straight lin 
Symbols, 7. 


t — Distribut 


t — Distribut 
Test of Hyp 
Test of Hyp 
Test of Hyp 
Test of Hyp. 
Test of Hyp: 


Test of Hyp 
between Pre 


Test of Hyp: 
proportion ( 


Sampling distribution of proportions, 2.15 
Sampling Distribution, 2.14,2.15,2.16,2.13 


Sampling with replacement, 2.13 
Sampling without replacement, 2.13 


Sampling, 2.13 
Size, 2.12, 3.2 


Small samples, 5.2, 5.4 


Small Sampling, 2.13 


Space, 1.1 


Spearman’s rank correlation 
coefficient, 6.9 


Stochastic processes 8.1 


Straight line, 6.9 


Symbols, 7.3 
T 


between Proportions (Large Samples),4.5 


Test of Hypothesis Concerning one 
proportion (Large Sample), 4.2 


t — Distribution, 5.1 


Index 1.3 


Test of hypothesis concerning one 
proportion (small samples), 4.1 


Test of Hypothesis Concerning Several 
Proportions, 5.10 


Test of Hypothesis Concerning two 
proportions (Large samples), 4.3 


Test of Hypothesis, 5.2, 5.4, 5.6, 5.10 
Test of the Hypothesis, 3.5, 4.1 


Uniform Distribution, 1.13, 1.14 
Uniform Distribution, 1.13, 1.14 
Vv 


Variance of the binomial distribution, 2.3 


Variance of the discrete uniform 
distribution, 1.13 


Variance of the Normal Distribution,2.10 


Variance of the Poisson distribution, 2.7 


Variance, 1.12 


Variance, 2.3, 2.6 


Variance, Mode, Median of the Normal 


